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Abstract

The Euclidean Distance Matrix Completion (EDMC) problem is a foundational problem in
engineering, data science, and machine learning. This problem can be simply described by
the following question: given partial access to a set of pairwise Euclidean distances between n
points in r dimensions, is it possible to reconstruct the set of n points, up to rigid transforma-
tions, that generated the pairwise distances? This problem traces back to the 1950s, and its
variations are still actively studied in the literature today. Much of the recent research on the
EDMC problem relies on low-rank matrix completion techniques, with theoretical guarantees
existing for nuclear-norm minimization over the cone of positive semidefinite matrices. These
techniques scale poorly for large sets of points, however, so investigation into faster, non-convex
surrogates is needed. This thesis provides several state-of-the-art approaches to provably solve
this problem under uniform random sampling of pairwise distances using first-order Rieman-
nian optimization techniques. In addition to this, we describe geometric conditions for recovery,
and provide a characterization of easy- and hard-to-recover point clouds. To solve the problem
for ill-conditioned geometries, we provide a geometrically-aware sampling scheme that provably

recovers any point cloud with state-of-the-art sample complexity.
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Notation

Matrices, Vectors, and Operators

e A B,v: Matrices (uppercase bold) and vectors (lowercase bold). 0,1: Zero/ones vectors or

matrices. I: Identity matrix. e;, e;;: Standard basis vectors/matrices.

A, Z: Linear/identity operators on matrices. A*: Adjoint of A. V: Vector spaces/subspaces.

e X Trace(X): Transpose and trace of X. X;;: (4,7)-th entry. vec(Y): Column stack into

2

R™.

(A, B): Trace inner product Trace(A” B). ®: Hadamard product. §;;: Kronecker delta.
e A > B: Loewner ordering. X = UDU ": Thin spectral decomposition.

i Ha,B = <w0ww/3>? HoB = <U067v,3>'

Norms and Spectral Quantities

o ||y -l s Il -1 1T Noos || - 15 I - ll2—00: Euclidean, Frobenius, operator, max absolute entry,
nuclear (3, 0;), and 2 — oo norms.

o ||A[|: Operator norm of A, defined as supj x|j,—1 [ A(X)]F-

® Aax(X), Amin(X): Max/min eigenvalues. A\; > --- > \,: Ordered non-zero eigenvalues.

e 0,(Y): r-th singular value. x: Condition number || X||/o,(X).

Sets, Indexing, Manifolds, and Geometry

e I: Universal index set {(7,7) : 1 <i < j <n}. Q: Random subsets of I. ) Empty set.

e x;, x': i-th row and column of X, respectively, represented as column vectors.

N;, N': Manifold of rank-r matrices and general smooth manifolds.

T, T;: Tangent space at X € N, and at I-th iterate X; € N..

V f,grad f: Euclidean and Riemannian gradients of f.

Xiv
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Chapter 1

Introduction

1.1 The Euclidean Distance Geometry Problem

We start this thesis by asking a simple question:

Question 1.1.1

Given a set of pairwise distances alone, can I faithfully reconstruct a unique set of points

embedded in R4?

At first blush, this seems like enough information to reconstruct a set of points in a finite-
dimensional vector space, provided sufficiently many points. If one has access to every pairwise
distance, i.e., if they are looking to reconstruct a set of points {p;};*; C R?, is access to every
|pi —pjll2 enough? After a second bit of thought, one might notice that the set {||p; —p;ll2}";-1

would be invariant to rotations and translations. Given this observation, one might be better

suited to ask the following:

Question 1.1.2: EDG Motivating Question

Given a set {[|p; — pjll2}];—1, is it possible to reconstruct a set of points {p;};_; C RY

that exactly correspond to the distances known?

The answer is yes, this is a feasible task. In fact, the solution to this problem has been

known for decades [Tor52, Tor58, Gow85]. We briefly provide an explanation, giving us a chance
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to set notation as well.

1.1.1 Classical Multidimensional Scaling

We first note that finding the set of points above is equivalent to looking to construct a matrix
P =[p1 - p,]" € R™ from the set of pairwise distances {|p; — pjll2}};—;. We now define

the squared Euclidean distance matrix (EDM) D € R™*" entrywise as
ij = IIPi = Pjll2-
Dyj = |pi - pil3

We note that this matrix is symmetric and hollow, meaning that the diagonal of this matrix is
all zero. We consider the squared EDM for simplicity, which will become clear shortly. The goal
stated in Question 1.1.2 can be better thought of as trying to construct a linear map D — P.

We now introduce the Gram matrix of {p;}} ,, denoted X € R"*", defined entrywise as
T
Xij = p; pj-

It is straightforward to see that X = PP, which implies that X > 0, where > denotes
the Loewner ordering on matrices. As stated previously, it is not possible to uniquely recover
P from D alone, so we make the following simplifying assumption that the point cloud P is

centered.

Assumption 1.1.1: Centering and Rank Assumption

Let 1 =[1 --- 1]T € R™. Throughout this work, we assume that, for P € R"*"
P'1=0.

It follows that

X1=0.

We also assume that rank(P) = rank(X) = r.

This assumption indicates that Y ;" ; p; = 0. This assumption will simplify much of our anal-
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ysis in this document, and does not drastically change the outcome of answering Question 1.1.2.
We now seek to construct a sequence of maps D — X — P in order to solve Question 1.1.2.
To solve the first leg of this task, we first notice the following entrywise relationship between

X and D, along with a full-rank assumption.

Dij = |pi — pjl3
=i—p) (pi—p)"
=p;pi— P/ P; — P, Pi + D, P;
= [lpll5 + llpj 113 — 2P p;

= X; + ij — 2Xij-

The goal will now be to find the relationship between linear combinations of various elements
D;; to get a closed form expression for each of X;; + X;; —2X;;. We will use Assumption 1.1.1
in this approach. First, we sum across the rows of the pairwise distance matrices, denoting the

t-th row average as D; ., we see that

1 n
DL.:EZD%
k=1
1 n
= ﬁZXii"i'ka —2Xik
k=1
1 1 2
S IR DRI e
n n n
k k P
1
:Xii‘i‘ﬁZka
k

1

By symmetry, we can see that
_ 1 1
D.j=Xjj+~ > Xk = X5+ ~Tr(X),
k

where the j-th column average is D.J. Lastly, defining the whole average of entries as D. ., we
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see that

_ 1 <&
7_722
k,l=1

n n

1
—7 Z Xk + Xy — 2Xpy

*1 Xpp + — ZXll

k

= ETr(X).

From the above computations, it is clear that

_ _ _ 1 1 2
Dij — Di,- — D.J' + D.V. =X+ ij — 2Xij — X — ETY(X) — ij — ﬁTI'(X) + ﬁTI‘(X)

= —QXij.

This computation provides a clear linear relationship between the entries of D and the entries

of X. We can see now that

Xij=-=(Dy—D;.—D.;+D.))

1 1
(Dij - [1D11T} - [11TD} + [llTDllT} )
n ij n ij n ij

1 1
- (I - 11T> D <I - 11T>
n n

—_———
J ij

N = N

=, IDJ,

R

indicating that
1
X = —§JDJ. (1.1)

We note that J is a projection matrix onto the orthogonal complement to the subspace spanned

by the vector 1.

Now that a linear map from D — X has been established, we briefly note that this trans-
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formation is bijective for points satisfying Assumption 1.1.1. Defining the diag : R®*" — R"

operation as

An A - An
Ag1 Ao n Ago ’
Ann Ann
we can see that
D = diag(X)1" + 1diag(X)" — 2X. (1.2)

To construct P from X, we look to the eigenvalue decomposition of X. Taking a reduced
eigenvalue decomposition, we have that X = UAU " for U € R™? and A € R¥*?, As A > 0,

it has a unique square root computable as

A
A1/2
AL
It follows then that taking
P=UA"? (1.3)
that
X =UAU"
— UA1/2A1/2UT
— PP,

thus giving our desired transformation. This procedure is known as Classical Multidimen-
sional Scaling (CMDS) and is a foundational technique in data science, machine learning,
and various other disciplines [BLWY06, DKQW10, Roj12, PRT18, TDSL00, GHR93, Tro97,
FT13, LLM08, EKS23].

Now that CMDS has been described, this leads us to want to investigate generalizations

of this problem. As every pairwise distance is quite a strong assumption (not to say anything
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about noisy distance measurements), we want to consider the case where distances are missing.

This assumption is of practical importance as well. Often there are limitations to measure-
ments that can lead to incomplete data. This can be caused by geographic, climatic, or other
factors that determine whether a measurement between two points can be obtained, and as
such some data may be missing [ASY16, MSMS13]. For instance, in protein structure predic-
tion, nuclear magnetic resonance (NMR) spectroscopy experiments yield spectra for protons
that are close together, resulting in incomplete known distance information[CRG93]. Similarly,
in sensor networks, we may have mobile nodes with known distances only from fixed anchors
[BONLO7, KJVRK14].

As such, we are frequently in scenarios where the distance matrix D is incomplete, ren-
dering CMDS an inapplicable technique. The main motivating question of this thesis can be

summarized as follows:

Question 1.1.3: Euclidean Distance Matrix Completion (EDMC) Question

Given partial access to entries of a squared EDM D), is it possible to algorithmically

reconstruct a matrix X such that X = —%J DJ?

We note that the focus on the reconstruction of X would then allow us to use the eigenvalue
decomposition technique described previously. We will use the phrase Euclidean Distance Ma-
trix Completion (EDMC) problem to describe the problem of completing a matrix P from only
partial access to D. Before describing how we approach this problem in this thesis, however, we
will provide a brief detour into the discussion of a field known as Low-Rank Matrix Completion

(LRMC).

1.2 Low-Rank Matrix Completion (LRMC)

This work is related to low-rank matrix completion, where a subset of the entries of a low-
rank ground truth matrix X are observed, with the goal of algorithmically reconstructing the
matrix from this partial observation. This is intuitively possible just from the fact that the
“low-rankness” of the matrix lends itself to many repeated entries—or linear combinations

thereof—and as such full knowledge of the underlying matrix is unnecessary.
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To codify this problem mathematically, let us consider X as an n X n matrix for simplicity,
with Q C [n] x [n] representing the set of observed indices. We note that this technique will
generalize to rectangular matrices, but as our goal is the adaptation of this technique to positive
semi-definite matrices the above assumption suffices. We note that the observed information is
of the form {Xj;}(; j)eq, which can be re-interpreted through defining the following sampling
operator. Let Pq : R™*" — R™*™ he an operator which aggregates the observed entries of X

projected onto specific basis elements e;; = eie;r:

Po(X) = ) (X, ei)e;. (1.4)
(,7) €
It is clear that knowing the collection {X;;}(;  jeq is equivalent to knowing Pq(X). In accor-
dance with the observation that low-rank matrices contain many repeated elements, we can
construct the following optimization program to recover X from Pq(X):

n}l/in{ikmize rank(Y') subject to Po(Y) = Pa(X).
(= nxXn

As minimizing the rank directly is generally a challenging problem [CR09, MJCD08, BCWP22],
relaxations of this problem are often considered. In particular, the convex relaxation of the
rank to the nuclear norm || - ||, has seen tremendous theoretical and computational success
[CR0O9, CP10, Reclla, Groll]. We remind readers that the nuclear norm of a matrix X is
defined as || X[, = Y ;= 0:(X) where 0;(X) is the i-th singular value of a matrix X. The
relaxation is thus explicitly given by

H}l}in&{mize |Y ||« subject to Po(Y') = Pa(X). (1.5)
e nxn

1.2.1 Incoherence of Low-Rank Matrices

A critical condition in the theory of LRMC is that of incoherence. This notion can be captured
in a rather simple example. Consider the problem of two rank-1 matrices: 6161T and 117,
where 1 = [1 --- 1]7. Both of these matrices are clearly rank-1; however, their recoverability

is drastically different when accessing both of these matrices from random samples.
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Consider the case of 117 first: all the requisite information that we need to recover this
matrix is one sample in each row and column to reconstruct the whole matrix. From a simple
application of the coupon collector problem, we see that this can be done uniformly at random
in O(nlogn) entries with high probability. In essence, each entry contains the same “amount”
of information about the global structure. We say that this matrix is incoherent with respect

to the standard basis {e;}7 ;.

By contrast, consider the matrix elelT. This matrix has a 1 in the top-left entry, and

is entirely empty otherwise. The probability of sampling the one entry that contains any
information in this matrix is #, requiring O(n?logn) samples with replacement to finally gain

access to the relevant matrix entry. This matrix, by contrast to above, is coherent with respect

to the standard basis {e;}7" ;.

We can mathematically codify this as follows: let X € R™*™ with reduced SVD X =

UXVT. We say that X is p-incoherent if the following pair of equations hold for some fixed

max{rn,m}} :

constant u € [1,

max |U Te;||2 < &=
max U Ter} < I

max ||V Te;||2 < &=,
ma [V ey < 7

(1.6)

We note that, letting the i-th row of U be u; and similarly for v;, that Equation (1.6) are
equivalent to [Ju]|3 < &= and |lv;l|3 < &5 See Figure 1.1 for a geometric visualization of
incoherent versus coherent subspaces.

From this perspective, it becomes clear that the algorithmic recovery will be, in some way,
a function of the incoherence of the ground truth matrix. Adapting this perspective to the

EDMC problem will be critical, and will require an analogous definition of incoherence as in

Section 1.6.

1.2.2 Theoretical Recovery through LRMC

The nuclear norm objective in (1.5) is very neatly characterized and has produced some very

strong results. The primary result that we will discuss here is from [Recllb]. This elegant
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Coherent Subspace

€3

Maximal coherence:
U aligns with

standard basis
\ Uo R €9

u X ep U
'd
€1
The columns of U are sparse
(spiky). If a sample misses a
non-zero entry, recovery fails.

Incoherent Subspace
€3
Low coherence:

U is not aligned with
standard bases.

€1
The columns of U are spread out
with respect to e;. Information is
distributed across many entries.

Figure 1.1: Geometric interpretation of subspace incoherence in matrix completion.

approach to matrix completion leveraged some fascinating tools in random matrix theory, first
courtesy of [AWO02]. These will use the theory of concentration of independent random matrices,

which we discuss in further detail in Section 1.7.

To understand the theoretical guarantees for matrix completion, it is helpful to contrast
them with classical results from sparse recovery [WM22]. In sparse recovery, the goal is to
reconstruct a sparse vector x given access to linear measurements b = Ax. The standard
Restricted Isometry Property (RIP) states that for some 3 € (0, 1), all k-sparse vectors € R"
satisfy

(1= dp)llz]3 < [[Az]3 < (1+ ox)llz]3.

To construct a matrix analogue to the sparse vector recovery problem, known as the affine
rank minimization problem, one observes y = A(M) where A : R"*"2 — R™. The standard
rank-r RIP condition requires that for a constant d, € (0, 1), all matrices X with rank(X) <r
satisfy

(1 =&)X 7 < M3 < (1+6,) 1 X7

This condition holds with high probability if A is constructed from certain types of random

ensembles, such as Gaussian matrices, as these globally mix the entries of X upon measurement.

However, as discussed in Section 1.2.1, the sampling operator Pq in matrix completion does

not globally mix entries. It is easy to construct a coherent, low-rank matrix Y (such as elef)
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such that Pqo(Y') ~ 0 unless the size of (2 is trivially large. As such, the standard RIP condition
is insufficient to capture this measurement inefficiency, as it fails for highly coherent matrices.
Instead, a necessary condition for recovery of a matrix through (1.5) relies on restricting the

operator to the tangent space of the true matrix:

Definition 1.2.1: Restricted Isometry Property (RIP)

Let X be a rank-r matrix with tangent space T on the manifold of rank-r matrices, N..
We say that a random sampling operator Pq satisfies RIP if the following holds with

high probability for some small € > 0:
[PrPaPr — cPr|| <,

where ¢ > 0 is a constant.

In order to prove RIP-type statements, we leverage tools from random matrix theory. In
particular, if we define € as a subset of [m] x [n] that is sampled uniformly at random with
replacement, we can consider Po(-) = >_(; jjea (" €ij)€ij to be a sum of i.i.d. random operators.
This opens up the use of the Operator Bernstein inequality, discussed in greater detail in
Section 1.7. Proving concentration statements of this form constitutes the bulk of the theoretical
work in this thesis.

By combining the RIP condition with the incoherence assumption, foundational papers es-
tablish that if [Q| > Cunrlog? n for a sufficiently large constant C, the convex program in (1.5)
exactly recovers the ground truth matrix X with high probability. The proof of this recovery
heavily leverages the decomposition of the sampling operator Pq into a sum of independent
rank-one random operators, followed by an application of the Matrix Bernstein inequality (re-
produced in Theorem 1.7.2). While other mathematical techniques for proving recovery were
pioneered in early works like [CR09], since the introduction of the framework in [Recllal, the
Matrix Bernstein approach has become the standard analytical tool for convergence guarantees.
However, solving this convex program is computationally expensive for large matrices, which has
naturally led to the widespread consideration of non-convex methodologies. We will not provide

a comprehensive overview of the various non-convex approaches to standard matrix completion
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here, but instead point interested readers to excellent surveys such as [Wal21, WM22].

1.3 The Dual-Basis Approach to EDMC

To adapt the work described in Section 1.2.2; we need to find a way to cast the EDMC problem
as a matrix completion problem. The first way to do this, and the most obvious, is to just
directly complete D from observations {Dj;}; jjeq and to use a nuclear-norm minimization
from (1.5). This approach does technically work, although it is suboptimal for a couple of
reasons.

The first reason is that, for a d-dimensional set of points P € R™*? rank(D) = d + 2.
This observation follows directly from (1.2), as rank(X) = d and we are adding two additional
rank-one vectors. A completion algorithm that operates directly on the Gram matrix X will
thereby have a lower sample complexity than directly completing the distance matrix. This
observation is the basis for the development of some of the original EDMC theory using the
framework of low-rank matrix completion, seen in [LL17, TL18].

Another more relevant reason that considering completion on X is numerically preferable
to D is specifically relevant for non-convex solves to the EDMC problem. Consider the case of
Algorithm 2 applied on D alone. As this is an unconstrained optimization problem, there is no
guarantee that the iterates D; are going to be pairwise distance matrices. As discussed previ-
ously, pairwise distance matrices need to satisfy an entrywise triangle inequality, and without
explicitly enforcing this condition in a convex program this is a difficult condition to match.
As such, algorithms like Algorithm 2 perform poorly when attempting to directly complete
pairwise distance matrices algorithmically. The goal of this section is to outline how to instead
consider the completion problem not as a completion problem on D, but rather a completion
problem on X given access to linear combinations of entries of X, and not the raw entries of
X themselves.

From MDS theory discussed in Section 1.1 (and the simple expansion of the ¢ norm), we
know that there is a clear relationship between each entry of the squared distance matrix to
the Gram matrix given by

Dij = Xy + Xj5 — Xij — Xji.
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In [TL18], an approach for re-casting completion on D to completion on X was constructed

as follows: given av = (4, 7),7 < j, we define the matrix wg, as

Wo = € + €jj — €5 — €j;

= (e; —ej)(ei — ;).

Using the collection of matrices {wq }aer, where I = {(7,7),1 <i < j < n}, we can realize each
entry of the squared distance matrix as the trace inner product of the Gram matrix with the

basis as for a = (i, j)

(X, wa) = Xy + Xj; — X — Xij = Dyj.

Furthermore, it turns out that {wq }aer is a non-orthogonal basis for the subspace of sym-

metric matrices with zero row sum, denoted S = {Y € R™*" | Y =Y ", Y1 = 0}, where

n(n—1)

dim(S) = 5

= L. (1.7)
In fact, for any two pairs of indices a, 3 € I with a = (4,7) and 3 = (k, 1), we have:

(wa, wg) = Tr(wawg)
=Tr ((e; — ej)(es — e;) (ex — er)(ex —en)T)
= Tr ((es — )Gk — 0 — 3y + ) e — ) )
= Tr ((ex — e) " (ei — €5) (6 — d — 0.+ )
= (8% — 61j — 81 + 817) (O — 8t — Oy, + 670)

4 a=p;

=\l a#B, anp#0;

0 anB=10,

where 6;; is the Kronecker delta.

As {wq }aer does not form an orthonormal basis over S, we consider its bi-orthogonal, or

dual, basis for both theoretical and computational purposes. We provide a brief description of
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dual bases in Section A.2 for posterity. We denote this basis as {vq }aer, and represent any

centered Gram matrix X using the following expansion:

X =) (X, wa)Va.

The advantage of the dual basis representation is that it allows us to recast the EDMC problem
as a low-rank matrix recovery problem where we observe a subset of the expansion coefficients.
In [TL18], this dual basis formulation has been used to provide theoretical guarantees for the
convex program given in (1.5). To make use of the dual basis approach both in theory and
applications, one of the first steps is to have a representation of the dual basis that is easier to

use. Let H € REXL be the Gram matrix with
Ha,@ = (wa,w@).

Furthermore, let

HoB — (H_l)aﬂ = <'Ua,’wﬂ>.

From Section A.2, we have a closed form expression for vq:

Vo = Y H*Pwg. (1.8)
Bel

To compute this explicitly from just knowledge of H relies on an inverse of an L X L matrix,
which requires the solution of a large linear system. Thankfully, in [LT23] it was shown that

the dual basis admits a simple explicit form
1
Va = =5 (a,bT + baT) , (1.9)

where a = e; — %1 and b=e; — %1 for o = (4,7). We now highlight a few operators that are
related to the dual basis approach. The first one is the sampling operator Rq : S — S defined

as follows:

Ra() =Y (" Wa)va:

ac
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The bi-orthogonality relationship of the dual basis gives that RZ = Rq if Q does not have

repeated indices, and that

Ro() =Y (- va)wa.

aEel)
Due to the lack of self-adjointness, R without repeated indices in 2 is not an orthogonal
projection operator, and is instead an oblique projection operator. In [SLCT23|, Rq(X) is

related to the sampling operator P (D) as follows:
1
Rao(X) = —§JPQ(D)J, (1.10)

where J is as defined in (1.1). The next operator is the restricted frame operator Fq : S — S,

first studied in [TL18], and defined as

Fo() = Y (- wa)wa. (1.11)

ac

This operator is self-adjoint, positive semi-definite, but unlike Rq, does not reference the dual
basis. We note that this operator under a different name was critical to the analysis of the

algorithm in [LS24].

We briefly describe the results of [TL18|, which inspired the direction of much of this re-
search. In particular, [TL18] established that the exact recovery of Gram matrices from incom-
plete pairwise distance measurements is theoretically guaranteed via nuclear-norm minimiza-

tion. This is done using a dual-basis formulation by considering

in [|Y]. i Y) = Ra(X). 1.12
y&in Y. subject to Ro(Y) =Ra(X) (1.12)

Similar to (1.5), (1.12) will recover the ground truth matrix X with high probability if |Q >
Cv?r?nlog? n, where v is an EDMC-specific incoherence constant discussed in Section 1.6. This
strategy suffers from the same computational issues as (1.5), and as such the investigation into
provably convergent non-convex surrogates is the main direction of interest in this thesis. We

summarize this in the following question:
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Question 1.3.1: Non-Convex EDMC Question

Can we construct a provably convergent, fast, non-convex algorithm for the EDMC prob-

lem under a uniform sampling scheme?

Chapter 2, Chapter 3, and Section A.1 will be dedicated to answering this question in the
affirmative. The approach taken in this thesis will be a first-order Riemannian optimization
scheme on the manifold of rank-r matrices for some fixed . We dedicate the next two sections to
background information on Riemannian optimization, and a Riemannian optimization scheme

for the LRMC problem.

1.4 First-Order Optimization on Manifolds

Traditional optimization techniques primarily focus on the minimization of functionals defined
in Euclidean space, and subsets thereof. That is, algorithms are mainly designed to find the
optima of functions that map from convex subsets of R™ to R, with an incredibly rich theory
of convergence across the algorithmic zoo [NWO06]. However, this perspective ignores the un-
derlying geometry that a particular problem might possess. Consider the following concrete
example:

T

minimize f(x) subject tox x = 1.

xR
This objective function is a constrained optimization program. Now, this constraint is rather
simple and not difficult to consider how to solve in and of itself, but it might still be simpler to
recognize that this objective function is equivalent to

minimize f(z),

where S%~1 is the sphere in d-dimensions. We notice now that this problem is a simple, un-
constrained optimization problem whose input set is a manifold. This approach motivates the
broader field known as Riemannian optimization, which has emerged in recent years as a power-
ful technique for solving optimization problems for non-convex functions defined on manifolds.

By taking into account the curvature and other geometric properties of the manifold, Rie-
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mannian optimization algorithms can provide better convergence rates and improved accuracy
compared to standard Euclidean optimization methods [Bou23, Sat21].
We will provide a brief description of how first-order retraction methodologies defined on

manifolds work.

1.4.1 Geometric preliminaries

Throughout this report, we will use A/ to denote a smooth, connected manifold that is embedded
in a Euclidean vector space, i.e. A’ C R"™. By smooth, we mean that the manifold can be defined
as the zero-set of some function f € C*°(R™). We will refer to tangent spaces at a point & € N’
as

TN ={veR": x"v =0},

and the tangent bundle as

TN ={(z,v):z e N,v e Tp,N}.

FElements in tangent spaces are vectors, and vector fields are smooth, vector-valued functions
that live along a manifold. More specifically for a given vector field X, at each point p € N,
X (p) € TpN. The set of smooth vector fields on A is denoted by X(N).

We denote curves ¢ on a manifold N via ¢ : I — N where I = [a,b] for some a < b € R.
Additionally, we define a retraction map at each point Ry : TN — N as a smooth map from a
tangent space back to the manifold. This map defines a curve on the manifold from vectors in
the tangent space. To define a retraction independent of an individual point, we say a retraction

R on N is a smooth map that picks out a particular curve for each (x,v) € T, N such that

R:TN — N : (x,v) = Rg(v),

where each curve ¢(t) = Ry (tv) and ¢(0) = x, ¢(0) = v. One specific type of retraction map is
the exponential map. The exponential map goes from the tangent space to a geodesic on the
manifold, where a geodesic is a constant-speed, locally distance-minimizing curve.

Now, let F': N — N’ be a smooth map. We define the differential of F', denoted by DF,
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as a linear map defined by DF : TuN — Tp(z)N via

DF@)ft] = ZFe)| = (Foc/(0)

where ¢(0) =  and ¢/(0) = v. To make a manifold a Riemannian manifold, the manifold must
be endowed with an inner product structure for each tangent space that smoothly varies with
xz € N. That is, the metric at a point * € N is given as, for two vectors u,v € TN, as
(u,v); = u' Av for some symmetric A >~ 0. To define the Riemannian gradient of a smooth
function f : N/ — R, we can employ the differential and define the gradient of f, denoted

gradf(x) € TRN, as the unique tangent vector at & € N such that for any v € TN,

Df(z)[v] = (v, gradf)e.

In the case where N is a Riemannian manifold embedded in some larger Euclidean space, one
can show that gradf is the orthogonal projection of the usual gradient onto the tangent space in
the sense that f has been smoothly extended into all of R™ and its classical gradient is computed

in the standard way.

Up to now, we have only considered notions of a first derivative on a manifold in the form
of the differential. For the proof of convergence of the Riemannian gradient descent algorithm,
we will need to define more clearly notions of a second derivative on a manifold, namely the
Riemannian Hessian of our objective function, and to do that we need to discuss connections
on manifolds. Intuitively, a connection at a point & € N is a projection of the differential of a
smooth extension of a vector field onto TN . This projection is needed to establish a notion
of directional derivatives of vector fields that stay tangent to the manifold. More formally,
a connection V is an R-bilinear map from X(N) x X(N) — X(N). More properties of the

connection can be found in [Tul0O] but an intuitive grasp is adequate for this thesis.

Now, the Riemannian Hessian Hessf(x) of a smooth function f : A/ — R is a linear map
from TyN — TN defined as
Hessf(x)[v] = Vygradf.

One can show using the properties of the Riemannian connection and metric that this
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operator Hessf is self-adjoint.

The final concept to introduce here is that of vector transport. For § € TpN, a vector
transport map T;, is a linear map takes a vector & € TR N to T, (§) € TRm(n)N . In words, this
map can be thought of as moving £ into the tangent space determined by some retraction map
R, in the direction of 1. A specific type of vector transport map is a parallel transport map,
which uniquely transports vectors along curves in such a way that the vectors stay parallel to

each other with respect to the connection, but this can be difficult to compute [SKM19].

1.4.2 Riemannian Gradient Descent

The following section has drawn upon Chapter 4 of [Bou23]. In this section, we will briefly
investigate a first-order retraction-based algorithm for minimizing a smooth objective function

f: N — R. We define this Riemannian Gradient Descent algorithm in Algorithm 1.

Algorithm 1 Riemannian Gradient Descent
Input: g € M
for £k =0,1,2,... do
Pick oy, > 0
sk = —agpgrad f(xy)
Lr4+1 = ka (Sk)
end for

The intuition behind this algorithm is simple: For each x;, € M, examine T, N and find
the steepest descent direction in the tangent space. Pick a step size, then retract back to the
manifold for the next iteration. One thing to note about this algorithm is that the retraction
map is a first-order approximation to the exponential map back to the manifold. This can
be seen from a Taylor-series expansion. A generic retraction map in many cases is easier to

compute than the exponential map. We will also impose the following assumptions:

1. There exists flow € R such that f(z) > fiow V& € N.

2. At each iteration, the algorithm achieves sufficient decrease for f in the sense that, for

some ¢ > 0,

flar) = f(@ier) = cllgrad f () |1*.
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3. For a given subset S C TN, there exists a constant L > 0 such that, for all (z,s) € S

F(Ra(s) < f(a) + (grad (@), s)o + ]

The first assumption of a global lower bound is a common one in optimization and not
an unreasonable requirement. The third requirement is the Riemannian generalization of L-
smoothness of a convex function and is itself reasonable. The second assumption on its own
seems a bit unmotivated, but is an important condition to ensure that the limit of the se-
quence limy_, o ||gradf(xx)|| — 0. Once these assumptions are satisfied, local convergence of

Algorithm 1 can be established as follows:

Theorem 1.4.1 (Local Convergence of Algorithm 1 [Bou23]). Let N be a Riemannian manifold
with a retraction R, and let f : N — R be a smooth function. Assume x* € N satisfies
gradf(x*) = 0 and Hessf(x*) > 0. Let k = % be the condition number of Hessf(x*) with
Amaz 0nd Apin being the largest and smallest eigenvalues, respectively. With L > %)\max, set
ap = a = +. Given F(z) = Ry (—agradf(z)) and @41 = xy, there exists a neighborhood of *

such that if the sequence {xy} enters the neighborhood, it converges to «* linearly. If L = Aoz,

the convergence factor is at most “T_l

By this theorem, Algorithm 1 is an algorithm with local linear convergence. The main
difficulties in the computation of Algorithm 1 is the computation of gradf and the retraction

map at each point R, . We sketch out a step of Algorithm 1 in Figure 1.2.

1.5 A Riemannian Approach to LRMC

One prior that we can leverage in constructing non-convex solutions to the LRMC problem is
the idea that a ground-truth matrix X € R™*" has a known rank of . This allows us to more
naturally consider the low-rank matrix completion problem as a least-squares problem given via

Ir}l/inﬂi@mize |Po(Y — X)||& subject to rank(Y') = - (1.13)
c mxXn
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V(1)

Figure 1.2: A diagram of a simple first-order retraction method on N. Again, Vf(x;) is
the Euclidean gradient of f at x;, grad f(x;) is the Riemannian gradient at x;, and x; 4 =
R, (x; — aygrad f(x;)) for some step size oy > 0, as in Algorithm 1.

This was studied in [Vanl2], in which the author showed that the algorithm does converge
to local minima. It does not, however, provide any guarantees on the optimality of recovered
solutions.

In [WCCL20], a variation on this theme was considered. If we take now the objective

Ir;finﬂi@mize (Y — X, Po(Y — X)) subject to rank(Y) =r, (1.14)
E mXn

more can be done algorithmically to guarantee convergence. Now, as in Section 1.2.2, it is often
beneficial to consider P as a sum of random rank-one operators sampled with replacement
from [m] x [n]; as such, it is overwhelmingly likely that there are repeated entries of Pg and in
that case P3 # Pq. However, if there are no repeated entries we note that (1.14) is equivalent
to (1.13).

Following Section 1.4.2 and Section A.3, we can now construct an algorithm to minimize the
objective function in (1.14). In order to do so, we need to compute the Riemannian gradient
of (Y — X,Pq(Y — X)) at any Y € N, first. First, we can compute the Euclidean gradient
as Vy (Y — X, Po(Y — X)) =2Pq(Y — X). To compute the Riemannian gradient at a point
Y, we just need to consider the projection onto Ty N, with the projection formula seen in
(1.16). Let the tangent space at the ground-truth matrix X be denoted T, and let the tangent
space at each iterate X; be denoted T, with corresponding projection operators Pr and Pr,,

respectively. One of the benefits of working on N, is the well-defined characterization of the
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manifold of rank-r matrices.

Statement 1.5.1: Characterization of the Tangent Spaces of N,

Let X € N, € R™ ™ have a reduced SVD given by X = UXV T, where U € R™*" and
V e R"*", Then

Tx N, = {UZlT Y ZVT | Zi RV, Z, € Rm”} . (1.15)
Furthermore, the projection operation onto Tx NV, can be neatly characterized as
PrY = PyY + Y Py — PyY Py, (1.16)

where Py = UU T and Py = V'V T are the projections onto the column/row spaces.

We provide more details on the geometry of A, in Section A.3. The last thing needed
to define a first-order retraction algorithm is to define the retraction map. When working on
N, the defining constraint is that the matrices in N, are, of course, rank-r. To build a good

retraction, one only needs to consider the hard-thresholding operator H, : R™*"™ — N, as
T
Ho(Y) =) oUV;, (1.17)
i=1

where U;, V;, and o; are the i-th left singular vector, right singular vector, and singular value,
respectively. As such, we can define the following algorithm to solve the problem posed in

(1.14):

Algorithm 2 Riemannian Gradient Descent for LRMC [WCCL20]
Input: Q, {Xij}(i7j)eﬂ, rank(X) =r
Initialization: X, = UODO‘/OT
for /| =0,1,--- do
G; =Po(X — Xo)
_ el
L= P, G, MqPr,G))
W, =X, + oPr,G;
Xit1 = HT(‘/VZ)
end for
Output: X,e.: Estimated matrix.
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The step size seen in Algorithm 2 is the solution to a Euclidean exact line search in the
tangent space. Other choices of step size are possible, but this one provides nice theoretical
guarantees. In addition to this approach, the authors considered two initialization schemes.
One is simple, and only involves setting Xy = %HT(PQ(X )). This one-step hard thresholding
is, in some sense, the closest representation of X in N, based on the observed entries, and is
in fact an unbiased estimator of X. A more delicate initialization can be considered as well,
however, by partitioning the set 2 into S equally sized subsets, and performing one Riemannian
gradient descent step for each subset. This more delicate initialization breaks the dependence
on each iterate from the previous, and provides a more reliable initialization for large enough

sample sizes. We summarize their results here:

Theorem 1.5.1 (Convergence guarantees of Algorithm 2 [WCCL20]). Let |2] = m, and let

X € R™™ be the p-incoherent rank-r ground truth solution. If
m > CB3/2 urn/? 10g3/2(n),

for some sufficiently large constant C, with probability at least 1 —2n>~2% —2n1=8 when consid-
ering a one-step hard thresholding initialization we have that Algorithm 2 recovers the ground

truth X . For the Riemannian resampling scheme, the sample complexity result improves to
m > C'prfinlog(n),

for some matriz specific constant C' with probability at least 1 —2n'P —en?=28 for some ¢ > 0.

In order to prove this statement, the authors show that in an attractive basin around the
ground truth matrix, Algorithm 2 converges linearly to the true solution, an improvement
over existing Riemannian methods such as [Vanl2]. They then show that the aforementioned
initialization methods with high enough sample complexity are, with high probability, in this

attractive basin.
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1.6 Incoherence and Geometry

As we have seen in Section 1.2.1, matrix incoherence exhibits strong influence on the sample
complexity guarantees of LRMC algorithms. In this section, we investigate the dual-basis
analogue to (1.6) and the geometric implications of a similar condition. We note that this
section was heavily adapted from [SCT25].

In pathological cases, the ground truth matrix X may exhibit a sparse representation in
the basis {we }acr, which could lead to challenges in its recovery from sampled measurements.
While the concept of incoherence is well-established in the standard matrix completion liter-
ature, the condition specific to the EDMC problem slightly differs in structure and admits a
natural geometric interpretation. This section is devoted to a detailed examination of this geo-
metric perspective. We will state more formally the incoherence assumptions in Section 2.2 and
Section 3.2, but we will first introduce one of the conditions below. We say that a rank-r Gram

matrix X € R"*" is v-incoherent with respect to {wq taer if the following statement holds:

4
max | Prwallr < \/ = (1.18)
acl n

We remark that the above is inspired by the standard incoherence condition, which up to a

4
max || Preglls < 1/ —. (1.19)
i€[n] n

The standard incoherence assumption, shown in (1.19), is prevalent throughout matrix comple-

scaling factor, states that

tion literature and is a measure of “entrywise diffuseness” in the ground truth matrix. Further

discussion of standard matrix incoherence can be seen in [CR09].

The incoherence condition introduced in (1.18) can be interpreted in terms of the underlying
point cloud data. For the specific case of the EDMC problem, (1.18) can be expanded as follows

for av = (4, j) with ¢ < j:

HPUwaHIZJ‘ = <PUwa77)Uwa>
=Tr (wawaUUT>

— Ty (2waUUT>
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2(e; —e;+ej— eji,UUT>

u; —I—u] u; — UjTui - uiTuj)

|
B

uzT —uj)+ u]T (uj — uz))

Il
DO

<

2(UU)u+@UT);; - (OUT); - (OUT);)
(
(

2(uz—u]) (w; —uy). (1.20)
The incoherence condition can then equivalently be stated as

max  (u; — ;)" (w; —u;) < 22 (1.21)
(3,5)1i<7j n

The next Lemma provides the lower and upper bounds for v.

Lemma 1.6.1. For the incoherence condition in (1.21), v is bounded below by 1 + ﬁ and

above by 2.

Proof. We consider (u; — uj)T (u; —u;). Note that

1,§):4<j

Z(uZ)Tu, =Tr(UU") =Tr(U'U) = 1.

%

Since we assume centered configurations, U'1 = 0. It then follows that, Zm(ui)Tuj =

O u)’ >_ju; = 0. Using these two relations, we obtain:
1 1
Z (wi —uy) " (u; —uy) = 5 Z (w; —wy) " (w; —uj) = §2nr = nr.
(4,5):i<g (4.3)

The above equality shows that the sum of L terms is nr. Therefore, the maximum summand

must be at least ~. In particular, we have:

- nroo_r 1
e =) () 2 5 =27 +n—1>

Therefore, the minimum value of the incoherence parameter v is 1+ =5. To find the maximum
value of the incoherence, using the parallelogram inequality, (u; — uj)T (w; —uy) < 2|u;l]? +

2||u;|[* < 4. Therefore, the upper bound for v is 22. O
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Remark 1.6.1: EDMC Incoherence Lower Bound

To show that the lower bound for the incoherence can be attained, we consider the

following example:

1 0
2
— - 3
v=3 |- £
_1 _V3
2 2

Up to the scaling factor of %, the rows of U correspond to the vertices of an equilateral
triangle inscribed in the unit circle. It can be easily verified that this attains the lower
bound on incoherence. For the upper bound, a simple example is the matrix U € R"*3,
where the first two columns are the standard basis vectors e; and es, respectively, and
the third column is a unit vector which is zero in its first two entries. Any set of points
generated from this U lies entirely along the z-axis, except for two points, which lie on
the x- and y-axes, respectively. Figures 1.3 and 1.4 provide a visual illustration of these

examples.

Figure 1.3: Visualizing the rows of U that lead to a minimal incoherence parameter.

Next, we aim to state the incoherence condition in terms of the points. Using the fact
that UU T is a projection operator onto the column space of P, along with the fact that P is
full-rank from Assumption 1.1.1, it follows that the unique orthogonal projector onto this range
is defined as:

Uuu' =PP'P)'P".

By substituting this definition directly into the expanded trace formulation, we notice the
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L g T

Figure 1.4: Example of a set of points with a maximal incoherence parameter.

following:

(UUT); +(UUT);; —(UUT);; — (UU )
_ (eiTP(PTP)_lPTeZ- +e] P(PTP)"'PTe; - QeiTP(PTP)_lPTej)
= (oI (PTP)'pi+p] (PTP) 'p; — 2] (PTP) 'p))

= (pi —p;) (P P) ! (pi — pj).

The norm generated by (PTP)~! is known in the statistics literature as the Mahalanobis
distance [Mah18]. As we can see above, the Mahalanobis distance emerges algebraically in this
expression, establishing the direct equivalence between the projected Frobenius norm of the

measurement operator and the scaled pairwise Mahalanobis distance of the spatial coordinates.

This indicates that our incoherence condition can be reinterpreted as

ox (pi—pj)| (PTP)™' (pi—pj) < 2%- (1.22)
We first start our interpretation for the case where (PTP)~! is the identity matrix. In this
setting, for any pair (7, j), the expression (p; — pj)T (pi — pj) is the squared Euclidean distance
between the points p; and p;. Hence, the incoherence can be directly linked to the maximum
distance among the points. In the general case, the above quantity suggests that incoherence

serves as a measure of how the displacement vectors p; —p; align with the principal components

of the embedding. In particular, for a fixed choice of (PTP)~!, varying the matrix U leads to
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different sets of points. If the displacement vectors tend to align with directions corresponding
to the smallest principal components (i.e., those with the lowest variance), the incoherence is
expected to be high. Conversely, if they align more with the dominant components (those with
the highest variance), the incoherence tends to be low. In essence, high incoherence indicates
that certain pairs of points are stretching significantly in directions where the embedding space

has low variance.

Using the variational characterization, note that
(pi —pj) (PTP)" (pi —pj) < M((PTP)") (pi = 1)) (pi — 1))
Noting that A\ ((PTP)~!) = %, we can also state the incoherence condition in (1.22) as:
(Pi —pj)" (P —py) < 2= A (1.23)

We note that these statements are not equivalent, merely that this simpler statement implies the
original incoherence condition. Continuing with the simplified incoherence condition in (1.23),
we seek to derive an upper bound on v in terms of other geometric properties of P, or spectral

properties of X. First, notice that

T 2
(pi —pj) (Pi—pj) < . Ipi — pjll; = [[Dlloo-

As we seek a constant v such that (1.23) is satisfied for all (z,75) € I, we can see that this will
be satisfied if

vr
20, (X) < 1D

This yields the following upper bound for v, in terms of a geometric constant and a spectral

constant:
| D||o

<
Y (X

. (1.24)

S

~—

In the following lemmas, we show that data drawn from subgaussian isotropic distributions
exhibit the property that v < O(n) with high probability, indicating that the recovery results

derived in Section 2.2 and Section 3.2 will hold with reasonable sample complexity for a wide
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category of data distributions.

Lemma 1.6.2. [Ver12, Page 31] Let {p;}"; ~ p where p is a subgaussian probability measure
defined on R”, and let P = [py --- py]T € R™". Define the covariance matriz of p as . If

n > C(t/e)?r for some constant C > 0, then with probability at least 1 — 2 exp(—t>n)
Lot
—P'P-3| <¢||Z].
n

Let us now assume that p is both subgaussian and isotropic, that is 3 = I. Furthermore, as
we are interested in point clouds satisfying P'1 = 0, we consider mean zero distributions. As

such, we provide the following lemma:

Lemma 1.6.3. Let {p;}l"; C R" be a collection of points drawn i.i.d. from an isotropic
subgaussian distribution p. Furthermore, let E[p;] = 0, and assume each coordinate of p;
is independent. Let ||pil|y, < K, where || - ||y, is the subgaussian norm. Then for every

i,j € [n] x [n] with i # j, with probability at least 1 — Cn~2,
lpi — pjl5 — 2r| < 4K*\/rlogn,

where C' > 0 is an absolute constant.

Proof. We first notice that, as p; and p; are independent and E[p;] = 0,

E [(pz —p;)' (pi — pj)] =E||pil3| —E pijz} —E [pijz} +E [pijj}

[ 2] [ 2 T
—E[Ipil3] +E [Ip;13] — 2E [p:] " Ep;

_E :Hpng: +E :Hpjllg]
= 2E [ Ipil3]

=28 |Tr (pipi”) |

=2 T (E [pipi”|)

=2 Tr(I) = 2r,

where the second and fourth lines follow from the independence of p; and p;, the third line
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follows from the fact that E[u] = 0, and the seventh line follows from the fact that u is isotropic,
i.e. X = I. The lemma statement follows from a simple application of the Hanson-Wright

inequality, seen in Theorem 1.7.4. First, given vectors p;, p;, notice that

Previously, we have shown that E[(p; — p;)" (p; — p;)] = 2r. Furthermore, ||A[|3 = 4r, and
| Al < 2 by Gershgorin circle theorem. The result follows from an application of Theorem 1.7.4.

O

We can use the above lemma to prove an upper bound on the incoherence of an isotropic,

subgaussian distribution, presented in the following lemma:

Lemma 1.6.4. Let {p;}}' | ~ p where p is an isotropic subgaussian probability measure defined
on R™ with subgaussian norm ||u|ly, < K, and let P = [py --- p,]' € R™". Then with
probability at least 1 — Dn=2 for an absolute constant D > 0, the incoherence parameter v of

X = PP can be upper bounded by

logn
<O K? .
V‘O< ﬁ)

Proof. From Theorem 1.6.3, we have that || D||s < 2r +4K?,/rlogn with high probability for
a subgaussian isotropic distribution. Furthermore, from Theorem 1.6.2, A,(X) > cn for some
O(1) constant ¢ > 0 with high probability. As such, we can see that the incoherence constant

can be upper-bounded using (1.24) by

2
L < n 2r +4K*%/rlogn
— 2r cn
2K2logn
<1

+
_ ( 210gn>

thus concluding the proof. O
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We note that Theorem 1.6.4 shows, with high probability, that the incoherence constant
remains in a regime where it does not degrade the recovery guarantees established in Section 2.2
and Section 3.2 for data generated from subgaussian distributions. We note that this result is
very similar to the condition derived in [CR09] for the incoherence of matrices in the random
orthogonal model.

We comment that the analysis in this section exclusively pertained to data generated from
subgaussian isotropic measures for expositional simplicity. These techniques can be extended
to anisotropic subgaussian measures, and one can show the resulting bound for v = O(k +
K?logn/+/7), where s is the condition number of X. We provide a proof of this result in
Theorem 1.A.1.

Remark 1.6.2: Geometric Interpretation of Standard Incoherence

We now provide a geometric interpretation of (1.19) for positive semidefinite matrices.

Expanding (1.19), we obtain:

IPueill; = el Pue;
= Tr(e; (P(P"P) ' Pe¢;)

=p, (P'P) 'p;.

As such, standard incoherence in the EDMC framework represents the standard Maha-
lanobis distance of each point, rather than the pairwise Mahalanobis distance between

points in the geometric framework.

1.7 Useful Inequalities from Random Matrix Theory

Concentration of measure is a beautiful phenomenon in the study of high-dimensional math-
ematics, and is well worth writing about in detail. It is extremely relevant in a variety of
disciplines. In lieu of an introduction to the the curious reader to the following resources
[Verl8, BLM13, Led01]. We now state some important inequalities from this field that we will

use frequently throughout this work.
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Theorem 1.7.1 (Scalar Bernstein Inequality [Verl8|). Let Yi,---,Y, be independent, mean

zero random variables such that |Y;| < R for all i, and let * = E [Y1 Y?|. Then

P[ 2%]§2wp<—ﬁiZ;B).

In particular, if t < % this simplifies to

2
]P’[ zt] < 2exp <—:2>
o

Another set of relevant tools are matrix concentration inequalities. These powerful tools

i=1

i=1

allow for sharp understanding of the tail probabilities of the spectral norms of certain random
matrices. We point the interested reader to [Trol2, TT15] for an excellent treatment of the

subject. We provide these inequalities below.

Theorem 1.7.2 (Operator Bernstein Inequality[Reclla, Trol2]). Let X; € R™*" i=1,--- ,'m
be independent, zero-mean, matriz-valued random variables, and let

022max{ ‘}

Assume there exists a ¢ € R such that || X;|| < ¢ almost surely. Then fort >0

t2/2
P t) <2 ).
( ~ ) neXp< 02+ct/3>

If we assume that t < ‘7—02, this simplifies to

3t?
P ( > t) < 2nexp <_82> , (1.25)
o

= t
P(E:Xg>¢>§%wm(—;>. (1.26)
=1

Theorem 1.7.3 (Vector Bernstein Inequality [Groll]). Let {X;}!', be independent, mean-

m

E:E(X;XJ)

=1

m

}:E(XJXQ

=1

)

> x

=1

m

>x

i=1

. 2
and if t > 2,

zero random vectors in R? with E[X;] = 0 for all i = 1,...,n. Suppose there exist constants
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R > 0 and 0® > 0 such that for every i, | X;|l2 < R almost surely and Y"1 E[||X;[3] < o

IE[HXZH%] < 2. Then for any t > 0, the following tail bound holds for t < UT;"

—¢2
P ) 2 t S exp <40’2> .

Theorem 1.7.4 (Hanson-Wright Inequality [RV13]). Let Y = (Y1 ---Y,) € R" be a random

n

>

i=1

vector with Y; independent and E[Y;] =0, and ||Yi||y, < K for some K > 0, where || - ||y, is the

sub-Gaussian norm. Additionally, let A € R™*™, Then

P HYTAY _E [YTAY” > t} < 2exp (—cmin{K4|t|:H%, K2ﬁA|| }) .

The last important inequality used in this work is the decoupling inequality of de la Pena

[DIPG12]. A partial statement of this remarkable theorem is reproduced below.

Theorem 1.7.5 (Matrix—valued decoupling inequality [DIPG12, Theorem 3.4.1]). Let {X;}
be a sequence of independent random variables in R™, and let {X ]} | be an independent copy
of {X;}7, defined on the same probability space. Let {hj}1<izj<n be a collection of measurable

kernels h;j : R™ x R™ — R™>*™  satisfying
Elhij(X;, X;) | Xi] =0, Elhij(X;, X;) | X;] =0,

for all=1#j.

Define the coupled and decoupled chaos sums as

S = Zhij(Xian)a S/ = Zh”(XI,X],)
i#j i#£]

Then there exists a universal constant C > 0 such that, for allt > 0,

P(|S| =¢t) < CP(|S'| = t/C).

The constant C' is universal and is independent of all hyj, { X}, n and m.

We note that the preceding theorem holds for higher than second—order chaoses, and that
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the constant C' depends on solely on the order of the chaos. Furthermore, the above inequality
holds in any Banach space equipped with any norm. However, for the problem that we consider
we only need the second—order, matrix—valued version, and are simplifying the statement for

expositional purposes.

1.8 A Collection of Useful Theorems

Lastly, we provide a few other theorems that are leveraged throughout this thesis in various

forms. We provide them below.

Theorem 1.8.1 (Davis-Kahan sin © theorem (rank-r case) [DK70], [YWS15]). | Let X, X €
R™ "™ be symmetric positive semidefinite matrices of rank r. Let'V, V € R™ " have orthonormal
columns spanning the top-r eigenspaces of X and X , respectively. Then

IX — X|

Isin®(V, V)| < )

One result that will be used throughout this work is a technique for constructing eigenvalue

bounds through a vectorization technique. This result is as follows.

Lemma 1.8.2 (Vectorization Technique). Let {Z}]", be a basis for some subspace V C R™*™
of dimension m, G = [(Z;, Z;)] € R™*™, and Zy € R %™ pe the matriz where the k-th column,

vector is vec(Zy). Then for any' Y € R™*"

max Y, Z;.)? = Aax(G).
¥ fr=1 k:1< ) @)
Proof. We can see that
max Z:(Y,Zk)2 = max (vec(Y)Tvec(Zk)) (vec(Zk)Tvec(Y)>
Y lle=1— Y lle=1:=

= max vec(Y)" <Zvec(Zk)vec(Zk)T> vec(Y)

Y|r=1
1Y e ot

= max vec(Y)' ZyZ{vec(Y).
Y p=1



1.A. FURTHER INCOHERENCE RESULTS 35

As for any matrix A = 0, max|g|,—1 ' Ax = Apax(A), it follows that

m

e (Y, Z1)? = Amax (Zv Zy)).
P k=1

Now, as for any A € R™* A\pax(AAT) = A\pax (AT A), we see that

m

||3r’nHaX1 (Y, Zk>2 = )\max(ZVZ%—/r) = )‘maX(Z%—/rZV) = Amax(G).
F= 0 k=1

This concludes the proof. O
Lemma 1.8.3 (Bounds for Projections [WCCL16, WCCL20]). Let X; = UlDlUlT be a rank-r

matriz and T; be the tangent space of N, at X;. Let X = UDU" be another rank-r matriz,

and T be the corresponding tangent space. Then

X — X|p V2| X — X||p

o - vuT) < P o - vuTe < PR
I - X[} 21X, - X
Iz - Pryxile < LI, IPr, - el < A2

1.A Further Incoherence Results

Lemma 1.A.1. Let p be an a.s. bounded, mean-zero, subgaussian distribution with positive
definite covariance matriz X € R"™". Let n points {p;}}, ~ p be sampled i.i.d., and let
P =p;.. .pn]T € R be the corresponding point matriz with Gram matriz X, which has
condition number k. Let ||p;||y, < K for some K > 0. Then with probability at least 1 — Cn >

for some absolute constant C' > 0, the incoherence parameter of X is bounded by

K?1
ygo(wog“)

ﬁ

Proof. This proof is much the same as the proof in Section 1.6. First, we remark that

E [(pz -p;) (pi — pj)] =E [Hpillg] ~-E [pijz} ~E [pijz} +E [pijj}

= [lIpil] +E [Ips113] - 2 [p] " E [p]
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—E[Ipil] +E [Ip;13]
—2E [ Ipil3]

— 2 | Trace (pipi" ) |
= 2 Trace (E [pz'pz'TD

= 2 Trace(X) < 2r\ (%),

where the second and fourth lines follow from the independence of p; and p;, the third line
follows from the fact that E[u] = 0, and the seventh line follows from the fact that 3 has r
non-zero eigenvalues.

Next, following the argument of Theorem 1.6.3 but replacing 2r with E |(p; — pj)T (pi —pj)|,

we have that, with probability at least 1 — Cn =2
lpi — pj 1% < 2r\ () + AK2/r log .

Now, leveraging that from Theorem 1.6.2 that A,.(X) ~ nA.(X), we have that for some ¢ > 0

with high probability that

2r\1(X) + 4K?\/rlogn
A (X)
2r\1(2) +4K2\/rlogn
enA ()

2K?logn

G

K?logn

)

v <

SESE

o=

Il
G
~——~ +

K+

This concludes the proof. ]

Lemma 1.A.2. If |Pywa|y < /g, it follows that | Pyvally < /5. Similarly, if | Prwa /s <
V&5 it follows that |Prvally < /5,

Proof. To see this result, notice that

HPU’UQHF = HPU<ZHaﬁwﬁ)

Bel

F
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<> |H°8] [ Puwglle
Bel

vr
< \/8: >
Bel

and as > 1 |H @B| < 2 from Theorem 2.A.3, the claim follows. An identical proof shows the

second result, with Pr in place of Py. O

Lemma 1.A.3. Let X = 0 be a rank-r, v-incoherent matrix satisfying (3.4) with constant v.

Then
vr
X < —||X|.
(1ol (X, wa) 1) < S 1]

acl

Proof. To see the above statement, notice that for X = UAU " = PP,

(maXae]I |<X7 wa> |)

rnax|Xn +X” Xij|

| X]] HXII
maXsz pjll3
HXII
1 T
= — max(u; —u;) Alu; —u;
”XH i ( 7 ]) ( 7 ])

< max [|u; — w3
ij

1 2
= max o ||Prwal[r
vr
< A
—4dn
where the third line follows from (1.3), the fourth line follows from the fact that X > 0, the

fifth line follows from (1.20), and the final line follows from (3.4), thus concluding the proof. [



Chapter 2

Preliminary Investigations into a

Non-convex Riemannian Approach

to the EDMC Problem

This chapter constitutes our first attempts at addressing Question 1.3.1. In this section, we
provide convergence guarantees for a Riemannian dual-basis algorithm, but note that its nu-
merical properties are worse than state-of-the-art. We also introduce another algorithm that
performs comparably to state-of-the-art approaches, but only recently admitted a possible proof
of convergence. The sketch of this proof is discussed in Section A.1. Much of this work has

been taken from [SCT24].

2.1 Algorithm

With the goal of translating the standard matrix completion problem to Gram matrix comple-
tion for EDMC in mind, the most direct adaptation of the work conducted in [WCCL20] would

be defining an objective function by analogy to (1.14) as follows:

mirllfinéize (Y — X, Ra(Y — X)) subject to rank(Y") =r.
€

38
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However, a notable challenge arises: computing the Euclidean gradient of the objective function

necessitates unavailable information in the form (X, vs) from RE(X) as
Vy (Y = X, Ra(Y — X)) = Ra(Y — X) + Ro(Y — X),

where Vy denotes the gradient with respect to Y. To circumvent this difficulty, there has
been exploration into self-adjoint alternatives to Rq [TL21, TL18, SLCT23], one of which we
will expand upon shortly. These surrogates allow for the definition of an objective function in

analogy to (1.14), but as of now lack the requisite theoretical properties for convergence.

One surrogate of interest in this work is the restricted frame operator Fg, defined in (1.11).
This operator is self-adjoint, positive semi-definite, and expresses the same information as Rq
without reference to the dual basis. Additionally, this operator under a different name was
critical to the analysis of the algorithm in [LS24]. Using this operator, we can define the

following objective function:
1
milllfinzslize §<Y — X, Fo(Y — X)) subject to rank(Y') =r. (2.1)
€

This is a true quadratic form, minimized over N,., and can be approached in an identical manner
algorithmically as (1.14). To perform this first-order retraction method, we need to define the
tangent space at each iterate X; € N,. Given X; = UlAlUlT for U; € R™™", we can define
T; as in (1.15). The projection onto T;, denoted Pr, and defined in (1.16) allows for easy
computation of the Riemannian gradient of the objective function. The retraction map is the
hard thresholding operator, denoted H, : T; — N, is as defined in (1.17). We note that for
matrices Y with rank(Y') > r that rank (H,(Y)) = r.

The construction of Fo motivates Algorithm 3. This algorithm, while effective numerically,
has technical weaknesses that prevent an easy proof of convergence. See the discussion in

Remark 2.1.1.

To leverage the analytical properties of R while sidestepping the technical challenges of
its non-self-adjoint nature, we define an algorithm by analogy to RF-RGD but without any

reference to an objective function. As we will show in Section 2.2, this algorithm will give us
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Algorithm 3 Restricted Frame Riemannian Gradient Descent for EDMC (RF-RGD)

Initialization: X, = Uy DoU,
for [ =0,1,... do
L. G = Fo(X — X))
Pr, G,
2. = %
3. Wi=X;+ OéﬂDTZGl
4. Xip1 = H, (W)
end for
Output: X,..: Estimated Gram matrix.

strong convergence guarantees with reasonable sample complexities at a cost of interpretability.

As such, we define Algorithm 4 to reconstruct a ground truth matrix X as follows:

Algorithm 4 Riemannian Pseudogradient Descent

Initialization: X, = UyDoU,
for [ =0,1,... do
1. G =Ra(X — X))

9 oy — max IPr, Gl
ST (Pr,Gi,RaPr,G1)’

3. W, =X, + alPTlGl
4. X1 =H, (W)
end for
Output: X,..: Estimated Gram matrix.

Unlike in RF-RGD, we cannot compute the steepest descent of an objective function in Ty,
so we consider a surrogate modeled after each of the preceding algorithms. The maximum with
zero in Step 2 of the algorithm is introduced to avoid divergence, as Rq is not a positive semi-
definite operator and the denominator cannot be guaranteed to be positive for arbitrary points
in NV,.. When «o; = 0 occurs, the algorithm terminates. Positive a; is required for convergence,
and the conditions for this are provided and characterized in Lemma 2.C.1. This condition is

satisfied in the high-sample regime, where ¢ is small.

In the above approaches, as in Algorithm 2, the truncated SVD step in the gradient descent
scheme is the most expensive, especially when 7 is large. The authors in [WCCL20] noticed the

following: in Algorithm 2, W; can be rewritten as, for Z; = oGy,

W, =X, + alPTl(Zl).
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In particular, we can see that

w, =UDU," +UU, Z, + ZU,U," - UU, ZUU,"

= U(D,+ U ZzU)U," + U] z(I - UU) + (I - U ) Z,U, U
Y

=U(D,+U'"ZU)U +UY" +YU,.

The authors then notice that by taking the QR decomposition ¥ = QR, UZTQ = 0so W,

becomes

D1+UITZlUl RT UlT
W, = [Ul Q:|
R 0| QT
U’
= |:Ul Q:| Ml T )
Q

which reduces the retraction map H, from a truncated SVD on an n X n matrix to an SVD
on M;, which is 2r x 2r. This result generalizes for non-symmetric matrices, but only the

symmetric case is considered here for simplicity.

Remark 2.1.1: Discussion of the RIP of Fp and Rq

Algorithm 3 is easily implementable and gives strong numerical results, provided in Sec-
tion 2.3, but the proof of local convergence remains an open question due to a lack of
proven RIP (described in Definition 1.2.1). In practice, this statement is proven using
non-commutative concentration inequalities like Theorem 1.7.2, first introduced in the
matrix completion literature in [Reclla, GN10]. As in Section 1.2.2, this requires the
decomposition of the measurement operator as a sum of i.i.d. random operators. It is
well-established that Pq possesses this property, and in this paper we show that Rq also
exhibits RIP. The proof, seen in Theorem 2.2.1, is completed using standard techniques
with some specific properties of the dual bases {wq taer and {vq }acr, and RIP for Rg

is established with only slightly worse sample complexity than for Pq.

In the case of Fq, the object to consider would be PrFoPr — FPrFiPr, as E[Fq] =
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"F1 # I, where Fp = Y o1, Wa)Wq. Proving a similar statement for Fq is challenging,
as B[Fq] # cZ. However, numerical evidence strongly indicates that ||PrFoPr — 2 Pr||
is in fact small for random ground truth matrices in S, which is surprising. Chapter 3

outlines an approach that takes the best of both of these operators into consideration, at

the cost of some technical complexity.

Computation of Rq(X;) can be done efficiently, with minimal complexity per iteration. This
is because a given iterate X; can be easily translated to its distance matrix D; via (1.2), and
through (1.10), R (X)) can be computed in O(m) operations, for |2| = m. From [SLCT23], it
can be shown that the total cost per loop is approximately O(m) + O(n?) + O(mr) + O(nr?) +

O(r3) for an n x n rank-r matrix.

2.1.1 One Additional Surrogate of Interest

One other surrogate was investigated throughout the course of my thesis work, published in

[SLCT23]. This surrogate is R§Ra(-), and can be computed as

RoRa() = D (L wa) > (va, va)wp.

ac) BeN

This operator is symmetric and positive semidefinite, and as such an objective function
analogous to (1.14) can be defined below:
1
IniI}l/_iIIéize §<Y - X, RGRa(Y — X)) subject to rank(Y') = r.
€
No theoretical analysis of this surrogate was conducted in [SLCT23], and the operator was
superseded by the introduction of the operator in Chapter 3. We mention this object here for

posterity as a first pass to this problem, but ultimately it is not particularly relevant to the

work conducted in this thesis. More can be seen on this in Remark 3.1.1.
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2.2 Theoretical Analysis

In this section, we will provide the main results of this work, which are the local convergence and
recovery guarantees for Riemannian Pseudogradient Descent, presented in Theorems 2.2.2, 2.2.4,
and 2.2.6. Prior to these guarantees, we will first introduce slightly altered incoherence con-
ditions for the non-orthogonal problem at hand. Pathological cases can arise where a ground
truth matrix X has few non-zero coefficients in a dual basis expansion, which can cause issues
in the recovery of said matrix from samples. This is well-studied in the standard matrix com-
pletion problem, and is captured in the idea of incoherence with respect to the standard basis.
Relating incoherence to the underlying geometry of points is an interesting problem, but this is

outside the scope of the current work.

Assumption 2.2.1: Incoherence assumption

Let X € R™ ™ be a rank-r matrix with eigenvalue decomposition X = UDU'. We
assume that X is F-incoherent to the basis {wq}ac1, v-incoherent to its dual basis

{va }acr, and gi-incoherent in the standard matrix basis; that is, there exists a constant

v > 1 such that for all @ = (4,5) € I:

vr vr vr
IPoeslle < /1 I1Pvwalle < /o0, and [Povallp <4/on.  (22)

In addition to the above, we require that

vr vr vr
IPreiille < \/fog=s  IPrwalle < /20, and [Proalle <[5 (23)

This assumption is in accordance with both the standard definitions of incoherence as

|Pueijllp < |Pueill,. Additionally, notice that these two definitions are equivalent up to a

small constant, as

[Prwally = [[Prwa + waPu — PrwaPullp < 3 [Prwallp,

where the first inequality follows from the triangle inequality and the self-adjointness of Pywq,.
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As such, we pick a v large enough such that the inequalities in (2.2) and (2.3) hold. As in

[WCCL20], we note that the first condition above implies the following:

(12
IPves|z = (Pueij, Pueij) = (Pueij, eij) = Trace (ejjeiPu) = (Pu, i) = HU(’) .

This indicates that HU(Z) H2 < 158> Which will be relevant when discussing the initialization of

Riemannian Pseudogradient Descent using a trimming step in Algorithm 6.

Remark 2.2.1: Equivalence of incoherence in e;;, wq, and v,

We want to note that the first assumption in (2.2) actually implies the next two. That

is to say, if || Preijllr < /155, then by the triangle inequality

vr
IPrwallr < 4 max [|[Presle < 4/ =
5 I 8n

To see the last result, notice that

1Povalle = |[Pu | 3 H*Pwg
Bel =
<3 |E®| IPuwsle
Bel

9

vr
<= ) [H*
—V8n ‘
Bel

and as Y, o |[H*P| < 2 from Lemma 2.A.3, the claim follows. A similar proof shows the

same relationship for the equations in (2.3).

Lastly, we are typically interested in large n. Assuming that n > 3 produces uniform results

for several bounds in the appendix, and is formally stated as an assumption.

Assumption 2.2.2: Size of n

For the given ground truth rank-r matrix X € R™*" we assume that n > 3.

Throughout the remainder of this work, we will assume that our ground truth matrix X €

S satisfies Assumption 2.2.1 with O(1) constant factor v. As in [WCCL20], we identify a
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neighborhood in M,. around which any initial guess in this neighborhood converges linearly to
the true solution with high probability.
As mentioned previously, the most critical property for convergence of Riemannian Pseudo-

gradient Descent is RIP. This theorem provides the conditions needed for RIP of Rq:

Theorem 2.2.1 (Restricted Isometry Property (RIP) for PrRqoPr). With probability at least

1—2n!7,

8Bv2r2nlog(n)

3m ’

L [pemap - o] </

for m > %61/2r2n10g(n). In particular,
L
= |PrraPr - ZPr| < <0,
m L

2
for any g > 0 if m > %ﬂ (Z—S) nlog(n). Additionally, under the same conditions as above, we
also have

L m
_ * - < A
m HPTRQPT LPTH =<0

Proof sketch. This result is primarily a consequence of Theorem 1.7.2, the non-commutative
Bernstein inequality. As E[Rq] = FZ, we see that E[PrRqoPr] = 7Pr, and the rest of the proof
leverages specific properties of the dual bases {wq }aecr and {vq acr to prove the concentration

of PrRqPr around its expectation. See Appendix 2.B.1 for details. O

This leads us into the following theorem, which is the crux of this work. Theorem 2.2.2,
stated with a brief proof outline in the main text, describes a local attractive basin around
the ground truth solution, provided that PrRqPr exhibits RIP. With high probability, the
algorithm will converge to the ground truth from any initialization in this attractive basin. The

full proof is delayed to Appendix 2.C.1.

Theorem 2.2.2 (Local Convergence of Algorithm 4). Let X € R™ ™ be the measured rank-r

matriz and let T be the tangent space of M, at X. Suppose that

L
HmPTRQPT — Pr|| < €0, (2.4)

1X: = Xlr _ Vmeg
omin(X) T 16n5/4\/Brrlogn’
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IRall < 7 +4 MIZg(”), (2.6)
IRaPr|| < % + mz/ﬁ ﬁwgzg(n), (2.7)
IPrRall < % + 4mL\/ﬁ P Wg:ig(”), (2.8)
where € s a constant satisfying
18
0= T _20 <L

Then the algorithm converges linearly as the iterates satisfy

1X141 = X p < 6" X0 — X||p.

Proof sketch of Theorem 2.2.2. The theorem begins first by simple linear algebra, as we have

[ X141 — Xlr = | Xip1 = Wi = X + Wilp
< 1 X1 = Wile + | X — Wile

<2[|Wi — X[,

where the last inequality follows from X;,1 being the best rank-r approximation to W; by

Eckart-Young-Mirsky [EY36]. Next, plugging in W; = X; + «;Pr, G, we see that

[ X1 — Xle < 21X + Pr, G — X g
=2||X; — X — yPr,Ra(X; — X)||r

< 2[|(Pr, — arPr,RaPr ) (X1 — X)||r

I

+2(Z = Pr,)(Xi — X) |l

12

+ 2|aq|||Pr/Ro(Z — Pr,)(Xi — X) || -

I3

The remainder of the proof is in the bounding of I;, I3, and I3. I; is proven by showing

that in a neighborhood of the solution, defined by (2.5), a local form of RIP for Rq holds if
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(2.4) is true. This proof leverages the assumptions made in (2.6), (2.7), and (2.8). Iy follows
from the neighborhood assumption of (2.5) in tandem with Lemma 1.8.3, and I3 follows from
bounds on the step size (seen in Lemma 2.C.1), the assumption in (2.8), and Lemma 1.8.3.
The assumptions in (2.4), (2.6), (2.7), and (2.8) are all proven via high probability guarantees
using Theorem 1.7.2. The technical details are deferred to the appendix. See the full proof
in 2.C.1. O

In Theorem 2.2.2, the linear convergence rate required that g9 < %, which is satisfied for
m > 1300v%r?nlog(n), a smaller constant factor than that required of the following initialization
guarantees. That is to say, the local neighborhood guarantees are stricter in practice than the

RIP requirement.

2.2.1 Initialization

Given that the convergence of this algorithm is only local, initialization is important to consider
in the context of sample complexity. The simplest initialization, a hard thresholding to M, of
the measured information, provides a reasonable starting point. The following theorem describes

how close such an initialization might be to the ground truth.

Lemma 2.2.3 (Initialization via One Step Hard Thresholding). Let X € R"*" be the under-
lying measured rank-r matriz, and let Xo = #Hr(RQ(X)) with  =m > %Bn logn. It follows

that with probability at least 1 — 2n'~# that

Br2ri3nlog(n)

Xo— Xl <
| Xo Ip < 3

12X, (2.9)

Proof. See Section 2.D.1. O

This result shows that with probability at least 1 — 2n'~?, the neighborhood assumption

(2.5), important to Lemma 2.B.3, is satisfied if

3/2,.2
m > 10kBv° 1

n/4 log(n),
€0

Xl

T (X is the condition number of X.

where Kk =
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This leads into the following theorem, which is one of the primary results of the work.

Theorem 2.2.4 (Recovery Guarantee I). Suppose |Q2| = m with the indices sampled uniformly
with replacement. Given an initialization of Xo = %HT(RQ(X)) for the rank-r, v-incoherent
ground truth matriz X with condition number k, and given

S 10/€Bu3/2r2n7/4

el VLY |
m > - og(n),

with B > 1, then Riemannian Pseudogradient Descent linearly converges to the ground truth X

with probability at least 1 — 10n' =P,

Proof. This follows from taking the local neighborhood assumption seen in Theorem 2.2.2. By
setting the bound produced in Lemma 2.2.3 to be less than required for local convergence, the
result follows after some minor algebra and taking the maximum with the sample complexity

requirements seen in Theorem 2.2.1. ]

This naive one-step hard thresholding initialization can be improved again following a con-

struction in [WCCL20], using a resampling and trimming algorithm, both defined as follows:

Algorithm 5 Riemannian Resampling for Initialization

Partition € into S + 1 equal groups g, 1, ..., g, each of size m
Set Zy = H, (2R, (X))
for [ =0,1,...,.5—-1do
1. Zl = trim(Z))
2 Zio = Hy (Zi+ £Ps Ray, (X - 2))
end for
Output: Xy = Zg.

Algorithm 6 trim
Input: Z; = UZDIUZT
(1)

Output: 21 = AlDlAlT, where Al(i) = ’g(ll) min{HUl(i)H2 ) \/%7} .
l

2

This trimming algorithm is a projection onto the space of matrices that are v-incoherent
with respect to the standard matrix basis, not necessarily with respect to the basis {waq }aer-
However, as noted previously, the incoherence parameter differs by at most an O(1) constant, so

this is a reasonable surrogate, especially for large n. Following Section 1.2.1 and Remark 1.6.2,
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we can view this trimming algorithm as a projection of the p; onto a sphere of radius =~ in the
Mahalanobis metric, defined as p;(P " P)™!p;.

We can analyze Algorithm 5 and get the following result:

Lemma 2.2.5 (Riemannian Resampling Result). Let X € R™*"™ be the measured rank-r matriz
with condition number k. Let S be the number of partitions specified in Algorithm 5, and let

m = gt7. Then for all > 1, with probability at least 1—(2+4S)n1*f3, the output of Algorithm 5

satisfies
S
5 Jmin()(>
Xo— X< (2) Tmintd)
%0~ Xl < (3) T,
provided that m > (2.2 x 10*)x502r3Bn log(n).
Proof. See 2.D.2. O

Assuming that m > Brrnlog(n), which is relaxed from the requirement for RIP seen in

Theorem 2.2.1, Lemma 2.2.5 shows that taking

3/4
SZGbg(%g),
0

the third condition in Lemma 2.B.3 can be satisfied with probability at least

3/4
1-— (6 + 24 1og <;l6>> n'=?,
€0

for a large enough sample complexity. This leads to the final recovery guarantee, attenuating

the n dependence in the sample complexity.

Theorem 2.2.6. Let X € R™" be the measured rank-r, v-incoherent matrixz with condition
number k, and suppose that Q C I is a set of indices sampled uniformly at random with re-
placement with | = m . Let Xo be the output of Algorithm 5. Then for any B > 1, the

iterates of Riemannian Pseudogradient Descent linearly converge to X with probability at least

1-— (6 + 24 1log (?g;;)) n'=B provided that

m > (2.4 x 10%)x°%r3Bnlog?(n).
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Proof. As in Theorem 2.2.4, this proof follows from the local neighborhood conditions of Theo-
rem 2.2.2, combined with the sample complexity results from Lemma 2.2.5 and Theorem 2.2.1.

The constants are not optimized, and could be further improved. ]

2.3 Numerical Results

In this section, we test the proposed algorithms on synthetic and real data.

2.3.1 Synthetic Data Experiments

To test Algorithms 3 and 4, various two and three dimensional datasets were used, and are
referred to in Table 2.1 with their corresponding sizes. The goal of Algorithms 3 and 4 is
to recover the full set of points P up to orthogonal transformation by sampling the entries
above the diagonal of D uniformly with replacement, with a total of yL entries chosen for
v € [0,1]. Riemannian Pseudogradient Descent reconstructs the Gram matrix X = P'P,
from which P can be recovered. The comparison referenced in Table 2.1 is the relative error
between the recovered matrix X .. and the ground truth matrix X in Frobenius norm. Each run
was terminated at either 1000 iterations or when a relative Frobenius norm difference between
iterates of 107° was achieved.

As indicated by these experiments, RF-RGD more reliably reconstructs the underlying
datasets from distance samples than Riemannian Pseudogradient Descent, but both are out-
performed by the non-convex algorithm in [TL18]. However, with the non-convex algorithm
in [TL18] there is little hope of ever conducting local convergence analysis of this algorithm,
whereas Riemannian Pseudogradient Descent has been proven to exhibit local convergence. The
success of Fq in this algorithm indicates that there might be a different method for local con-
vergence that does not use RIP explicitly. Future work in this direction would be interesting,
particularly as this approach is more theoretically straightforward than the approach outlined
in Chapter 3.

It remains to be seen if RF-RGD will be provably locally convergent, as determining a high-
probability bound on ||PrFqoPr — ¢Pr|| for some ¢ > 0 has proven challenging. As such, more

practical utility lies in RF-RGD and the algorithm in [TL18] than in Riemannian Pseudogradient
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Table 2.1: RELATIVE RECOVERY ERROR || X — Xiec|p/||X||[p BETWEEN THE RECOVERED
GRAM MATRIX AND THE TRUE GRAM MATRIX AVERAGED OVER 25 TRIALS USING ALGO-
RITHMS 3, 4, AND THE NON-CONVEX ALGORITHM IN [TL18|.

¥
m 7% 5% 3% 2% 1%
RF-RGD
Sphere (3D, n = 1002) 3.69 x 1075 6.01 x 107° 1.28 x 10™* 6.82 x 1073 9.11 x 107!
Cow (3D, n = 2601) 4.06 x 107° 4.89 x 1075 7.61 x 107° 1.07 x 10~* 8.60 x 1073
Swiss Roll (3D, n = 2048) |3.97 x 1075 5.06 x 107° 7.71 x 107° 1.21 x 10~* 5.52 x 1072
U.S. Cities (2D, n = 2920) [4.67 x 1075 2.01 x 1072 6.94 x 1073 1.63 x 1072 6.08 x 1072
Riemannian Pseudogradient Descent
Sphere (3D, n = 1002) 3.86 x 107% 2.11 x 107* 7.88 x 1072 2.29 x 107! 1.78 x 10°
Cow (3D, n = 2601) 3.40 x 1072 6.28 x 1072 1.76 x 1071 3.60 x 10° 7.73 x 107!
Swiss Roll (3D, n = 2048) |1.46 x 107° 3.00 x 107° 1.52 x 1073 2.82 x 107! 9.73 x 10~}
U.S. Cities (2D, n =2920) [1.23 x 107! 1.46 x 107! 1.86 x 107! 3.13 x 107! 8.35 x 107!
Non-convex algorithm in [TL18]

Sphere (3D, n = 1002) 9.86 x 107% 1.36 x 107> 3.04 x 1075 6.18 x 10~> 1.00 x 10~*
Cow (3D, n = 2601) 7.66 x 107% 1.06 x 107> 1.65 x 1075 2.11 x 1075 4.46 x 107>
Swiss Roll (3D, n = 2048) [1.22 x 107% 1.01 x 107¢ 1.87 x 1075 1.06 x 107 3.34 x 10~°
U.S. Cities (2D, n = 2920) [6.09 x 107 8.19 x 1077 1.32 x 1075 2.30 x 107% 4.69 x 10~°

Descent, but the strong theoretical results provided by Riemannian Pseudogradient Descent will
guide future work for the convergence analysis of RF-RGD and other self-adjoint surrogates for

Ra.

2.A Properties of the Dual Bases

In this section, we provide a few properties of the dual bases {wq }acr and {vq }aer that will

be relevant through the remainder of this work.

Lemma 2.A.1 (Ayax(H) bound). Let H = [(Pywe, Prwg)] € REXL, where U is the row,/col-
umn space of the true solution X = UDU ", which is rank-r, and where Py is the projection
operator onto U. It follows that

Amax(H) < vr.

Proof. First, by incoherence we have that

vr
|(Puwa, Puwg)| < |Prwallrl|Prwgllr < o
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Next, as Py =UU ", foranp =10
(Prwea, Puwg) = Trace(woPyPywg) = Trace(wgwaPy) = Trace(0Py) = 0,

as Wqawg = wgwq = 0, where 0 is the zero matrix. Thus H is sparse, with each row having at
most 2n — 3 non-zero entries. The result follows from a Gershgorin argument and the entrywise

bound derived from the incoherence condition above. O

Lemma 2.A.2. For any X €e R, X = X", and any wa € {wg}ger,
<PTX7 wa> - <X77DUwa> + <X7DUL7,PUwa>-
Additionally for | X||r = 1,

D (X, Prwa)? < 4hmax(H) = dor.

acl

Proof. First, notice that (X Py, wa) = (PyX,weq) due to cyclicity of the trace and symmetry

of X, Py, and wg. It follows then that

(PrX,wq) = (PuX + XPy — PuXPy,wa)
=2(PuX,wa) — (PuX Py, wa)
= (PuX,wq) + (PuX — PuXPy,wq)
= (PuX,wa) + (PuXPy1, wa)

= <X,7?U'wa> + <X7)UL,PUwa>.
To see the second statement, notice that from Young’s inequality we have

D (X, Prwa)’ =) (X, Pywa) + (X Py, Puwa))”

acl acl

<2 Z(X, PU'wa>2 + 2 Z<XPUJ_, PUwa>2.

acl acl
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As such,

acl

< H)I(n”ax ) 22X, Prwa)? + 2(X Py, Prwea,)?
F=" ael

32”;{11‘?)(1 (X, Prwa)?+2 max > (XPy., Prwea)’
F= acl B

with the second to last inequality following from the fact that P;;1 is an orthogonal projection
operator and the last line following from Theorem 1.8.2 and Theorem 2.A.1. This concludes

the proof. 0

Lemma 2.A.3 (Eigenvalues of H and H~!, entries of H~!, and spectral norms of we, and v
[LT23]). Let H € RE*L be the Gram matriz for {wa}tacr defined by Hop = (wa,wg), and let

H™! be its inverse. Then

Amax(H) = 2n, Amax(H 1) = %
Additionally,
% anpB=10;
HP =Ltk  anptlatp
(1-3+3) a=8
and,

1
lwall =2, [lval = 3.

Lemma 2.A.4. Let {vq}aer be the dual basis to {we }acr. It follows that

2
9 n°—2n+2
= —J.
Zva 4An
acl
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Proof. Recall that vo = —3 (ab” +ba’) where a = e; — 11 and b=e; — 11 for a = (i, ). It
follows that

41)(2! —ab'ab' +ab'ba’ +ba'ab’ + baTbaT,

andasb'b=a'a = ”T_l and a'b = —%, we see that

n

n
1 1 1 1. 1 .+ 1.+ 1. .

n—1 2—n 2n — 2 1
= (eaten) =5 (ei1T+1e;r+ej1T+1eﬂT> +(n3>11T_n(eiﬂ'+€ji)-

, n-1 1 . 1.+ 1. 1 .+ 1.+ 1.1

So it follows that

241)‘21 _ (n ;1)2I+ 2(2 — r;)z(n - 1)11-|— n (71—17)1(271—2)11T _ l(llT ~ 1),

acl n
_ n2—2n—|—21_ n2—22n—|—211T’
n n
yielding the desired result as J = I — %111—. O

2.B Restricted Isometry Results

As RIP and its variants are critical to the analysis of Riemannian Pseudogradient Descent, this

section is dedicated to the proofs of RIP and similar results.

2.B.1 Proof of Theorem 2.2.1

Proof. First, notice that for any dual basis pair {wq }aer and {vq }acr, we can decompose any

X €S as
X = Z(X,wa>va.
o€l
It follows then that
E(Ro) = "1,

L



2.B. RESTRICTED ISOMETRY RESULTS 95

where |2| = m and Z is the identity operator on S. From this, we can see that

PrX = Z(X,PTwa>va,

acl
RoPrX = Y (X, Prwa)va,
a€cl)
PrRoPrX = Y (X, Prwa)Prva.
ac)

Therefore it follows that E(PrRqPr) = 7Pr. We can now use Theorem 1.7.2 to bound the
probability that PrRqoPr deviates from its expected spectral norm. To do this, we first define

an operator To = (-, Prwe)Prve — %PT. First, observe the following coherence conditions

outlined in Assumption 2.2.1,

vr vr
H< 'Prﬂ-wa>73']1"vaH < HP']IwaHF HPTUQHF - \/;\/; - 2n

Additionally, E(7,) = $Z. It follows then that

1
I7all < 1I¢, Prwa) Proal + -

I/T+1
—2n L
vr v2r?
— < — =g,

- n o n

as v,r > 1, which gives us our almost sure estimate on the spectral norm of each term 7,. Next,

to estimate the variance we notice first that

1
’Tcx'T* — ZT TS = Z<-,P’[r’va><77'[rwa,73rﬂ~wa>'PT1)a _ ﬁPT’
(16]1 QGH

* * 1
E(T3Ta) = 7 3. TaTa= 7 3 Pruva)(Proa, Proa)Pruve — 75Pr.

acl acl

To bound the maximum spectral norm of the above two terms, notice that for ) 1 Ta 74,

1
max —  (Prwa, Prwa)(X, Prva)’ +
T Ixle=1 L £

AR E

aG]I

2
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vr

< max ——
T IX|e=1 2nL .

<X, PT'va>2 + ﬁ

vr

= max — > (X,va)’+ —
XeT,|X|lp=1 2nL

acl

where the first inequality follows from the triangle inequality, the second comes from the coher-
ence conditions in Assumption 2.2.1, the third line comes from the self-adjointness of Pr, the
fourth comes from the definition of the max, the fifth comes from an application of Lemma 1.8.2,

and the sixth comes from the Apax(H ') bound from Lemma 2.A.3. Next for > o T4 7a, we

have that
1§T*T < ma 1E<Pv Pv)(XPw)2+1
- % — —
L —~ ala = HXHF:l L —~ TYay "TVax y FTWa L2
vr 1
— Y (X, Prwa)? + —
IX|e1 2nL azeﬂ< TWa)” + 13

vr

= max — (Z, Prwa)?
Z=XPy,|X|r=12nL =

«

vr 1
< JE— X P 2 J—
o H)I(rh?il 2nL QZ€H<  Putwa)” + L?

1
Iz

vr ~ 1
= opp et
1272
2nL’

where the first inequality follows from the triangle inequality, the second comes from the coher-
ence conditions in Assumption 2.2.1, the third line comes from the fact that for any symmetric
Y € R (PrY,wq) = (YPy, Pvwe) from Lemma 2.A.2, the fourth comes from the defini-
tion of the max, the fifth comes from an application of Lemma 1.8.2; and the sixth comes from

the bound on )\maX(IEI) in Lemma 2.A.1.

As the latter term is larger, we get a variance estimate V) = "2}’:2. Now, for ¢t < mTVO =

m
>
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we can use (1.25). It follows that for m > 58v2r?nlog(n),

(HPTRQPT - 7731, \/W) < 2nexp (—Blog(n)) = 2n'~F,

yielding the desired result.
Additionally, as E(R§) = TZ, the same proof can be repeated to show RIP for Ry, with

the same constants provided. ]

The proof of RIP for Rq allows us to define a neighborhood around the ground truth solution
where a slightly weakened version of RIP holds. First, however, we will introduce some technical

lemmas:

Lemma 2.B.1 (Spectral norm bounds for PrRqo and RqoPr). Let X be a v-incoherent rank-r

ground truth matriz. For m > 1 V’I“TL log(n), both results hold, each with probability 1 — 2n' =5

m /i [SBIoR) gy < ™ Am [Brrnlog(n)

RaPr|| <

Proof of 2.B.1. We will start by proving the bound for |RqPr||.
First, notice that

|RaPr|| < HRQP'JT - %PTH + %7

following from the triangle inequality, and notice that the middle term can be decomposed as
the sum of i.i.d. operators as follows. Let T, = (-, Prwa ) Vo, — %PT. Much in the same vein as in
Theorem 2.2.1 and Lemmas 2.B.4 and 2.2.3, we will use Theorem 1.7.2 to prove a concentration
result. For this, we must get a spectral norm and variance estimate.

For the spectral norm estimate, notice that

1
172l = ¢ Prwa)va - s

1
< |[Prwalrllvalr + +

L
< +1
on L
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To get the variance bounds, notice that

”E[n’]:l”‘ = z Z<'7va><PTwa7PTwa>va — ﬁp’ﬂ‘
acl
vr 5 1
< — _
- 2nL)\maX(H )+ 12
vr
< o
~ nlL

where the first inequality follows from Assumption 2.2.1, the triangle inequality, and Lemma 1.8.2.

For the other term, we see that

IE[TyTalll = I Z<'7PT'wa><'Um’Ua>7DTwa — ﬁPT
acl
1 1
< ZZ<'7PTwa><Ua7Ua>7DTwa +ﬁ
acl
<ty (X, Prwa)’
— + — max w
T L* 2L X|lp=1 T e
acl
<zt (X, Puwa)?
T — Inax w
S L2 2L xjpm e YT
1 1 -
Sﬁ“‘ﬁ)\max(ﬂ)
< 1 n vr
- L2 2L
vr
<77
- L

where the third inequality follows from ||ve||p < 1, the fourth inequality follows from Lemma 2.A.2,

and fifth inequality from Lemma 2.A.1. As this latter term is the larger of the two variance

terms, we set V = “7* as our variance estimate. This allows us to state the following result

using Theorem 1.7.2 for m > %Vrﬁn log(n):

my/n |8Bvrnlog(n)
L

P ([RoPe - 37| > s

) < 2nexp (—Blog(n)) = 2n' 7,

giving a bound on RoPr of

)

my/n [8Bvrnlog(n)
L

m
<
IRaPr| < i + 3m
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with probability at least 1 — 2n!=7.

The next step is to produce a similar bound for ||PrRq||. The analysis is much the same,

2ur

with ¢ = T and V = 222 Following the same steps, we see that for m > 0vrfBnlog(n),

9

m  4dmy/n[Brrnlog(n)
< Z
PrRall < 7t 4 VT [P

with probability at least 1 — 2n!=#, O

Lemma 2.B.2 (Spectral Bound on Pr,Rq). Assume that

8m1 4 1
mlog(n) and [PrRal| < @ N my/n [ Brrnlog(n)
3n 3am

J

m
IRall < 2 +4

Then

8m1 21 X; — X 4 1
|Pr,Rall < (TZ 14 m og(n)> | X i3 n m n my/n | Brrn og(n).

n Omin(X) L L 3m

Proof of 2.B.2. This result follows from direct computation, as

HPTIRQH = ||P'JI‘1RQ — PrRa + PrRall
= [|[(P1, = Pr)Ra + PrRal
< IRalllPr, = Prl + [PrRall

< oy 8mlog(n) \ 2| X; — X||r Lmo 4my/n Bm’nlog(n)’
L omn(X) L L 3m

where the second inequality follows from Lemma 1.8.3 and the assumptions of this lemma. This

concludes the proof. O

Lemma 2.B.3 (RIP in a Local Neighborhood). Assume

L
HmPTRQPT —Pr|| <eo <1, (2.10)
X — X|lr Vmeo m 8m log(n)
< , Rall £ —+44 ———=, 2.11
omin(X) T 16n5/4\/Brrlogn IRell < L + n ( )
8 1 4 1

R < 1 4 TV [SRVIRIOB) g g < My AV [RTRLOB0) 1)

3m L L 3m



60 Chapter 2

Then

L
Pr, — EPTIRQPTI < 4egy.

Proof. First, notice that

L
Pr, — —Pr,RaPr,

L
<|Pr, = Prll + EHP’EZRQP’EZ — Pr,RaPr||

L L
+ %HP’EZRQ’P’E — PrRaPr| + ‘ Pr — EPTRQPT

L
< Pr, = Prll + —Pr Ralll|Pr, — Prl

L L
+ LyraPelien, - Poll + \ Pr— LpiRoPr
m m

< 2X— Xe
o Umin(X)

)

L L L
<1 + 7”P’JTIRQH + HRQPTH> + ’ Pr — —PrRaoPr
m m m

using the triangle inequality and the results gathered in Lemma 1.8.3.

We can now bound each of these terms using the assumptions and prior lemmas. First,

notice that

2L X~ X s X, X|p . [325mPlog(n) | X - X|s
——————[[RaPr| < +
mamin(X) O'min(X) 3m Umin(X)
< Vmeo n Brrn?log(n) Vmeo
~ 8nd/4\/Burlogn 24m nd/4\/Bvrlogn
< \/mz’;;() €0
~nb/4 8 pl/4/24
~VLeo e
/A8 /2
€0 €0
<040
-8 V24
< €0,

where the first inequality comes from the assumption on [|RqPr|| in (2.12), the second inequality
comes from the local neighborhood assumption in (2.11), the third inequality comes from term
cancellation and the fact that §,v,7log(n) > 1, the fourth inequality comes from the fact

that m < L, the fifth inequality comes from the fact that % < 1, and the last inequality is a
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numerical inequality on the fractions.

Next, notice that the conditions of Lemma 2.B.2 are satisfied, so

_ 2 2
S(znxl X||F> (1+2” /8m10g<n>>
Omin (X)) m n
_ 2
L 2X - X <1+4 Burn log(n)>

Omin (X) 3m

< mE% i m&O
~ 64n°/2Bvrlogn  8n®/4\/Brrlogn

N med 27n2 /8m log(n)
64n5/28vr logn m n

N < Vmeg > A Brrn?log(n)
8n5/4\/Buvrlogn 3m

5 5 2n? [8ml
<& g meg 2n° [8mlog(n)
6 8 64n5/2B8vr logn m n

N ( Vmeg ) A Brrn?log(n)
8n5/4\/Burrlogn 3m

2L X, — X|lr
—_— R
e P Ral
_ (200X = X ((m, [Smlos()\ 21X ~ Xle
- MO min (X) L n Omin (X))
m  4dmy/n [Brrnlog(n)
+L+ L 3m

_ ﬁ L V32med €0

64 8  64Burn log(n)  nl/4y/12
2 2

<=0 4,94 %0 4, =9

— 6 + 8 + 16 + V12

S €0,

where the first inequality follows from the assumptions on ||[PrRq| in (2.12), the second in-
equality follows from rearrangement of terms and the fact that % < %2, the third inequality
comes from the local neighborhood assumption in (2.11), the fourth inequality comes from the
fact that 5 < % < 1 along with g,v,r,log(n) > 1, the fifth line comes from multiplying out
terms, the sixth inequality again comes from a bound on ;53 amongst other simplifications, and

the last line comes from a numerical inequality about the fractions coupled with the fact that
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g0 < 1 from (2.10), so €3 < 9. The desired statement follows from here, thus concluding the

proof. O

For Algorithm 5, we will need what the authors of [WCCL20] call an asymmetric form of

RIP for Rq. The statement and proof of this are below:

Lemma 2.B.4 (Asymmetric RIP of Rg). Let X; = UlDlUlT and X = UDU" be two fized

rank-r matrices. Assume

vr vr vr vr
[Prwellr < Vo [Puvallr < 4/ o [Pu,wallp < 4/ 5, and Pu,vallr < o

fora € 1. Let |Q =m. Form > %ﬁu2r2nlog(n), with probability at least 1 —2n'=# for g > 1,

the following estimate holds:

o (2.13)

L 4B8v2r2nlog(n
HmPTZRQ(PU —Pu,) — Pr,(Pu — Pu,) ' < \/ﬁg()~

Proof of Lemma 2.B.4. First, note that for all Z € R"*",

(Pu—Pu)Z => ((Pu—Pu)Z, wa)va

acl

= Z(Zv (PU - PUl)wa>Ua7

acl

so it follows that

Ra(Pu = Pu)Z =Y _{Z,(Pu — Pu)Wa)Va,

acfl

and subsequently

Pr,Ro(Pu — Pu)Z = > (Z,(Pu — Pu)wa)Pr,va.
ac)

We define Kq(:) = Pr,(va) ® (P — Pu,)(wa)(-) = (-, (Pu — Pu,)Wa)Pr,va. It follows that
Pr,Ra(Pu—Pu,) = aeq Ko, and that Kf, = (P —Pu,) (wa) @ Pr, (va)(-) = (-, Pr,va)(Pu —
Pu,)We. Additionally, note that E[Kq] = +Pr,(Py — Pp,) and that E[K}] = 1(Py — Pu,)Pr,.
We note that the variance term E [(Ka — +Pr,(Pu — Pu;)) (Ka — +Pr1,(Pu — Pu,))"] can be
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bounded as follows:

E [</Ca - %Pm (Py — PU;)) (’Ca - %P’H‘l (Py — PU;)>*]

N 1 1 N 1
=E [/Ca/Ca — /CQZ(PU — PUL)PTl - ZP’[[‘Z (PU — PUZ)/CQ + ﬁPTl (PU — PUZ)PTZ

1

=E [ICQICZ] —-E [’Ca] L

1 . 1

(Pu =Pu)Pr, = 1 Pr(Pu = Pu)E K] + 5P (Pu = Pu,)Pr,
1 1 1

=E[KaK3) = 73Pr (Pu = Pu)* Pr, = 25Pr, (Pu = Pu)” Pr, + 25 Pr, (Pu — Puy)’ Py

1
=E[KoK] — 3P (Py — Pu,)* Pr,.

A similar computation holds for E [(lCa — %PTZ (Pu — PUZ))* (/Ca — %'PTZ (Pu — PUZ))], indi-

cating that it suffices to compute an upper bound on the following terms in order to leverage

| <

1
E[KLKa] — ﬁ(PU — Pu,)Pr,(Pv — Pu,) } < Vb.

Theorem 1.7.2:

1
Ka — ZPTZ (PU - 73Uz)

1
max { HE[/Caicg] = 73Prn(Py = Pu)*Pr,

For the first term, notice that

1Kol < [[(Py — Pu)walle || Prvalle

< ([Prwallr + [|Pv,walle) | Pr,vallF

vr_ vir?
<—=<

n n

So by the triangle inequality HIC,X — %7711‘1 (Pu — PUL)H < # =: ¢. For the second term, notice
that

BICaks] = 1 300 (P — Pu i) (P, v Pr,vad (P — Puy v,
a€cl
. 1
E[K3Ka] = 7 > (4 Prva)(Pu = Pu)was (P — Pu,)wa) Pr,va-

acl
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As such,
1
EK Al = — § X — 2
|| [ICOl a]” LXER”E}LEJT?XHF:l aEH< 7(PU PUl)wa> <7DT1'Ua7PTl'Ua>
7 max E (X, (Py — PUl)wa>2
T 2nL XeRmxn || X |p=1 gyt —_—
=wl,
_vr Frl
~ onlL Amax (H'),

where H! = [(w!, wh)] € REXL. To bound this, notice that if NGB = 0,
B

o

(Wh, W) = (wa, (Pu — Pu,)*wg)
= Trace ['wa(PU — PUl)zwﬁ]
= Trace [w,@wa(PU — PU1)2]

=0,

therefore preserving the same sparsity structure as H. To bound the magnitude of the entries,

we can see that

(L, )| = [(Wa, (Pu — Pu,)*wg)| = |(Wa, (Pu — PuPu, — Pu,Pu + Pu,)wg)|
8

< (Prwa, Prwg)| + [{Prwa, Pu,wg)| + |{Pv,wa, Pvwg)| + |(Py,wa, Pu,wg)|

2ur
< —
n

9

giving us an upper bound on H' of
= 2vr
Amax(H') < —(2n — 3) < 4wr.
n

This gives a bound of

IEKLCll = =
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Next, we can see that

Bl max Y ((Py — Py)wa, (Pv — Pu)wa) (X, Pr,va)’

:ZX RrX7 || X ||[p=1
R [ X =14~

2ur
< — max X, vg,)°
= nL XGT,||X||F:1(XZ€H< o)

2ur _
S EAmax(H 1)

vr

nL’
Now, it follows that

2022 4 4122
<

N 1
[Bocakc) = ZaPePo PP <S4 G <

X 1 vr 4 2ur

HE[’Ca’Ca] - ﬁ(PU = Pu,)Pr,(Pu — Pu,) ’ s TtmEsoo
so Vp == %. Now, for t < mTVU = 277", the result follows from Theorem 1.7.2 with ¢t =
% with m > %I/QTinog(n). O

2.C Proof of Local Convergence (Theorem 2.2.2)

In this section, we will use the properties proven thus far to provide proof of local convergence

of Riemannian Pseudogradient Descent. We begin with the following technical lemmas:

Lemma 2.C.1 (Stepsize Bounds). Assume that ||Pr, — #PTZRQPTZH < 4ey < 1. Then the

stepsize o in Riemannian Pseudogradient Descent can be bounded by

2
Ljm _ _ |PrG||5 < _L/m

L1+4deo =7 (PGl RoPr,GY) — 1—4gg

Proof of Lemma 2.C.1. We will prove this by leveraging the local RIP assumption. Notice the

following:

(Pr,G1, RaPr,Gi) = (Pr,Gi, Pr,RoPr,Gi)

m m
= <PTZG1,7DTZRQPTZG1 — fPTzGl> + Z<P’H‘GZ,P’EG1>-
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We can now leverage the variational characterization of the spectral norm and local RIP, proven
in Lemma 2.B.3, to bound the following:

m

m m
7 (420) |PrGi|} < <7’T1Gz,7’TlRQ7’TlGl - *PTZG1> < f(4€o)H7’1rGlH%-

L
As such, we can now bound the denominator as

m
(1= 420)[PrGill} < (Pr, G, RaPr,G) < (1 +420) [PrGi?-

m
L

Rearrangement of this last expression yields the upper and lower bounds on the step size
derived above. The condition that 4ep < 1 is required to enforce the positivity of the step size,
as negative step sizes cause divergence in the contractive sequence. This is necessary as Rq is

not a self-adjoint positive semi-definite operator. This concludes the proof. O

Lemma 2.C.2 (I; Bound). Assume HPTz — #P’H‘ZRQP’H‘ZH < 4eq and oy can be bounded as in

Lemma 2.C.1. Then the spectral norm of Pr, — cq’Pr,RaPr, can be bounded as

8¢
P, — arPr,RaPr, | < o_. (2.14)
1-— 450
Proof of Lemma 2.C.2. From direct calculation, it follows that
L L
IPr, — aPrRaPr| < |[Pr, — —Pr/RaPr,|| + e = — | [|PrRaPr|
L m m
< ey + | — m‘ (HPTZRQPTZ — fPTlH + fHP'ﬂ*lH)
L/m L/m(1 — 4ey) m . m
<4 - (4 o 7)
= €°+<1—450 1— 4eg 0TI
460
<4 144
< 4eo + 1—450( + 4z9)
B 850
N 1-— 460 ’
This finishes the proof. O

We can now prove Theorem 2.2.2.



2.C. PROOF OF LOCAL CONVERGENCE (THEOREM 2.2.2) 67

2.C.1 Proof of Theorem 2.2.2

Proof. First, it follows that

X111 — X|r < [ X141 = Wilp + W — Xl <2[[W; — X,

as X4 is the best rank-r approximation of W;. Plugging in W, = X 4+ oyPr, G}, we see that

1Xi1 = XIp < 2] X0 + @Pr,Gr — X ||
=2||X; — X — yPr,Ra(X; — X)||r

< 2||(Pr, — Pr, RaPr, ) (Xq — X)) |k

I;

+2[(1 = Pr)(Xs = X)lr

Iz

+ 2lay[[Pr/Ro(I —Pr,)(Xi — X)|e .

I3

It remains to bound each term individually. Using Lemma 2.C.2, we see that

Il < 1650
1-— 460

X1 — X||p.
Next, notice that from Lemma 1.8.3 and the fact that Pr, X; = X,

Iy = 2||(I = Pr,)X|lr
2 X; - X%
Umin(X)
me
S L1 N— o
8nd/4\/Bvrlogn

€0
X - X
1_450\\ I ¥,

IN

using Lemma 1.8.3 and our initial assumption. Finally, we see that, following a similar argument

as in the bound of I and using Lemma 2.B.2,

I3 < 2Jeq|[[Pr,Rall[(1 = Pr,) X |[¢
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< 2L/m moy 8mlog(n) \ 2| X; — X||r
— 1—4eg L n O'min(X)
m  4my/n [Brrnlog(n)] (|| X; — X||r
— X — X
Tt L 3m Tanin (X)) 1% = Xle
1 e e € e
S0 f0 50, S0 )y, x
= 1— 4eg <128+16+32+«ﬁ48 1% e
<0
— 1—4eg

where the second to last inequality follows from the same analysis conducted in Lemma 2.B.3,

sclaed by a factor of % Collecting these results, we get

1860

X1 —X|r <
X = X < =

X — X

By the assumption of the theorem, which holds for [ = 0, and as we have a contractive sequence,

it inductively follows that the assumption holds for [ > 0. This concludes the proof. O

2.D Initialization Results

Now that local convergence has been established, we can now prove quantitative guarantees for

the initialization methods provided in the main text.

2.D.1 Proof of Lemma 2.2.3

We first start with a proof of the guarantee provided by one-step hard thresholding, detailed in

Lemma 2.2.3:

Proof. First, notice that for Wy = %RQ(X ), we get

1 X0 — X || < [[Wo — X[| + [[Wo — X

< 2w — X,

where the first inequality follows from the triangle inequality and the second inequality follows
from the fact that Wy is the best rank-r approximation of Xy by Eckart-Young-Mirsky[EY36].

We now need a bound for this last term. Notice that Wy — X = L3 (X wa)ve — X is a

—m
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sum of zero-mean i.i.d. random matrices, opening up use of Bernstein’s inequality. In order to
use this, define Zo = £ (X, wa)va — £ X. We need a bound on || Za|| and |E[Za)?||. First,
notice that
L 1
1Zall = | £ (X walva - X
m m

L 1
< 2| X, wa)l [vall + — |1 X

m
L
< — <maX<X wa>> + 2 (max(X 'wa>)
m \ acl m \ o€l
2L
< — <max<X,wa>2) =:c,
m o€l

where the third inequality comes from the fact that for centered Gram matrices X that | X || <

5 (maxqer(X, wq)), and as ||ve|| < 1 from Lemma 2.A.3. Next, notice that

IE[Z2]]|

mQZXwa 02— x?|.

m2

As both these matrices are positive semi-definite, it follows that

X2

iz <o &

%Z(X,wo)

}

It follows that

2 T,.2
= — E (X, wa)*y viy
yeR?, IIyHQ—1 m

L T 9
2 (X ) )-" (Za )y
_ L max (X, w A E v?

) poas: a max ~ o |-

Now, from Lemma 2.A.4, Y v% = %J. It follows that Amax (Yo v2) = % <7

a T

IN

as J is an orthogonal projection. Thus,

IE(Z2)| < i <max<X wa>2> =: V.

acl
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Now to determine ¢, we note that

V  nL m
Lo X 2
c  m <r22i<< Wa) > 2L (maxaer (X, wa))

- g <maX<X,wa>>

ocl
3]
5 /38 logn <max< ija>> ,
3m acl

for m > %Bn logn. It follows that

31
P (HXO x| s oen (rggﬁqx,w@)) < nexp (—Blog(n))

= 2n1_'8,

verifying the probabilistic bound. To complete the proof we use Theorem 1.A.3 and it follows

that
1675n3 log(n v2r3nlog(n
1% = Xl < Va7 X0~ X1 < 2B (man(x wa) ) < B x,
m acl 3m
thus concluding the proof. O

Now, we will prove a technical lemma about Algorithm 6:

Lemma 2.D.1 (Trimming Result). Let Z; = UlDlUlT be a rank-r matriz such that

min X
12, — x| < Tmint2) (X).
10\/5

Then the matriz Z; returned by Algorithm 6 satisfies

10 vr 10 [vr 10 [vr
||7D[jl€i|| < 5\/ 1981 HPUZ'U’aHF < 5\/ 3’ and HPUZ'UaHF < 5\/ m’

and furthermore

12— X|[r < 8612 — X ||p.

Proof of Lemma 2.D.1. The proof of the first and fourth statements can be found in [WCCL20).
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To see the second and third statements, we can apply the same analysis as in Remark 2.2.1.
This analysis is reproduced here for convenience. First, notice that if [Py ejjll2 < D/

then by the triangle inequality

40 10 Jvr
IPowallk < 5 IPueslle < 9\/8:,

This validates the second statement. To see the third result, notice that

||73ﬁl’vaHF = PU ZHQﬁ’wﬁ
Bel -

<> |8 Py wgllr
Bel

< E vr E ‘Ha,@
9V 8n
Bel

and from Lemma 2.A.3, it follows that >° . |H @B| < 2, 50 the last statement follows. O

)

2.D.2 Proof of Lemma 2.2.5

Proof. First, assume that at the [-th iteration of Algorithm 5,

Omax (X) .

Z;— X||r <

This indicates that Z; is 1991 incoherent with respect to {wq }aer and that

12— X ||r < 862, — X||p.

Following a similar strategy as in the proof for Theorem 2.2.2, we can decompose the error

at the [ + 1-th iteration as follows:

I .
12141 = Xl < 2P, = 2P Ry P2 - X)

F

~~

Iy

+2 H(Z— Pi (21— X)HF

I5
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L .
+2 HmPT,RQm(I =Py, )(Z1 — X)

F

I

Now, as Zl and 2,1 are independent, we can use Theorem 2.2.1 to bound I as follows:

L .
I4 <2 Hm’PTzRQ“ﬂ,PTZ - PTl ”Zl - X”F

8(100v/81)2r2Anlog(n) , 4
< o SOOIl 5

3m
80000212 6n 1
< 16500 I 0E() 7 g
19683m
528n1
< 32 %Og(”)”zl ~ X,

with probability at least 1 — 2n' =% as long as /i > 4v2r2Bnlog(n).
Next, we can bound I5 as follows:

5 2
L < 2z X1
Umin(X)
128x%Z, — X |12
Umin<X)

IN

1
—|Z; — X
12~ Xl

where the first inequality follows from Lemma 1.8.3, the second inequality comes from Lemma 2.D.1,

and the last inequality comes from the starting assumption.

100

51V incoherent

For the final result, again recall that Zl and €241 are independent, and Zl is

with respect to {wq }aer. From Lemma 2.B.4 and the new incoherence parameter, we have that

L 400008v2r2nlog(n
Hm%ngm% (Pu—Pg,) = Ps,(Pu — Pg,) ‘ < \/ (n)

196831
< \/2By2r27} log(n)

m

with probability at least 1 — 2n' = given m > 28v%r*nlog(n). Now, as

(T ~Py)(Z1 - X) = (T — Py )(X)
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- - X+UU'X +XUU" - 0,0 xX0,0

- - UU'X +UU'Xx +UU T XUU - U XUU
= —(UU" -UUNX I -U0U,")

= (UUT -0, (2, - X)(I-U0U0")

= (Pu =Py )(Z1— X)(T—Py),

where the first line follows from the fact that Pﬁ‘z Zl = Zl, the second line follows from the
definition of P’frl’ the third line follows from the fact that UU "X = X, the fourth line is a

rearrangement of terms, and the fifth line follows from the fact that Z;(I — IlelT) =0. It

i
L 5 ;
=2 E'PTZRQH_I(PU - PUl)(Zl - X)(Z - PUZ) - P?TZ(PU — pUl>(Zl - X)(Z - PUZ)
=0 F

@i~ x@ -7y,

follows that

L R
Ig =2 EP’JA]‘IRQLH(,PU — PUI)(ZZ - X)(Z - 7701)

L
<2 E,P’]AI‘ZRQZH (Pu — PUl) - PTz (P — PUZ)

L
<2 %PTAFZRQZ+1 (Pu — PUl) — Py (Pu — PUZ)

2,2
< 16H\/25l/ r izlog(n)
m

2]
F

)

where the first two lines follow from the computation above. Combining 14, I5, and I gives

1 v2r2nlog(n
\&H—st<fm% 5m?‘vu&—xwv (2.15)

with probability at least 1—4n'~?. It follows that (2.15) is less than 2 for i > (192vrk)?Bnlog(n).

Now, as Zy = H, (£Rq, (X)), we can make || Zy — X||p < Ug‘é‘éfﬁf) using the one step hard

thresholding result from Lemma 2.2.3 for 7 > (2.2 x 10)x5273 Bn log(n), and the result follows

from here. No attempts were made to optimize the constants. ]



Chapter 3

An Improved Non-convex
Riemannian Approach to the EDMC
Problem

In this chapter, we define a new algorithm that fills in the performance gap between Riemannian
Pseudogradient Descent and Restricted Frame Riemannian Gradient Descent for EDMC to an-
swer Question 1.3.1. This is done by defining a novel operator to the EDMC literature, and this
new algorithm requires a wholly novel set of techniques to the EDMC literature to prove local
convergence. Much of this chapter has been adapted from [SCT25]. In this chapter, we define
a new algorithm that fills in the performance gap between Riemannian Pseudogradient Descent
and Restricted Frame Riemannian Gradient Descent for EDMC to answer Question 1.3.1. This
is done by defining an operator novel to the EDMC literature, and this new algorithm requires
a set of techniques wholly novel to the EDMC literature to prove local convergence. Much of

this chapter has been adapted from [SCT25].

3.1 An Improved Operator

With the goal of translating the standard matrix completion problem to Gram matrix comple-
tion of a ground truth matrix X € S, where S = {Y € R”"|Y = Y, Y1 = 0}, the most

direct adaptation of the work conducted in [WCCL20] would be defining an objective function

74
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by analogy to (1.14) as follows:

mir}l/irréize (Y — X, Ra(Y — X)) subject to rank(Y") =r.
€

However, a notable challenge arises: computing the Euclidean gradient of the objective function

necessitates unavailable information in the form (X, vs) from RE(X) as
Vy (Y = X, Ra(Y - X))) = Ra(Y — X) + Ry(Y — X),

where Vy denotes the gradient with respect to Y. This quantity is inaccessible under the given

problem statement, since each v, depends on all we through the relation vo = > o H aﬁw[;.
Consequently, the computation (X,va) = Y o1 H @B (X, wq), requires complete knowledge
of all pairwise distances. Therefore, evaluating R¢,(X) necessitates access to all information.
To circumvent this difficulty, there has been exploration into self-adjoint alternatives to Rq
[TL21, TL18, SLCT23]. The novel surrogate introduced in this work, denoted My, allows for

the definition of an objective function analogous to (1.14).

We now define Mgq : S — S. This operator samples indices from I with uniform Bernoulli

probability p, and is defined as follows:

Ma() = Y Copwa(va,vg)(-,wg), (3.1)
o,BeN

where Caq = p for all o, and Cpg = 1 for all a # 3. Previous literature introduced an unscaled
form of this operator, i.e., Cqq = 1, which is equivalent to RRq. This operator was discussed
in Chapter 2 and was first introduced in [SLCT23]. However, R§Ra does not concentrate
around p?Z. The concentration around p?Z is a necessary condition for convergence of the
algorithm presented in [SLCT23], and to rectify this discrepancy, a different operator must be
considered. The diagonal re-scaling present in Mg enforces that E[Mgq] = p?Z, with proof
provided in Theorem 3.B.1. Additionally, Mg is self-adjoint, allowing us to define the following
objective function for the EDMC problem using this operator:

1
miI}l/irréize §<Y — X, Mq(Y — X)) subject to rank(Y) =r. (3.2)
€
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This object is a true quadratic form with a symmetric operator, and its Euclidean gradient is
given solely by Mq(Y — X). As such, it can be approached identically to (1.14) following the
principles outlined in Section 1.4.2. To perform this first-order retraction method, we need to
define the tangent space at each iterate X; € N,. Given X = UlAZUlT for U; € R"*", we can
define T; as in (1.15). The projection onto T;, denoted Pr,, is defined in (1.16). The retraction
map is the hard thresholding operator H,, as defined in (1.17). We can now define Algorithm 7,

the main object of study in this chapter:

Algorithm 7 Dual Basis Riemannian EDMC (DBRE)

: Input: Q, {(X,wa)}acq, rank(X) =7
: Initialization: X, = UODOU(;r
: for [=0,1,--- do
G, = Mq(X - -2Xl)

Pr,G
5= e
6: W; =X+ aPr,G;
o X =H,(Wi)
8
9

=W N =

: end for
: Output: Xie.: Estimated Gram matrix.

We note that this algorithm is a standard projected gradient descent scheme on N,; the
novelty presented in this work is in the construction of the measurement operator Mg to build
the proper objective function, which enables the convergence analysis of Algorithm 7, presented

in Section 3.2.

In the approach seen in DBRE, the thin spectral decomposition in the gradient descent
scheme is the most expensive, especially when n is large. As described previously, the authors in
[WCCL20] found an efficient way to reduce the computational complexity of this decomposition
from O(rn?) to O(r3 + r’n), substantially reducing the cost per iteration, which we implement
as well. We note that in DBRE, the reconstruction of the ground truth Gram matrix X is
equivalent to the reconstruction of D, as there is a one-to-one correspondence between X and

D through (1.2).
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Remark 3.1.1: Operator Interpretation

We wish to provide an interpretation of the operators Mg and RGRa, and why they

are considered. Although Fq concentrates around its expectation through a Bernstein
inequality—see Theorem 3.B.2—its expectation is not the identity operator Z, and as
such Fp # Z. In fact, the spectrum of Fy is known to be equivalent to the spectrum of
H, and thus Apax(F1) = 2n [LT23]. As such, neither || Fq —pZ|| nor ||PrFoPr—pPr| are
small. In particular, ||PrFqoPr —pPr| = O(1), but as the operator needs to exhibit RIP
for the analysis of an algorithm like DBRE, this bound is not tight enough to guarantee
convergence. We can instead consider re-scaling the geometry of the linear space S
through some function f so that E[Fq(f(:))] ~ pZ. First, define Sq : R™" — R
as (Sa(X))a = (X,wq) for a € Q, and 0 otherwise. As such, one can show that
Fao = 858, where S : RL — R™*7™ is the adjoint of Sq. To re-scale Fg, one can instead
consider S;‘zH_lSQ. This rescaling is done with H~! to make it so that S;ZH_lcS‘Q =7

when © = I. One can compute out S H ~1Sq and show that

S H 1Sq = RERa.

Further investigation in Theorem 3.B.1 validates the necessity of considering a diagonally

reweighted variant of RRq to ensure concentration around Z, resulting in Mg.

3.1.1 Implementation Efficiency

We use recent advances in Riemannian optimization from [WCCL20] and [SLCT23] to develop
an efficient implementation of the proposed algorithm. Computation of Rqo(X) and Mq(X)
can be done efficiently, with a minimal complexity per iteration. For Rq, a given iterate X;
can be easily translated to its distance matrix D; via (1.2), and through (1.10), Rq(X;) can
be computed in O(m) operations, for |Q2] = m. First, we note that Mq(X;) = RGRa(X;) —

|vall2(1 — p)Fa(X;) and ||val|r is constant for all & € T (Theorem 2.A.3). This can be seen as
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follows:

MQ(): Z Caﬂwa<’vavv,3><"wﬁ>

o,BeN
= Y Copwalva, va)(»wg) + > CapWa(va,ve)(: wg)
a7ﬁeﬂ a,BEQ
a=3 a#l3
= Z Caawa<vaava><'awa> + Z Caﬂwa<vayvﬁ><'7wﬁ>
acf) a,3eQ
a#f3
= pllvallpFa) + Y wa(va, ve) (- wa)
o,BeQ
a#f3
= pllvalFFal) + Z Wa (Va, v8) (-, wg) — Z<‘a'wa><va7'va>wa
a,BeQ a€el)
= pllvalFFal() + RGRa() — vall#Fal), (3.3)

as expected. It is known that RERa (X)) is O(m)-sparse and requires O(m) operations to
compute [SLCT23]. The argument is outlined as follows. Let 7 : R™*™ — R™ ™ denote the
map defined by (1.2) and let 7* denote its adjoint. It was shown in [SLCT23] that, correcting

for a previously missing minus sign, for a Gram matrix X,
* 1 *k
RORa(X) = _ZT (Pa (JPa(T(X))J)).

For any matrix Y, both Po(Y') and JPq(Y')J are computable in O(m) operations. The acces-

sible information in the EDMC problem is of the form Pq(7(X)). Furthermore, 7* (Pq(Y))

for any Y is computable in O(m) operations as well.

Next, Fo (X)) is efficiently computable in O(m) operations as each matrix wq has 4 non-zero
entries, allowing for easy computation given {(X, wq)tacq. As such, Fq(X;) is O(m)-sparse.
Using the fact that R Ra(-) and Fq(-) are sparse, it can be easily argued that the sum of the
three terms in (3.3) preserves a common sparsity pattern, and it can be computed in O(m)
operations. Therefore Mq(X;), and thus G; in Step 4 of DBRE, is computable in O(m)

operations.

Step 5 can be computed in O(n?) operations, as PrG; is a dense matrix. Some calculation
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yields that steps 6 and 7 can be computed with n?r +O(nr?+r3) [WCCL20], giving a total cost
per iteration of n?r+QO(m+nr?4r3). Note that the dominant cost is n?r, which is less expensive
than computing Step 7 using the truncated singular value decomposition directly. Although
both approaches have the same asymptotic complexity, the latter incurs a significantly higher
constant factor (e.g., a factor of 6 or 14 depending on the choice of algorithm; see, for example,

Figure 8.6.1 in [GVL13]).

3.2 Theoretical Analysis

In this section, we will provide the main results of this work, which are the local convergence
and recovery guarantees for DBRE, presented in Theorems 3.2.2 and 3.2.4. Prior to this, we
formally state our incoherence assumptions, expanding upon the assumption first described in

Section 1.6:

Assumption 3.2.1: Incoherence Assumption

Let X € R™ ™ be a rank-r matrix with eigenvalue decomposition X = UDU'. We
assume that X is v-incoherent to the basis {wq }aer and v-incoherent to its dual basis

{va }acr; that is, there exists a constant v > 1 such that for all a = (i,7) € I:

vr vr
IPowalle < /35, and [[Puvally < 4/3-- (3.4

In addition to the above, we require that

vr vr
IPrwallp < /5~ and  |[Proallp < 4/5- (3-5)

Notice that the two definitions in (3.4) and (3.5) are equivalent up to a small constant, as

[Prwally = [[Prwa + waPu — PuwaPullp < 3[Prwallp

where the first inequality follows from the triangle inequality and the self-adjointness of Pywq,
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and because

|Prwellr = [[PuPrweallr < [[Prwallr,

where the equality follows from the definition of Py and Pr, and the inequality follows from
Cauchy-Schwarz. As such, we pick a v large enough such that the inequalities in (3.4) and (3.5)
hold. We note that the constant difference in the condition stated above and in Section 1.6 is
merely a matter of mathematical convenience. We also note that these incoherence conditions
are similar to those seen in matrix completion with respect to the standard basis [Recllal, as

well as completion with respect to other bases [Groll, TL18|.

Remark 3.2.1: Incoherence Equivalence

We want to note that v-incoherence with respect to we, in both (3.4) and (3.5) implies,
at worst, 4v-incoherence with respect to vo. As such, we choose a v large enough so that

both X is v-incoherent with respect to wq and vg. See Theorem 1.A.2 for details.

We provide one further assumption for this work. As we are typically interested in large n,
assuming that n > 3 produces uniform results for several numerical bounds in the appendix,

and is formally stated as an assumption.

Assumption 3.2.2: Size Assumption

For the given ground truth rank-r matrix X € R"*"  we assume that n > 3.

Throughout the remainder of this work, we will assume that our ground truth matrix X € S
satisfies Assumption 3.2.1 with constant factor v. As in [WCCL20], we identify a neighborhood
in NV, around which any initial guess in this neighborhood converges linearly to the true solution

with high probability using DBRE.

3.2.1 Local Convergence Analysis

The most critical property for a sampling operator to possess in matrix completion theory is
the restricted isometry property, briefly discussed in Section 1.2.2. This property roughly states

that, when restricted to the local structure (or tangent space) around the true low-rank matrix,
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the partial observations preserve enough information to allow for faithful algorithmic recovery.

We state this more formally with the following theorem:

Theorem 3.2.1 (RIP of Mg). Let X € S be the ground truth, rank-r, v-incoherent Gram
matriz with tangent space T in N,.. Let Q0 be sampled from 1 via a Bernoulli sampling process
with parameter p > %510% for any B > 3. With probability at least 1 — C'n>=B, where C' is

an absolute constant, we have that for some absolute numerical constant C > 0 independent of

_ v2r23logn logn
p ?|PrMoPr — p*Pr|| < 7\/T+C\/Bw pi .

C”V2T2 5 log n
2 n

n or X that

Furthermore, for any eo, if p > for some sufficiently large numerical constant
C" >0, then

p_QHP’]I‘MQP’]I‘ — p27311‘|| < gp.

Proof sketch. This proof works by decomposing Mg into diagonal and off-diagonal compo-
nents. We recognize that estimating deviations from expectation in the off-diagonal terms in
| PrMaqPr—p?Pr|| is a second-order degenerate U-statistic—see [Leel9] for details on the theory
of U-statistics—allowing the application of the decoupling inequality from [DIPG12], with the
relevant theorem reproduced in Theorem 1.7.5. Once the random variables are decoupled, we
can conditionally apply a non-commutative Bernstein inequality, reproduced in Theorem 1.7.2,
and use the law of total probability to obtain a high-probability bound for the total deviation.
The concentration of the diagonal terms in the full expression is equivalent to the concentration
of p||PrFaPr — pPrFiPrl||, which is more simply analyzed through Theorem 1.7.2 alone. See
Appendix 3.B.2 for details. O

Remark 3.2.2: Sample Complexity

We note that this result is given in terms of the Bernoulli sampling probability, rather
than the more traditional number of samples with replacement seen in the matrix com-

pletion literature. To provide a more direct comparison, and remarking that E[|Q|] = m
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and p = 7, we have that for a sufficiently large constant C' > 0 that

2,.2
ver
m > C—5—pBnlogn,
€
0

gives £9-RIP of Mq. We again note that, due to using the weaker Assumption 3.2.1
instead of the incoherence assumption in [GTK24], this is optimal up to constant factors

and equivalent to the RIP established in [GTK24].

Now that RIP is established, we can prove local convergence of DBRE. This theorem de-
scribes a high-probability guarantee that DBRE exhibits linear convergence in an attractive

basin near the solution, provided that Mg exhibits RIP.

Theorem 3.2.2 (Local Convergence of Algorithm 7). Let X € R™™"™ be the ground truth rank-
r, v-incoherent matriz and let T be the tangent space of N, at X . Suppose that p > C% for

some sufficiently large constant C > 0 and any 8 > 3. Further assume that

p 2 |PrMaPr — p*Pr| < eo, (3.6)
Mol < 50p*%\/Bnlogn, (3.7)
IMaPr|| < 25p%2\/vrBlogn, (3.8)

X - X
|MqPr,|| < 100p2\/Bnlog nH)f(X)’F + 25p%/%/vrBlogn, (3.9)

X0 Xlr _ cop?
A(X) 7 50 (Bnlogn)t

(3.10)

where € s a constant satisfying
1880

§ =
1——460

<1

Then DBRE converges linearly as the iterates satisfy
1X: = X[|r < 6" X0 — X[

Proof Sketch. We first note that each of the above assumptions, save for (3.10), holds with high

probability for p > C %%, where C > 0 is an absolute constant. See Appendix 3.C.1 for
0
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details.

The proof begins first by simple linear algebra, as we have

1 X141 — X||r = | X151 =W = X + W]p
<[ Xip1 = Willr + | X — Wi|p

<2|W, — X||p,

where the last inequality follows from Xj;i; being the best rank-r approximation to W; by

Eckart-Young-Mirsky [EY36]. Next, plugging in W; = X; + a;Pr,G|, we see that

[ X1 = X[r < 2| X + Pr, G — X|p
=2|X; - X — Ocl'P'JrlMQ(Xl - X)|lr

< 2|(Pr, — ay Py, MaPr,)(X; — X)|r

I

+2/(Z = Pr,)(Xi — X)|r

Ip)

+ 2|y [[PryMa(Z = Pr ) (X — X) |k -

I3

The remainder of the proof is in the bounding of Iy, I», and I3. I is proven by showing that in a
neighborhood of the solution, defined by (3.10), a local form of RIP for Mg holds if (3.6) is true.
This proof leverages the assumptions made in (3.8) and (3.9). I3 follows from the neighborhood
assumption of (3.10) in tandem with Theorem 1.8.3, and I3 follows from bounds on the step size
(seen in Theorem 3.C.1), the assumption in (3.8), and Theorem 1.8.3. The assumptions in (3.6),
(3.7), and (3.8) are all proven via high probability guarantees using Theorems 1.7.2 and 1.7.5.
The technical details are deferred to the appendix, see Appendix 3.C.1. See Figure 3.1 for a

diagram of the main dependencies for the convergence proof. O

3.2.2 Initialization Results

In this section, we outline our initialization guarantees for DBRE. Given that the convergence

of this algorithm is only local, initialization is important to consider in the context of sample
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Figure 3.1: This diagram is a schematic of the overall proof of convergence for DBRE. Arrows
indicate how results depend on one another, and how they link together to form the overall
proof of convergence. Not every exact dependency is shown in this figure for legibility purposes,
instead focusing on the key pieces of the overall flow of the argument.

complexity. The simplest initialization, a hard thresholding to N, of the measured information,

provides a reasonable starting point and is described in Algorithm 8, where H, is as defined

in (1.17). The following sections describe how close a one-step hard-thresholding initialization

will be to the ground truth for DBRE. Following this, and in tandem with Theorem 3.2.2, we

show recovery guarantees for DBRE.

Algorithm 8 1 Step Hard Thresholding Initialization

L: Input: Q, {(X,wa)}acq, rank(X) =r
2 Ra(X) = XqealX, wa)va
3 Xo = %%T(RQ(X))
4

: Output: Xg: 1 Step Hard Thresholding Initialization.

least 1 — 2n'=8 we have for Xo = p~'H,(Ra(X)) that

2 I 2p3]
1Xo - Xl < VarXo — X[ < 22108 ase(X, wa) < 4| 221080 5
3p acl 24pn

Lemma 3.2.3. Under a Bernoulli sampling parameter p > 128@&

n

, then with probability at
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Proof. See Appendix 3.D. O

Theorem 3.2.4 (Recovery Guarantee for Algorithm 7). For

3/2 3/4143/4 2.2
> max 20kvr=? 3°/*log (n),C’V r* Blogn 7
0 nl/4 e n

where k is the condition number of X, B > 3, and g9 < % for some sufficiently large constant
C > 0, then with probability at least 1 — C'n®=#, where C' is an absolute constant, DBRE

recovers the ground truth matriz X when initialized by Algorithm 8.

Proof. This result is a consequence of Theorem 3.2.3 and the local neighborhood assumption
in (3.15). We can see this by increasing the sample complexity p to a sufficiently large value
such that the initialization is smaller than the local neighborhood assumption. Furthermore,
for a high enough sample complexity, all of the assumptions in Theorem 3.2.2 hold with high

probability. The result then follows from the union bound. O

Remark 3.2.3: Resampling Initialization

We note here that a more delicate initialization through a resampling technique, such as

the one in [WCCL20] or in Algorithm 5, could likely reduce the sample complexity from
/4 . . . o _ong o . . q

P2 lofiﬁ" top 2> logn Pyurther investigation of initialization has been omitted from this

~ n

work due to space constraints, but is an area of interest for future research.

Remark 3.2.4: Sample Complexity

For DBRE, we use a Bernoulli sampling model with parameter p, while other matrix

completion methodologies use a uniform at random with replacement model. To provide
a more direct sample complexity comparison, let m = E[|2|] under a Bernoulli model.

This implies that p = 7. Theorem 3.2.4 therefore implies that, if

) 3/2 3/4 2,.2
Mn7/410g3/4(n)7cy Tzﬁnlogn 7

m > max

for some sufficiently large constant C' > 0, DBRE recovers X.
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3.3 Robustness Guarantees

In many applications, the distance matrix may be corrupted, and understanding the sources of
this corruption is central to designing robust recovery algorithms [KKM09, GQZ23, BLT 06,
TD25, KTC25b, KTC25a]. Broadly, there are two main causes. First, even if distance measure-
ments are perfectly accurate, the underlying point configuration may itself be perturbed due
to physical factors. For instance, sensors placed in dynamic environments, such as the ocean,
may drift over time. In such cases, the observed distances correspond to a perturbed version of
the true point set. Second, the points themselves may be fixed, but the distance measurements
are noisy. This can arise from various sources: sensor imprecision, environmental interference,
or limited measurement resolution. In practice, both types of corruption may occur simulta-
neously. However, in this paper, we focus on the first scenario: perturbations in the point
configuration. This assumption simplifies the analysis, since the resulting distance matrix re-
mains a valid Euclidean distance matrix, and avoids challenges associated with arbitrary noise
patterns that could violate geometric consistency. We believe that this setting is relevant to
setting where environmental drift is more dominant than measurement noise. Moreover, the
developed technical analysis for this setting could potentially serve as a foundation for future

extensions to more general noise models.

In this section, we will provide robustness results for DBRE. To begin, we assume the
following: for a given point matrix P, we denote P = P+ N, where N € R™ " is a random
matrix. We denote X = PPT. To show robustness to noise, we first show that under noise

bounded almost surely by || IN||o < C for some constant C' that
IX — X |l < CO(/nlIX]) + C?nr,

in Theorem 3.E.1. This quantifies the amount that the drift noise can perturb the dataset
by. Then, we show that for small enough noise the incoherence of the perturbed matrix is
not drastically changed, and is bounded by an O(1) constant in Theorem 3.E.2. This result is
important to demonstrate that the sample complexity required for recovery is not pushed out

of a feasible range. With these results established, we can combine them together to show that
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for bounded noise, given a sufficiently large Bernoulli sample complexity p, X is recovered with
DBRE with high probability and that the relative error between X and X is small. This result
is formally stated in the following theorem: To demonstrate robustness to noise, we first show

that, under bounded noise satisfying ||IN||oc < C for some constant C, the following holds:
IX — X[lr < CO(v/n|X]]) + C*nr,

as established in Theorem 3.E.1. This quantifies the amount that the drift noise can perturb the
dataset by. Then, we show that for small enough noise, the incoherence of the perturbed matrix
is not drastically changed, and is bounded by an O(1) constant in Theorem 3.E.2. This result
is important to demonstrate that the sample complexity required for recovery is not pushed
out of a feasible range. With these results established, we can combine them together to show
that for bounded noise, given a sufficiently large Bernoulli sample complexity p, X is recovered
with DBRE with high probability and that the relative error between X and X is small. This

result is formally stated in the following theorem:

Theorem 3.3.1 (Robustness Guarantee for Algorithm 7). Let P € R™" and define P =

P + N, where N € R"" is a random matriz with E[N;;] = 0. Assume that the following

. . . . . . . . 1/2 .
quantity, which admits a signal-to-noise ratio (SNR) interpretation ”H‘f\f%’ satisfies

| X||1/2 S 32v/2 Brnlogn
[Nloo — iz

for some 8 > max {3, 81:;%}7 where k denotes the condition number of X .

Assume that the measured distances are of the form (X , We) and are sampled according to

a Bernoulli model with parameter p satisfying

n

where C' > 3.92 x 10* is an absolute constant. Furthermore, suppose that DBRE is initialized

at a point Xq satisfying the conditions of Theorem 3.2.2 with ¢y < %

Then, with probability at least 1 —C'n3=#, where C' is an absolute constant, DBRE recovers
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X, and

N v 9ur
X - X|| < — 4+ A (X)),
| I <\/ 8n 2048&52n10g2n> (X)

Proof of Theorem 8.3.1. This result follows first from Lemmas 3.E.1 and 3.E.2. From here,
the sample complexity guarantee of Theorem 3.2.1, with sufficiently large constant C as stated
above, coupled with the high probability guarantees of Assumptions (3.6)-(3.9) in Theorem 3.2.2,
gives the desired result, provided an initialization satisfying (3.10). See Section 3.B for details

on the guarantees of Assumptions (3.6)-(3.9). O

This result shows that recovery under noise depends intrinsically on the underlying geometry
of the object. In particular, highly degenerate objects with large condition numbers can tolerate
only low levels of noise, as captured by the ratio || X||'/?/||N||e in Theorem 3.3.1. Moreover,
as this ratio increases, the allowable perturbation in the incoherence parameter also increases,
which in turn leads to a higher sample complexity required for recovery. While this dependence
may initially seem counterintuitive, the interplay between this noise-to-signal ratio and the
sample complexity shows that the most recoverable objects under noise are those that are both
well-conditioned and highly incoherent, as a large A\,(X) facilitates stronger recovery. As a

corollary to Theorem 3.3.1, we obtain the following relative error bound:

Corollary 3.3.2. Under the assumptions of Theorem 3.3.1, the relative recovery error of DBRE

satisfies, with probability at least 1 — C'n3~P for some absolute constant C',

| X — X||p < Y 9\ 2ur

I Xlle — V4n  2048xB2nlog’n’

Proof. This follows from Theorem 3.3.1 as

IX — X|r < Vor| X - X|| :\@IIX—XH‘
HX”F o \/’F)\T(X) )\T(X)
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3.4 Numerical Results

All of the following experiments were conducted in MATLAB. The code used for the following
experiments can be found in the GitHub repository at https://github.com/chandlersmith2/

NonConvexEDMC.

3.4.1 Synthetic Data Experiment

In this section, we test the proposed algorithm on synthetic data. Various two and three
dimensional datasets were used, and are referred to in Table 3.1 with their corresponding sizes.
The goal of DBRE is to recover the full set of points P up to orthogonal transformation by
sampling the entries above the diagonal of D uniformly with replacement, with a total of pL
entries chosen for p € [0,1]. The algorithm reconstructs the Gram matrix Xyec = PP, from
which P can be recovered using (1.3). The comparison referenced in Table 3.1 is the relative
error between the recovered matrix X,e. and the ground truth matrix X in Frobenius norm.
Each run was terminated at either 1000 iterations or when a relative Frobenius norm difference
between iterates of 10~° was achieved. This experiment was initialized using the one-step-hard-

thresholding method described in Algorithm 8.

Table 3.1: RELATIVE RECOVERY ERROR || X — Xicc||r/||X|[F AVERAGED OVER 25 TRIALS.

p (%)
Datasot 10 7 5 3 2 1
Sphere (n = 1002) 3.38x 1077 4.61 x 1077 6.12x 1077 1.48 x 107¢ 8.40 x 1073 6.81 x 107!
Cow (n = 2601) 4.41 x 1077 5.24 x 1077 6.04 x 1077 9.14 x 1077 2.47 x 107* 5.71 x 1073

Swiss Roll (n = 2048) [3.85 x 1077 4.70 x 10~7 5.81 x 1077 9.47 x 1077 1.56 x 107¢ 6.40 x 1072

We note that the recovery completely fails for the sphere at 1% sampling, while recovery
is partially successful for the other two datasets. This is because the other datasets are larger
while maintaining the same rank, allowing for better scaling in the low sampling regime. In

Figure 3.2, we show an image of the reconstruction of the figures described in Table 3.1.

3.4.2 Comparison to Existing Methods

We provide additional experiments to compare the efficacy of our algorithm DBRE to another

provably convergent non-convex EDMC algorithm [GTK24], which we refer to as MatrixIRLS-


https://github.com/chandlersmith2/NonConvexEDMC
https://github.com/chandlersmith2/NonConvexEDMC
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Figure 3.2: Reconstruction of the synthetic datasets referenced in Table 3.1. From left to right,
the Bernoulli parameter is 0.03, 0.02, and 0.01.

EDMC. For the first experiment, let r € [2,10], and consider n = 100 points sampled from

Unif(S™1), the uniform distribution on the sphere embedded in r dimensions. As the number

r(r—1)
2

of degrees of freedom in a rank-r n X n matrix is nr — , define the oversampling ratio p as

pL
p= 1
nr — 7"(7’2 1)
as E[|Q|] = pL for Bernoulli random sampling with parameter p. In Figure 3.3, we compare

the oversampling ratio versus the dimension of the sphere in a transition plot. Black indicates
complete failure, classified as a relative Gram matrix error larger than 102, and white indicates
success. Each of these squares was run for 100 trials using DBRE, MatrixIRLS-EDMC, and the
Augmented Lagrangian technique from [TL18]. DBRE was initialized with 10 iterations of the
Augmented Lagrangian algorithm, and MatrixIRLS-EDMC was initialized using a least-squares
methodology described in [GTK24].

As these experiments indicate, performance between the Augmented Lagrangian, MatrixIRLS
for EDMC, and DBRE is comparable, with DBRE performing slightly better overall, but most
noticeably in the higher rank regime.

Next, we compare the performance of DBRE, the Augmented Lagrangian, and the Ma-

trixIRLS methods on the synthetic datasets seen in Figure 3.2. We initialize both DBRE and
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Figure 3.3: Oversampling ratio p versus dimension r for 100 points on the uniform distribution
on S"~!'. Each parameter was tested 100 times.

the Augmented Lagrangian method with 20 iterations of the Augmented Lagrangian method,
and we use the default settings for the MatrixIRLS algorithm. DBRE was run for 1000 itera-

tions, or until a 1078 relative difference between iterates was achieved.

Table 3.2: RELATIVE RECOVERY ERROR || X — Xie|lp /| X|l[p BETWEEN THE RECOVERED
GRAM MATRIX AND THE TRUE GRAM MATRIX AVERAGED OVER 25 TRIALS COMPARING
DBRE, MATRIXIRLS, AND THE AUGMENTED LAGRANGIAN APPROACH.

p (%)
Dataset 10 7 5 3 2 1
DBRE
Sphere 6.38 x 1078 5.72x 1078 7.27x 1078 1.58 x 1077 5.08 x 10~7 6.47 x 10~!
Cow 4.92 x 1078 5.67 x 1078 6.51 x 1078 9.93 x 10~% 1.55 x 10~7 6.28 x 10~7
Swiss Roll  [4.24 x 1078 4.88 x 10~® 6.45 x 1078 1.01 x 10~7 1.71 x 107 2.29 x 106
Augmented Lagrangian
Sphere 2.33x 1077 2.13 x 1077 3.53 x 1077 9.29 x 1077 4.44 x 1076 1.05 x 10!
Cow 1.97 x 1077 3.03 x 10~7 3.86 x 10~ 7 5.69 x 10~7 7.51 x 10~7 2.30 x 10~ 7
Swiss Roll 1.22 x 1076 3.27 x 1076 2.42 x 1076 4.16 x 1076 7.35 x 10~% 2.45 x 10~
MatrixIRLS
Sphere 1.30 x 1077 1.33 x 1077 1.36 x 107 3.81 x 1076 3.76 x 1072 6.09 x 107!
Cow 448 x 1077 5.33 x 1077 6.12x 1079 3.75 x 1073 3.53 x 1072 1.12 x 10!
Swiss Roll 1.10 x 1077 1.23 x 1077 1.28 x 1077 5.14 x 107 2.78 x 1073 4.78 x 10~ !

We note that for an initialization at the same point, both DBRE and the Augmented
Lagrangian algorithm perform nearly identically in their recovery. MatrixIRLS is outperformed
by both of the other algorithms in this experiment, but this is likely a result of comparing the
default initialization to the Augmented Lagrangian initialization. Previous work [GTK24| shows

similar performance between the Augmented Lagrangian and MatrixIRLS. Both Table 3.2 and
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Figure 3.4: Oversampling ratio p versus noise level 107 for 100 points drawn i.i.d. from Unif(S?).
Each parameter was tested 500 times.

Figure 3.3 both indicate the comparable to state-of-the-art performance of DBRE.

3.4.3 Experiments on Noisy Distance Measurements

Finally, we also ran an experiment with noise following the model in Section 3.3 using DBRE.
Let {p;}1% ~ Unif(S?) be drawn i.i.d. and where P = [p;---pigo] € R!*3. We perturb
P with a bounded, centered noise matrix N € R09%3 with | N||w < 107 for v € [-2,—1].
Similar to the previous experiment, we set the oversampling ratio p € [1,5]. We set the success
threshold at 1072 relative difference, a relaxed value from previous experiments due to the
addition of noise. Figure 3.4 shows the results over 500 trials.

Figure 3.4 indicates that recovery up to tolerance predominantly gets worse with added
noise, although there is some clear dependence on the size of the noise impacting the recon-
struction of the ground truth. This is most likely due to an increase in the incoherence of the
dataset, requiring higher sample complexities to reconstruct. However, the noise level is still the
dominant factor, and after a large enough noise value, reconstruction up to a certain tolerance
is no longer viable.

We also present recovery results for the spherical point configuration shown in Figure 3.2
perturbed by Gaussian noise with varying standard deviations. For this experiment, the sam-
pling rate p varies from 0.05 to 0.01, and the standard deviation of the Gaussian perturbations

o ranges from 1079 to 1. The relative error between the Gram matrix recovered using DBRE
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for 500 iterations, denoted Xrec, and the unperturbed Gram matrix X is presented in Table 3.3,

averaged over 10 trials. For this experiment, DBRE was initialized with Algorithm 8.

Table 3.3: RELATIVE RECOVERY ERROR HX — Xiee|| /|| X||p BETWEEN THE RECOVERED
F

PERTURBED GRAM MATRIX AND THE TRUE GRAM MATRIX AVERAGED OVER 10 TRIALS USING
DBRE FOR THE SPHERE DATASET REFERENCED IN TABLE 3.1 AND FIGURE 3.2. ¢ IS THE
STANDARD DEVIATION OF THE PERTURBING NOISE, AND p IS THE SAMPLING RATE.

p 10° 1071 102 1073 1074 10°°

0.05 9.68 x 1071 2.39 x 107! 2.45 x 1073 2.46 x 1073 2.44 x 107% 2.42 x 107°
0.04 0.67 x 1071 2.40 x 107! 2.45 x 1072 2.49 x 1073 2.43 x 10~* 2.46 x 10~°
0.03 0.68 x 1071 2.39 x 107! 2.44 x 1072 2.53 x 1073 1.03 x 1072 2.44 x 1075
0.02 9.70 x 107 3.02 x 107! 6.21 x 1072 1.62 x 1072 4.02 x 1072 3.83 x 1072
0.01 1.08 x 10° 1.35 x10° 1.39x 10° 1.34 x 10° 1.36 x 10° 1.38 x 10°

The experimental results in Table 3.3 also indicate that the magnitude of the drift noise
is the dominant factor in the reconstructability of the point cloud. While there are sample
complexity effects, which are noticeable for v = 0.03, the dominant effect is the noise level

itself, further confirming the conclusion drawn from Figure 3.4.

3.5 Conclusion

In this chapter, we proposed a novel Riemannian gradient descent approach for solving the
EDMC problem using a matrix completion approach on the manifold of rank-r matrices with
the DBRE algorithm. In a local neighborhood, we proved that DBRE exhibits linear conver-
gence with high probability. To the authors’ knowledge, this is the first work to provide both
initialization guarantees and robustness guarantees for a non-convex approach to the EDMC
problem. The convergence analysis of DBRE was predicated on a statistical understanding
of coupled terms in a random operator, and required novel analysis to the matrix completion
literature. For our method, we provided numerical results to underline its efficacy, and DBRE
performs comparably to other state-of-the-art non-convex methods. Additionally, we provided
robustness analysis and corresponding convergence guarantees. Finally, we provided a novel in-
terpretation of incoherence in the EDMC setting, highlighting potential areas for development

of non-uniform sampling methods in this field. This is a primary avenue of future interest,
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as improving the sample complexity through geometrically-optimal sampling schemes would

represent a noteworthy development in the EDMC literature.

3.A Further Properties of the Dual Bases

As in Section 2.A, we will first provide some useful properties of the dual bases {wq }aer and
{Va}aer and associated objects.

We begin by defining the following matrix H O_ﬁldiag € REXL:

Definition 3.A.1: Definition of H !

offdiag

Let H~! € RI*L be as defined previously with (H1)a = H* = (va,vg). We define

the following matrix H(;Efldiag as follows:

B H® o B;
(H frding ) a8 = (3.11)

offdiag
0 a=/0.

Lemma 3.A.1. For Ho_ffldiag defined as in (3.11), we have that

”Hc;flcldiagH < 27

and that

HH()_ﬁl(:liag‘B—)oo S

)

SEEN

where || A3, is the mazimum Euclidean row norm of the matriz A.

Proof. This statement follows directly from a Gershgorin circle argument, as

[ EE byl < max 3 157
B

< en-3) (L4 L)L
a J— JR— PR PR
= " 2n  n? n2

<2

)
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where the values for H*® come from Theorem 2.A.3. The second statement follows from the
fact that || H ;Hldiagﬂgﬁoo is equal to the maximum ¢5 norm of the rows of H ;ﬁ«ldiag. As each row

has the same entries, just in a different ordering, for any a € I we have that

HHO_ﬂ'ldiagH%*)OO = Z (Haﬁ)Q

IN

This concludes the proof. O

3.B Restricted Isometry Results

As RIP and its variants are critical to the analysis of DBRE in this paper, this section is

dedicated to the proofs of RIP and similar results.

3.B.1 Supporting Concentration Results

The following results are various concentration identities used in the computation of

[PrMaPr — p*Pr, [[PrMall, and [| Mg

Lemma 3.B.1 (Expectation of Mgq). Let Mq be as defined in (3.1), and let RERa() =
Y a.pen WalVa, va) (-, wg). Then E[RGRa] # p°ZL, and E[Mq] = p*T.

Proof. First, notice that

RoRa(:) = Z Wa (Va, V) (-, wg)

a,BeN
S SUTRITAPRIIES PR R RPRIaE)
ac) ac) BeQ, B+

This was decomposed suggestively into diagonal and off-diagonal elements of the matrix H~!
for the following reason. Previously, it was believed that E[R§,Rq] = p*Z, as it is true that

RiR1 = 7? = Z[SLCT23]. Let us consider the problem of computing the expectation of RoRa
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in more detail now. We will assume that each entry of I is sampled with Bernoulli probability
p, contrasted to the uniformly at random with replacement sampling strategy employed in

[SLCT23]. Now we see that

E[RGRa()] =E | Y wa(va,v)(wp) | +E | Y wa Y (va,vg) (-, wp)

ac) acl BeQ,B#a
=pY (" Wa)(Va,Va)Wa + P> Y wWa Y (Va,va) (- wg).
acl acl Bel,B#a

The reason for this difference is that the probability of each entry being selected in the diagonal
terms is given by p, as per the Bernoulli definition. However, the probability of the off-diagonal
elements requires looking at the probability of sampling two distinct entries at a time. This
probability, for each of these options, is p?. If we let p = 7, where E|Q| = m, p? is the
exact scaling originally expected in [SLCT23]| for the expectation of the operator to hold. This
is incorrect however, and does not recognize that the diagonal entries are more likely to be

sampled, as they only require the contributions of a single sample. As such, introducing a

rescaling to de-bias the above operator leads to the definition of

MQ(): Z Caﬂwa<vavv,@><'awﬁ>a
o,Be)

where
1 a#pB;
Cap =
p a=/0.
We can decompose Mg into diagonal and off-diagonal elements again and see that

MQ(')ZPZ<'awa><vaava>wa+Zwa Z (Va, vg) (-, wg)-

ac) acl BeQ,B#a

It now follows that

E[Ma()] = pE Z<'7wa><va7va>wa +E Zwa Z (Va,v) (-, wg)

o) aEe) BeQ, B+
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= p2 Z(a 'wa><vaa 'Ua>'wa +p2 Z W, Z <va’vﬂ><'vwﬂ>

acl ac) BeQ,BF#a

= p2 Z wa<va, UB><'> wﬁ)
a,B€el

=p*RiR1

= p’T,
as Ry = Z, thus concluding the proof. O

Lemma 3.B.2. Let fQ be either PrFqPr or Fq, and let ]:—JI be PrFiPr or Fi, respectively.
Let e be either Prwey or we, respectively. Let H = [(tbq, wg)] € RE*L be the corresponding
correlation matrixz. For a ground truth rank r v-incoherent matriz X with tangent space T on
N,., we have that for any 8 > 1, and with probability at least 1 — 2n*=5, and for p > 8%#,

that

. . 86 (maxe, || Wel|2) Amax(H ) logn
170 - ] <p\/ (more [alle) Ao .
/4
Proof. This proof will follow a standard Bernstein argument. In order to make this argument,
we need to build out Fq as a sum of random operators, we need to bound each, and then to

bound the variance term. First, let {{q }aer be i.i.d. Bernoulli random variables that are 1 with

probability p and 0 with probability 1 — p. It follows then that
Fa() =D &alha)ba  and  E[Fql =p) (-, tha)Wa = pFi.
acl acl

Now, to prove concentration of the desired sum, let

and notice that ) Sa = Fa — p]:"]I. We can now use a Bernstein inequality to bound the

deviation of the spectral norm from 0. Now, first notice that

Sall = |(§a — P) (s Wa) Wal||

~

< |laalfi
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< max a2 =: c,
(0%

where the last inequality follows from Assumption 3.2.1. Next, we seek to bound the variance

Z(&a - 2€ap +p2)<', wa><wa, wa>wa]

acl
D (- tba)tba

acl

term, o2 = E [S2]||. To see this, first notice that
Zaeﬂ a

E

> Sa

acl

E|> (¢a—p)° <-,wa><wa,wa>wa]

acl

E

< p(1 - p) (max a2

< p (maxwba?) Amax (H).

where the final inequality follows from Theorem 1.8.2. Now, for t = 4/ %0’2,3 log n, we have that

t < 2 = A (H)p if p > 28187 allowing us to use the simplified form of Theorem 1.7.2. This
c 3n

yields
8 Vall?) Amax H)Blogn
P Zsa Zp\/ (maXa HwaHF) ax(H)Blog §2nexp(—,310gn)=2n1_’3,
3p
acl
as stated previously. ]

Lemma 3.B.3. For a ground truth rank-r, v-incoherent matriz X with tangent space T on N,.,

we have that for any 8 > 1 that if p > ém, with probability at least 1 — 2n'—F
Y 3 n

128 I
|FaPr — pFPr| < \/M-

Proof. We will prove this result using Theorem 1.7.2. First, notice that

FoPr(-) = pFiPr(-) = ) (ba = p) (-, Prwa)wa,

acl

so this is a sum of zero mean independent random variables and Bernstein’s inequality holds.
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We define Jo = ({q — p){-, Prwa)wq. Next, notice that

| Ja| = [(€a — P){:, Prwa)wq|
< |§a<'7PTwa>wa|

< [[Prwallr|wallr
[2ur
S T
n

where the first inequality follows from dropping the negative term, and the third inequality

follows from Assumption 3.2.1 and ||we||[r = 2. Next, we note that

E Z Jado| =E [Z(ﬁa - p>2<'v Wa ) (Prwa; 7D’Jl"“’t)t)'u)oc]
acl acl
= [Z(fa(l - 2]?) +p2)<‘7 wa><PTwaa P’H‘wa>wa]
acl
= Zp(l - p)('v wa><7)]1'waa PTwa>wa7
acl
SO
E ZJCXJ; | = Zp(l _p)<‘awa><7)']1’waa7)'ﬂ’wa>wa
acl acl
vr
< p—0 .
> p2n Z< a'wa>'wa
acl
vr
< p
< p2n>\max(H)
=5 pl/?“ - 0-17

where the first inequality follows from Assumption 3.2.1, the second inequality comes from

Theorem 1.8.2, and the final line comes from Theorem 2.A.3. Next, notice that

E

- K [Z(ga — )2 (-, Prwe) (We, Wa ) Prwe

acl

=K [Z(ga(l - 2p) +p2)<'a P’H‘wa><wa; wa>PTwa]

acl

> Jida

acl
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= Zp(l - p)<'a PTwa><wa, wa>73’]1‘wa,

acl

so it follows that

Zp(l - p)<" PTwa><waa wa>73’]1"wa

E Y Jida
acl acl
< 410 Z<'7P'H'wa>7)?l‘wa
acl

< 16pvr =: o3,

where the first inequality comes from |wq|% = 4, the second inequality comes from The-

orem 1.8.2, and the final line comes from /\max(f{) < vr in Theorem 2.A.1. Taking o?

max{o?, 03} = 16pvr, we get that, if p > %ﬂk;g", then for t = \/w we have that

128puvr B logn -3 128pvrBlogn
P || FaPr — pFPr|| > | — 2280 <9
[FaPr = pFiPrl| 2 3 = TP 8 (16pwr) 3

= 2n1*ﬂ,

following from the simplified form of Theorem 1.7.2. This concludes the proof.

Lemma 3.B.4. Let {Aa}ach {Ba}act C R™™ be any two collections of L matrices. Then

Z (gagﬁ _p2)AaHaﬁ<" Bﬁ> < Z (fa - p)(fg - p)Ha'@Aa<" Bﬁ>

a#f e
+ Z (ga - p)pAaHa’@<-, BB>
a#B
+ > (&8 — P)PALH? (-, Bg)||.
a#B

Proof. This result follows from the fact that

¢alg —P* = (a — )8 — p) + P(éa — ) + (€3 — D).
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As such, the expression becomes

5 (6ot ~ 1) Aa 1™ Bs)|

a3

= 1> ((Ca = P)(Es — p) + P(€a — ) + P(§s — ) AaH*P (-, Bg)
o

=1 Y (a =D& —P)AH (. Bg) + > pléa —p)AaH* (-, Ba)
a#B a#B
+ ) p(ép — p)AaHP(:, B[B>H~

o
The result then follows from the triangle inequality. O

Lemma 3.B.5. Let X be a rank-r, v-incoherent ground truth matrix with tangent space T. Let
Va = vec(Prwe) or vec(wy) for all o € 1, and let G = [V,] Vg] € RE*L be the Gram matriz
of {Vatacr- Defining bo, = Eﬁ#a H"‘ﬂ(ﬁb —p)Va, and letting B = [by ---br], we have that
B =Y _(&, —p)Vahl, where ho € RL is the a-th column of Ho_ﬂldiag, and that with probability

at least 1 — 2n2~P that if p > %, for Vo = vec(Prwe,),

32vrfBlogn
Bl < VP,

1283 logn
1B < \p 220"

Proof. The first statement follows from the rules of matrix multiplication, and can be seen

and for Vo = vec(wey,),

explicitly by defining the matrix W = [({§] —p)Vi--- (£, —p)VL] € R *L and seeing that
B=WH (;¥1diag' The first result then follows from the symmetry of H (;¥1diag' It follows that,
as B =Y (&, — p)Vah], that B is a sum of mean-zero, independent matrices. Therefore we

can develop a high probability bound on ||B]| using Theorem 1.7.2. Defining each summand as

B, we first bound

IBall = (€4 — p)Vahal

< [[VallollPall2
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< ma‘X ”VBH || Oﬁ‘dlagHQ‘)OO

2
< Vv, — =R
< g [Vallo /2 =

where the second inequality follows from Theorem 3.A.1. Next, we bound the variance expres-

sions. First, we have that

Y E[BaBl|| = | El(& — p)*IVahohaVy
[0 [0
= |ha||%VaVJ
PAAA
(a2
2
= fAmax(G)u
using Theorem 1.8.2 for the final line, followed by
) E[B;Ba ZE (&, — )’ |haV, Vahea
= Vallhaha

Z hohl

- T
= pmaX HVBHQ H offdlag(Hoffdlag) H

SpmgXHVﬁH%

= pmaX HV[BH2H offdlag”2

< dpmax | Vsl

where the last inequality follows from Theorem 3.A.1. Now, if Vo = vec(Prwg,) it follows

that taking the maximum of the variance terms, we have o2 = p% and R = ,/75. Now, as

%2 = pV16vr > \/@ for p > 8%%, we have from (1.25) that

128 I
P <||B|| > \/pi”ff Og”) < o2 P,
n
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If V,, = vec(wg), then taking the maximum of the variance terms we have o2 = 16p and

R= ﬁ. Now, as U—; = 4dpy/n > \/]9128’3% for p > 4/31%, it follows again from (1.25) that

12851
P <HBH > \/pgﬂgogn> <2n?P.

This concludes the proof. O

Lemma 3.B.6. Let X be a rank-r, v-incoherent ground truth matrix with tangent space T. Let
Vo = vec(Prwa) or vec(wa). Let ba =3 5,85 —p)Vg. Forp > 251%, with probability at

least 1 — n?>=8 we have that for every a € 1, if Vo = vec(Prwsg,),

4Pvrlogn
[ballz <\/p—F—
n
165 logn
[ball2 = /pm ",

Proof. This result will follow from the Vector Bernstein inequality seen in Theorem 1.7.3. We

and if Vo = vec(weq)

first note that by is a sum of mean-zero independent random vectors. Defining the term

yg = ({5 — p)H*PVg, we first need to bound |lyg> via

lysllz = (&5 — ) H? || V|2

< —max || Va2 =: R.
n o

[

Next, to bound the variance term, we see that

> Ellyslls] = > El(&s —p)2I(H*)?| Vsl

B#a B#a
=p(1—p) ) (H*P)
a#f
< pmax V43 3 (H)?
o7#3

2p 2
< —m .
s ,?XH Vol
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When Vj = vec(Prwg), we have 0% = prz and R = /5 5. It follows then that "—RQ =py /2>

n
plurBloen fop > 28lo8n - wo have from Theorem 1.7.3 that
n n

SvrBlogn _
P <||ba]|2 > m;if) <on= "

Similarly, when V3 = vec(wg), we have o2 = i—p and R = % As such, "—Rz =2p > \/p%

for p > 2’81%, that

163 logn _
P (HbaH2 > \/pﬁng> <2n "

The stated results then follow from the union bound over every o € 1. O

Lemma 3.B.7. Let X be a rank-r, v-incoherent ground truth matriz with tangent space T.
Then if p > 1653% for any B > 3, with probability at least 1 — C'n3~8, where C' is an absolute
constant, we have that, for some absolute numerical constants C1, Co, and Cs independent of

n or X, the following three inequalities all hold:

1
3" (€a — P)(€s — p)HP (-, Prwg)Pruwa | < pclvv“{ﬁog”,
acl
B#o

S (ba — P)(€p — PV H(, Prwgwal| < pcg,/% log 1.

acl
B#a

} " (o — P)(&p — P)H*P (-, wg)wa || < pCsy/Blogn.
oacl
B#a

Proof. The goal is to develop a high probability bound for the operator norm of the previously
mentioned operator. Prior to doing this, we define some simplifying notation. Let W, = Prwq,
or Wy, and let woq = Prwey or wo with them not necessarily being the same. Let G =

[(Wq, wa)] € REXL be the corresponding Gram matrix for {wq }aer.
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We begin the proof by considering, for some ¢ > 0, the expression

d 2.

For notational simplicity, we let Uy = vec(weq) € R™ denote the vectorized version of .

> (€a —p)(Es — ) (-, dp) H*Pwa
a7

Similarly, we let Vg = vec(wg) € R" As such, we can see that this probabilistic expression can

be equivalently represented as

d >,

This term is a second order matrix chaos, and is a degenerate U-statistic—see [Leel9] for details

> (ta— )& — P)H*PULV,
a#f3

on the theory of U-statistics, and see [DIPG12] for a detailed investigation of the decoupling of
Banach-space-valued U-statistics. As seen in Theorem 1.7.5, we can study the distribution of
the operator norm for this operator by considering a new set of i.i.d. random Bernoulli variables
623. As such, Theorem 1.7.5 states that for some absolute constant C' independent of n, Ug,

Vu, or H™1, that

d

We note that optimal values of the constants C' have not been explicitly computed for each

> t/C’].

> (la— )& — p)H* ULV,
a#p

Zf} SCIF’[

> (la— )& — P)H*P ULV,
a#p

chaos of order m, but that the constant itself is a function of m. For m = 2, which is the case
we consider, this constant is usually rather small[DIPG12]. Using the law of total probability,

conditioning on the random variables £}, ..., £} and defining the vector &’ = [¢] ... £;]T that

d S

> (o — D) — D H*PULVS
a3

S (b — p)(€s — P H*PULV,

e

We can study the conditional expression

"

- |9)]

> (o — )& — p)H*PULVS
a#B

>t‘£’>
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using Theorem 1.7.2. Defining the expression by = > | gra of (f’ﬁ — p) V3, we notice that the
sum can be re-written as

“ 2| €) =( 2| )

In this form, conditioned on &’ we see that this is a sum of mean-zero, independent random

> (o — )& — p)H*PULVY
a#p

Z p)UsbL

(07
variables. To study its concentration with Theorem 1.7.2, we define Tp, = (£ — p)Uabl,. The
first task is bounding the operator norm

ITall < [Uall2[ball2 < max [Ug|ls max by ll2 =:

Next, we need to estimate the variance terms ||Y°  E[ToTq | &']|| and ||>°, E[TaTw | €']||. For

the first term, notice that

Z E[(éa - p)z]UablbanT

«

2u Ul

> UaU,

< pmgx Hbang)‘maX(G)‘

< pmax [ba|[3
(64

The other variance term is given by

wTo | €| =D El(éa — p)*1balUqUaby,
(o7
< Uyl3 (D babg,
< pmx U3 bt
=pm§lXHU~/H§||BBTH
= pmax U531 B
where the last matrix is defined as B = [b;---br] and the spectral result follows from the

vectorization lemma.
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Defining the variance parameter o = max {||Y., E[ToTs | €|, 1>, ElTiTa | €]}, we

have from the monotonicity of expectation that

E[P( zt‘s’ﬂ gE[znexp <Rt7;2fo_2ﬂ

It follows that if high probability estimates exist for R and o2, referred heretofore as Ryax and

D (o — )& — p)H*PULVS
a3

02, respectively, that we can effectively uncondition R and o2 as functions of ¢’ as follows:

—t2/2 2 2 /2
E|2n exp W S QP(U S UmaX7R S Rmax)n exp Rmaxt/?’ + U?nax

Plugging in the expressions in Theorem 3.B.5 and Theorem 3.B.6 and setting
t = \/%anax logn in the expressions such that the simplification in Theorem 1.7.2 is possible,
we have that, if p > % for all three inequalities, the following inequality holds for each
operator in the Lemma statement.

—t2/2 2 o 2 /2
E|2n exp W S QP(U S UmaX7R S Rmax>n exXp Rmaxt/?’ + O'rQnaX

+ 2nP(o% > o2

max

or R > Ruax)

+ 2nP(0? > o2

max

or R > Rmax)
<2(1 —4n?>Pypl=F 4 gp3-F

< 10n3 7.

Taking the union bound over the 3 inequalities and incorporating the constant C' from Theo-

rem 1.7.5 concludes the proof. ]

Lemma 3.B.8. Let X be a ground-truth, rank-r, v-incoherent Gram matriz with tangent space

> 1283 logn
- 3n

T. If the sampling probability p for any B > 1, then the following collection of
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inequalities hold with probability at least 1 — 8n'—F

6412123 logn
3" (€ 1) Prwa Y HOO( Prag) | < \/p 08T
acl Bel
o3
o 256n8logn
> (a—p)wa Y HP( wg)| <\[p=—o——
acl Bel
a3
o 128vrf3logn
5 o - ) wa X HOO e Prug) | < |[p 20,
acl Bel
o
128vrplogn
> (6a—p) Prwa Y HP (- wp)|| <y [p——"5—5".
acl Bel
o

Proof. We first define wo = Prwg or wo and w, = Prwey or wy, where wo and wq are
not necessarily equal. We also define the corresponding Gram matrices of w, and wq as H
and H, respectively. Similarly define the dual basis vectors ¥4 and 9. As such, all of these

inequalities can be represented through studying the expression

Z (bo — p) Wa Z Haﬂ<'7u_7,3>
acl 5;2

Defining the vectorized version of our summands Uy = vec(ta) € R™ and V, = vec(Wy) €

2 . . .
R"™", we can see that the above expression is equivalent to

> (Ga=p)Ua ) H*V5
o€l Bel
a#p

This expression is the operator norm bound on a sum of mean-zero, independent random
matrices. We define each summand as Go = (£o — p)Uaq darpH By To proceed, we use

Theorem 1.7.2.
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First, we bound ||Gq||:

1Gall < [Tall2 > H*[| V4 |2
a#B

< 2m§x |Uall2 max V412,

following from Theorem 2.A.3. Next, we bound the variance terms | ) E[GoG}]| and

| > o E[GLGal|l. 1t follows that, defining da = >_, .5 HPVy

ZE[GQGZ] = ZE[(ga_p)Q]ﬁadldaf];—
o o
<p Zﬁad;daﬁ;— .
o

Now, do + H**V, = vec(?q) by duality and the linearity of both the vec operator and the
projection operator Pr, if present in the relevant definition of ¥4. Defining Qo = vec(vy), we

see that

<p

S E[GaGY) S Ua (Qa — H*Va) ' (Qa — H*Vo) U,

_ p\ S 0aQlQal] — B UaQLVal]

Y Ua V] QUL + (HP Y UaVi Vall
[0

(a4

<p +2p

5 0.Q1Qu0]
(04

H*Y " UaQ VU,
[0

+p|(H*)? Y UaVy VaUa

(07

+ 2p

< pmgx Qa3 |3 Ual]
«

(Haa)Q Z Uaﬁl

H*Y Q4 ValUal,g

+pmgX||‘7ﬁ||§

< (g QI + g Vi3 + 2mgx | Qa5

S UL

< (g @l + g [ Va3 + 21y | Qo 0 [ V5 ) A (D)
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Where the first inequality follows from the triangle inequality, the second inequality follows from
Cauchy-Schwarz, the third inequality follows from the fact that |H**| < 1 for every a € I, and

the last inequality follows from Theorem 1.8.2 and Theorem 2.A.3.

To analyze the other variance term, we begin by defining the matrix E = [d; - - - dp] € R XL,

We now see that

Y El(éa — p)’ldalUq Uad,,

> dad,

=pmgX||ﬁa\|§||EETH-

S EGLGal

< pmax [Ual 3

Similarly to Theorem 3.B.5, we can see that E = WH As such, notice that

offdlag
|EE"|| = max y EE"y
llyll2=1
= max Yy WHO_HIdia offd1a WT
llyll2=1 & 8
T
-1 2
< ”HoffdiagH max, x W Tyl3

<4 max yTWWTy
lyllz=1

=4|WwwW |
=4WTW|

= 4)\max (-H) )

where the first inequality follows from Cauchy-Schwarz, and the second inequality follows from

Theorem 3.A.1. This yields a variance bound as follows:

, _max{ ]}

< pmax {41113}( U |3 max (H),
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(1 Qo+ g Vi + 2| Qalla i [V5 2 ) s (D) .

This leads to the following variance bounds and norm bounds for the corresponding combina-

tions of W, and We:

2,2
_ . ver vr
Wo = Prweg, wa:P’]Twa:>U2:8p , R:;7
_ N 8vr
Wq = Prweg, Wa = Wo = o’ = 64pvr, R = o
_ . 8vr
Wo = Wq, 'wa:quwa:>02:16pW, R = o

Wo = Wq, wa:wa:>02:32pn, R =4.

Setting t = w%gQBlogn for each expression, which uniformly satisfies ¢ < "RQ for each

bound as long as p > 128@%, yields each of the desired inequalities with failure probabilities

of 1 —2n'=8 for each expression using Theorem 1.7.2. This concludes the proof. 0

3.B.2 Proof of Theorem 3.2.1

We are now ready to prove Theorem 3.2.1.

Proof. First, notice that since Mq = M§,

IPrMaPr = p*Prl| = || D £aéaCapPrwa(va, ve)(-, Prwg) — p*Pr
o,3eN)

= | D ta&sCapPrwa(va, vp) (-, Prwg) — p* Y | Prwa(va,vs)(, Prwg)

a7ﬁEQ a7ﬂeﬂ
= ‘ p Z fa('a PTwa>PTwa<va7 'Uoc> + Z faéﬁp'ﬂ’wa<'vaa ’Uﬁ><‘u 7)'I["'-U,C‘I>
acll a,B3eN)
a#B
-’ ) Pﬂrwa<va,vﬂ>("731rwﬁ>H
o,Bel

= ||plval Z(fa — p)(Y, Prwa)Prwa + Z (§aép — P2>P’J1‘waHaB<'77)'ﬂ‘wﬁ>
acl a#3
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S pHU(XHIQ:‘ Z(&a - p) <Y7 PTwC\L)P']Twa

acl

+ Z(§a§,6 — pY)Prwa H*P (-, Prwg)
a#p

= pllvallf IPrFaPr — pPrFiPr| + || D (Cals — P*) Prwa H (-, Prwp)
a#B

< pllvallf [PrFaPr — pPrFiPr| + || D (ba — ) (€ — p)PrwaH*P (-, Prwg)
By a3

Bg

+2p|) " (ba — p) Prwa Y H* (-, Prwpg)||,
acl ﬂig

Bs

where the first inequality follows from the triangle inequality and the final inequality follows
from Theorem 3.B.4. We note that term Bj is bounded by Theorem 3.B.2, and by the fact that
|vallF is constant for all c € I and that ||va % < 3 from Theorem 2.A.3. We bound B, using

Theorem 3.B.7 and we bound Bs using Theorem 3.B.8. This concludes the proof. 0

Lemma 3.B.9. Let Q C I be sampled with uniform Bernoulli probability p. If p > %510% for

any B > 3, then with probability at least 1 — C'n3~8, where C' is an absolute constant, we have

|
Mgl < p? (1 + 204/ 5713;gn> + CpBY/? logn,

C"Blogn
Z

that

for some absolute constant C' > 0. Furthermore, for p for some sufficiently large

C" >0, this simplifies to

[Mal| < 50p%2\/Bnlogn.

Proof. This proof follows directly from Lemmas 3.B.2 and 3.B.4. First, notice that
Mol = [Ma = p°Z +p°Z|| < p* + [ Mo — p°Z|.

This second term can be analyzed in the same way as in the proof of Theorem 3.2.1, seen in
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Section 3.B.2:

IMa = p*Z|| < pllvalEllFa - pFill + || Y (Eads — pP)wa H* (- wg)
a3

Applying the results of Theorem 3.B.2, Theorem 3.B.4 , Theorem 3.B.7, and Theorem 3.B.8

gives the desired result. For the simplification, we notice that

p? < 5p3/2\/,6’nlogn < p < 258nlogn,

and that
3/2 1/2 C? logn
25p°/“y/pnlogn > Cpp logn@pZ% ,
n
so for some sufficiently large C’ > 0 the stated simplification holds. O

Lemma 3.B.10. Let Q) C 1 be sampled with uniform Bernoulli probability p, and let T be the
tangent space on N, for a rank-r, v-incoherent ground truth matriz X. If p > %Blo% for any
B > 3, then with probability at least 1 — C'n3=#, where C' is an absolute constant, we have that,

for some absolute constant C' > 0,

|MaPr| < p? + Cpy/ # logn + 20p%/%\/vrBlog n.

If p > % for some sufficiently large constant C” > 0 independent of n, v and r, this

simplifies to

| MaPr|| < 50p*2\/vrBlogn.

Furthermore, we have that

| X; — X||r

<
[MoPr, || < 2[[Mall M (X)

+ [[MaPr|,

and with probability at least 1—14n3=5, for some sufficiently large constant C"" > 0 independent
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. 1"
ofn, vandr, if p> %, then

MaPr, || < 10()1)3/2 Bnlog nM + 50p3/2 Blogn.
’ Ar(X)
Proof. We first notice that

[MaPr| < [ MaPr — E[MaPr]|| + [[E[MaPr]|

= | MqaPr — E[MqPr]|| + p*.

Similarly to the proofs of Theorem 3.2.1 and Theorem 3.B.9, we can decompose the difference
between MqPr and E[MqPr] as concentration of FoPr — E[Fq]Pr and the off-diagonal term.

As such, we can see that

IMaPrl| < p* + pllvallf | FaPr — pFiPrl + || Y (Cabs — P*)wa(va, v) (-, Prwg)

o,B€el
a3

From Theorem 3.B.3, Theorem 3.B.7, and Theorem 3.B.8, the first result follows. The simpli-

fication follows a similar strategy as in Theorem 3.B.9. For the last result, notice that

[MaPr, || = [ MaPr, — MaPr + MaPr||

< [Ma(Pr, — Pr)|| + [ MaPr||
2| X; — X||p

< Mol =50

+ [[MaPr|.

For the final result, the result follows from using the simplified expressions for both || MqPr|

and || Mgq]|, picking a sufficiently large constant such that both simplifications hold. O

Lemma 3.B.11 (Local RIP of Mq). Assume that

p~?|[PrMaPr — p*Pr|| < eo, (3.12)
| MaPr|| < 50p*2\/Brrlogn, (3.13)
|MaPr,|| < 100p/2\/Bnlog nw +50p%/2\/Brrlogn, (3.14)
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X -X 1/2
1% e = ok 1/4° (3.15)
Ar(X) 100 (Bnlogn)Y
Then
p72||,PTzMQ,P’I[‘Z _p27)'1[‘1|| < 4ey.
Proof.

|Pr,—p~*Pr,MaPr,|| = [|Pr, — p~>Pr, MaPr,
+Pr — Pr +p 2P, MaPr — p 2Pr,MaPr + p *PrMoPr — p *PrMoPr||
< ||Pr, — Pr|l + p 2| Pr,MaPr, — Pr,MaPr| + p~ 2| Pr, MaPr — PrMaPr|
+||Pr — p*PrMoPr||
< |Pr, = Prll + p~?|Pr,Mall|Pr, — Pr||

+p ?|MaPr||[Pr, = Prll + ||Pr — p*PrMaPr|
2| X; — X|lr
T A(X)

2| X; — X X - X
< 2t HE T (100 Bl 00 i)

X, - X|lp)> X, - X
:250+2oop—1/2¢m<” ;(X)'F) + 100572 o e

< 4507

(1+p 2| Pr,Mall + p 2| MaPr|)) + ||Pr — p*PrMaPr||

where the first inequality is the triangle inequality, the second inequality is Cauchy-Schwarz,
the third inequality is due to Theorem 1.8.3 and (3.12), the fourth inequality is a result of (3.13)

and (3.14), and the final inequality is due to (3.15). O

3.C Local Convergence Results

We begin with the following technical lemmas used in the proof of local convergence.

Lemma 3.C.1 (Algorithm 7 Stepsize Bounds). Assume that ||Pr, —p~2Pr,MqPr,|| < 4g0 < 1.

Then the stepsize oy in DBRE can be bounded by

o 1PrGi|% p2

1+4+4eg — a (Pr,G1, MoPr,Gi) — 1— deg’




116 Chapter 3

Proof. We will prove this by leveraging the local RIP assumption. Notice the following:

(Pr,G, MoPr,G;) = (Pr,Gi, Pr,MaPr1,G))

= (Pr,Gy, Pr, MoPr,Gi — p*Pr,G\) + p*(PrG, P1rGy).

We can now leverage the variational characterization of the spectral norm and local RIP, proven

in Theorem 3.B.11, to bound the following:
—p*(4e0)||PrGi||% < (Pr,Gi, Pr,MaPr,Gi — p*Pr,G:) < p*(4e0) | PrGil|-
As such, we can now bound the denominator as
P*(1 = 4e0) [PrGulli < (Pr,Gi, MoPr,G1) < p*(1 + deo) | PrGil £

Rearrangement of this last expression yields the upper and lower bounds on the step size

derived above. O

Lemma 3.C.2 (I; Bound). Assume HPTz —piQPTlMQPTZH < 4deg and o can be bounded as

in Theorem 3.C.1. Then the spectral norm of Pr, — aq’Pr,MqPr, can be bounded as

86(]
1-— 480 '

|Pr, — aiPr, MaPr, | < (3.16)

Proof. From direct calculation, it follows that

1P, — aPr,MaPr,|| < ||Pr, — p~*Pr,MaPr,|| + | — p~?| [|Pr, MaPr, |

< deg + |ag — p~?| (|| Pr, MaPr, — p*Pr,|| + p*(|Pr,|I)

-9 —2
D p=(1 —4eo) 2 2
= <1 —4deg  1—4e (1PrMaPr, = p*Pr, || + 9P )
-2 -2
p p2(1 — 4eo) 2 2
< J—
_450+<1_460 e ) e’ +p7)
480
g0 + 1 450( + 50)
860

- 1—460’
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where the first inequality comes from the triangle inequality, the second inequality comes from
Local RIP in Theorem 3.B.11, the third inequality comes from the stepsize bound in Theo-
rem 3.C.1, the fourth inequality again comes from Theorem 3.B.11, and the remainder comes

from algebraic simplification of terms. This finishes the proof. O

3.C.1 Proof of Theorem 3.2.2

We can now prove Theorem 3.2.2.

Proof. First, it follows that

[ X1 = Xl < [[Xip1 = Wille + [[W) = X[[p < 2|W; = X|[F,

as X1 is the best rank-r approximation of Wj. Plugging in W; = X + oyPr,G;, we see that

X1 — Xlp < 21X + aPr, Gi — Xy
=2|X; - X — q;Pr,Ma(X; — X)||r

< 2[|(Pr, — asPr, M Pr)(X; — X)||r

I
+2(Z = Pr,)(Xs — X))
1P
+ 2|eu||Pr, Ma(Z — Pr,)(Xi — X)|[r -
I3

It remains to bound each term individually. Using Theorem 3.C.2, we see that

Il < 1660
1-— 46(]

X1 — X||p.
Next, notice that from Theorem 1.8.3 and the fact that Pr, X; = X,

I =2|(Z - Pr,)X; — (Z - Pr,)X||r

= 2||(Z = Pr,) X[

2| X, — X}
T AX)
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60])1/2

~ 32(Bnlogn

)1/4 ||Xl - XHF

< eol| Xi — X||r
<%0
— 1—4g

1 X; — X||F,

using Theorem 1.8.3 and our initial local neighborhood assumption. Finally, we see that,

following a similar argument as in the bound of I,

Iy < 2|ayf[[Pr, Mallll(Z = Pr,) X |[r
2p~? 3/2 1 X — X
< 100p*/%\/Bnlogn"————~
=7 _450[ 00p Bnlogn (X

X -X
+ 25p3/2\/ﬁyrlogn} <| )f (X)HF> 1X; — X||r
2 1/2 eop'/? i
< T [100}9 v/ Bnlogn )1/4

100 (Bnlogn
50p~ Y2\ /Burl cop'/? }HX X||
+ 90p™ vrlogn 1 — F
100 (ﬁnlogn)l/4
€0
< X — X
< T ggg 1K= Xl

where the second to last inequality follows from the same analysis conducted in Theorem 3.B.11,

just divided by 2. Collecting these results, we get

1880
X1 X|p<
1 Xisr = Xl < —

X1 — X||p.

By the assumption of the theorem, which holds for [ = 0, and as we have a contractive sequence,

it inductively follows that the assumption holds for [ > 0. This concludes the proof. O
3.D Initialization Results (Proof of Lemma 3.2.3)
Proof. First, notice that for Wy = p~1Rq(X), we get

[ Xo — X < ||[Wo — X|| + |[Wy — Xo|

< 2wy — X,
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where the first inequality follows from the triangle inequality and the second inequality follows
from the fact that Wy is the best rank-r approximation of X by Eckart-Young-Mirsky[EY36].
We now need a bound for this last term. Notice that Wy — X = > 1(p™'¢a — 1)(X, wa)vq is
a sum of zero-mean i.i.d. random matrices, opening up use of Bernstein’s inequality. In order to
use this, define Zg, = (p~ 14 — 1)(X, wa)vo. We need a bound on || Z, || and HE > aer ZQ]ZH.

First, notice that

| Zall = H(pilfa - 1)<X7wa>”aH

< (™" + DX, wa)| [vall

<2p! <rgg§<\<X,wa> !) =: ¢,

where the second inequality comes from the fact that p < 1 and ||ve|| < 1 from Theorem 2.A.3.

Next, notice that

E

ZE [p_an - Zfap_l + 1] <Xa wa>21]¢21

acl

>z

acl

Z (p_l - 1) (X, we)?v2

acl

2
<p! (IggI(Xwa) \) Amax (Z vi) :

Now, as Theorem 2.A.4, > v2 = %J It follows that Amax (34 v2) = n2_42r?+2 <

a as

I3

J is an orthogonal projection matrix. Thus,

E

-1
np 9
< m X =:0".
S <agi<< ; Way) ’> g

> 2]

acl

Now to determine ¢, we note that

2 2

o np_l (maxae]l |<X7 wa) D

c 8])71 (maxaeﬂ |<X’w01> |)

— 5 (maxlix. wa) )

acl

28nlogn
3p

max (X w0a)] )

ac
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for p > %. It follows that

P(wXb—¢xn>,/2ﬁ§fg”(ﬁg§uxywaﬂ)>fgznam<—ﬁmgn»

= 2n1_6,

verifying the probabilistic bound. To complete the proof, we use Theorem 1.A.3, from which it

follows that

28nrlogn v2r3log(n
1Xo — Xl < VX0 — X < | 22280 (o (X, ) | ) < [2L221080)
3p acl 24pn

This concludes the proof. ]

3.E Robustness Guarantees

In this section, we will prove Theorem 3.3.1. We first control the perturbation induced by

additive noise.

Lemma 3.E.1. Let P = P + N where N € R™™" is a matriz with independent mean-zero
entries, and X = PPT. Let \y > --- > A\ > 0 be the non-zero etgenvalues of X with

corresponding eigenvectors u'. Assume that | Nl < C for C > 0. Additionally, let ¥ =

E[ninﬂ] be the covariance matriz of the columns of N. Then
o 16 120412 2
X -X||<C 3" BN “logn | +nrC”,

with probability at least 1 — 2n'=P.

Proof. First, notice that
PPT=pPP" + NPT + PNT + NN,
SO

IX - X|=|NP'+PN" + NNT|<2[NPT|+|NNT|.
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We will first bound the term ||[NNT| < ||NNT|r. Notice that

INNT|E = Z (ZNzk > < Z (Zcﬂ) = n22C*,

7.7 1 7j 1

where the inequality follows from the bound on ||N||s. We now bound |[NP'|. Since P =
UA'/2, where U has orthonormal columns and A = diag(\y,...,\.), we have |[p®|3 = .

We write NPT as follows:
I SELEE o3
k=1 k=1

The matrices Z;. are independent, mean-zero, and rank one. Moreover,

1Zx ]| = [n®l2 [p®|l2 < CV/nA =: L.

We next compute the Bernstein variance parameter. Let X = E[n(k)n(k)T]. As the entries of

N are independent, 3 = )", ¥ is diagonal, and as we have a bound on || N||« it follows that
=] <.
and Trace(X) = nC?. Therefore,

<C? Z A < rC?% Ay,
k=1

ZAka

k=1

> E[Z:Z)]
k=1

while

T

> E[Z]Z]

k=1

< nC? =nC?\,.

> pHpWTE|n® |3
k=1

Z pFp®ET
k=1

Since n > 7, we set 02 = nC?\;. As

Q

T = acyan O
ni/2CN\
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it follows that for ¢t = %nl/QCﬁ)&m logn we have that

P [HNPTH > t} < 2nexp (_8?:>

n1/2C BN logn
= 2nexp NG
nl/2CN\

= 2nexp (—pPlogn).

This finishes the proof. O

Next we will prove the following Lemma showing that bounded noise on the points does not

change the incoherence of a Gram matrix substantially.

Lemma 3.E.2. For P = P+ N, where N is a mean-zero random matriz. Let X = PP and

X =PP7, and let \y > --- > A\, > 0 be the eigenvalues of X. If | N||s < C for some C > 0,

where K is the condition number of X, then

2nr
Ar(X)

vr + 32 nl/2
2n 3 )\71«/2(X)

HPUwaHF < kY2 logn + C?,

then

. .. . 1/2
with probability at least 1 — 2n'=P. Furthermore, if C' < 32% ”ln/Q ﬁ):l(/)?cl)ogn’

ur
IPowallp < 5~
Proof. This result will follow from the classic Davis-Kahan sin ® Theorem, seen in Theo-

rem 1.8.1. Let U, U be the subspace spanned by the columns of U,Ij respectively. First,
as HPU - ’PUHF = ||sin (U, U)||p from [Bhal3], we can see that

|X - X|p

|Pv =Pyl =1 sin O(U, U)||p < .

Next, notice that

IPowallp < [[(Py = Pu) [ lwallr + IPrwallr

SAX =X for
- M(X) 2n’



3.E. ROBUSTNESS GUARANTEES 123

The Lemma statement therefore comes from the bound in Theorem 3.E.1. The second expression

comes as follows:

1/2
5 O S O S
S2\/17” vr
:2\/>+ 1/2V/T
nl/2
<2\/7 2 p
:3\/>

where the first inequality comes from substituting in the stated bound on C, the second in-
equality follows from the fact that 52xlog?n > 1, and the third inequality follows from the fact

that v < 7, thus concluding the proof. O



Chapter 4

Non-Uniform Sampling Approaches
to EDMC

This chapter is dedicated to loosening the uniform sampling assumption of Question 1.3.1. In
Chapter 2 and Chapter 3, the theoretical guarantees for recovery are highly sensitive to the
coherence of the underlying point cloud. In this chapter, we will consider a new Bernoulli
sampling scheme that will allow for the recovery of arbitrarily coherent datasets, and show that
recovery is algorithmically possible under this sampling scheme. Much of this chapter is taken

from a current work in progress, and will be available in full as a pre-print in the coming months.

4.1 A Leverage-Score based approach to LRMC

A natural observation one might have when investigating the EDMC problem in an LRMC
framework is that the uniform sampling assumption, while theoretically nice and a decent
starting place, is quite poor as a general mechanism for guaranteeing successful recovery. We
have already seen that, presented in Section 1.6, the incoherence constant v in the EDMC
problem has a simple geometric interpretation as

_ 2ur
max (p; — p;) (PTP)™' (pi—pj) < —.
acl n

If we consider the following datasets in Section 4.1, we note that the image on the left is
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Figure 4.1: Incoherent and Coherent Datasets

highly incoherent, and the image on the right is highly coherent due to the outlier points in a
low-variance direction. We note that, outside of the outlier points, the rest of the dataset is
identical to the incoherent point cloud on the left.

This begs the following question:

Question 4.1.1: Leverage Score Motivating Question

If we prioritize sampling the distances that contribute the most to the incoherence con-

stant v, can we improve the sample complexity required to recover P?

Although the incoherence constant is a maximum over all pairwise distances, for a coherent
dataset there might be many distances that are close to the maximum value. In previous work
such as [SCT25, GTK24, TL18], recovery guarantees for the EDMC problem are of the form
|| > Cnv2r?logn. This works well for data that has low incoherence numbers, and in [SCT25]

2
it was shown that subgaussian distributions satisfy v < O(k+ Krll%";n), where k is the condition

number of the covariance matrix of the distribution and K is the subgaussian norm. However,
this bound indicates that recovery of data drawn from either heavy-tailed distributions or ill-
conditioned distributions, regardless of tail behavior, is an algorithmically challenging task. It is
also difficult to recover datasets with outliers such as Section 4.1. The work done in this Chapter
is dedicated to answer Question 4.1.1 in the affirmative: yes, sampling the “bad” distances more

frequently will enable recovery with fewer pairwise distances needed.
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4.2 Motivating Work in LRMC

In [CBSW14], the authors propose a sampling scheme that more heavily weights the sampling
probabilities of entries that contribute more to a higher incoherence of the matrix. For simplicity,
let M € R™" be a rank-r matrix with reduced SVD M = UXV T, and recall that the standard

incoherence g is defined as the constant such that the following inequalities hold:

or
max || U eifl3 < 2, max [V ey <

o
In the same vein as Question 4.1.1, we notice that certain matrices might have quite poor
global incoherence constants, but only concentrated in a small handful of entries. To address

this, the authors in [CBSW14] associate to each entry M;; a leverage score ji;; defined as
T 2 T 2
pij = [|U eillz + [V ez

We note that this notation is slightly different than what is provided in [CBSW14], but this is
in order to highlight the parallels between our methodology and theirs. Specifically, framing the
leverage score as a direct sum of the row and column subspace projection magnitudes clarifies
how both frameworks independently isolate and quantify localized structural information to
define the underlying sampling distribution. This then allowed the authors to consider a convex
recovery approach with respect to this leverage-score based sampling strategy, which provided

the following recovery guarantees: if

Mg 1
Dij 2 min {C% 10g2 n, ]-}7 Dij > Wv

then with probability at least 1 — Cn ™19, the nuclear norm minimization

min [|[Y]|« subject toPq(Y) = Pa(M).
YeRan

recovers M. This paper captures the idea that if one can enforce a higher likelihood of sampling
the “bad” entries, which are characterized by highly localized mass in the singular vectors,

then the sample complexity required can be made substantially smaller than with uniform
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sampling alone. Crucially, whereas standard uniform sampling approaches require a sample
size bounded by the maximum global coherence parameter pg, which severely penalizes highly
coherent matrices, this leverage-score strategy achieves exact recovery with an overall sample
complexity on the order of O(rn log? n), effectively decoupling the theoretical guarantees from

the strict incoherence assumption.

4.3 Geometric Leverage Scores and Sampling Scheme

Motivated by [CBSW14] and the geometric interpretation of incoherence outlined in Section 1.6,

we can define geometric leverage scores, denoted v for each multi-index «, as follows:
15 1 4r
v = ma { I Powal} + 3 1Puval 2 | (@)

This definition captures the geometric information encoded in |Pywea||? and ||[Pyve |3 but
still encourages sampling of points close together due to the maximum with % preventing
degeneracy in the definition of v. This allows for arbitrarily close points to still have their
pairwise distances sampled and recovered, which will be important for the technical analysis.

As such, we can define the following Bernoulli sampling scheme:

pa:min{%,l}, (4.2)

where m is a surrogate for the total number of distances sampled to allow for more direct
comparison to previous works in EDMC.

Now, as the number of samples [Q| = >, ;&a, it follows that E[|Q] = Y"1 pa. Most of
the probabilities will be less than 1, but for very poor geometries it follows that some points are
guaranteed to be sampled in this scheme. As such, we partition the index set into the disjoint
union I = I, UI;, where I, = {a | po < 1} and I = {a | po = 1}. We first prove that the size

of I; does not exceed m.

Lemma 4.3.1. Let;={a | po = 1}. Then

Tg| < m.
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Proof. We first notice that from the proof of Theorem 1.6.1, " o [[Pvwa |3 = 2nr. Further-

more, from the computation of || Pyva||% seen in Theorem 4.3.3, we have that

1
(leil13 + llel13) = -l + 53

e~ =

Prva ”12? =
As such, we can compute that

15 1
> (g5 IPwal + {1Pooalt ) < 2o

acl

Now, by definition a € 1; if and only if po, = 1. From the definition of pg, this implies:

Mg 2nr
>1 = Vo> —.
2nr m

n(n—1)
2

Given that m < L = , we have that for all a € I, the geometric leverage score v equals

the sum of the projection norms:
15 1
Vo = 15 [Pvwallt + 7 1Puvall.

Summing vq strictly over the subset I; yields the lower bound:
nr 15 1
L% < va= 3 (G5 IPowall + J1Pval?).
acly acly

Because I C I, the sum over I; is upper-bounded by the sum over the entire index set I:

2nr 15 1
’Hd‘ﬁ < <16H77Uwa\12r + 4H7DU'UaH127> .

acl

Applying the fact that the sum over I is bounded by 2nr, the inequality becomes:

2
Uld]ﬂ < 2nr.
m
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Isolating |I4| yields the required bound:
Ig| < m.

O]

The next thing we must understand is how the cardinality of the probabilistic sampling
set I, concentrates around its expectation. We investigate this and state our result on the

cardinality of |€2| in the following Lemma.

Lemma 4.3.2. Let I, = {a | pa < 1}. Then with probability at least 1 — 2n~F, the following

pair of inequalities holds if m > 1—36,6’log n:

‘]IP’ S 3ma

|Q] < 4m.

Proof. This is a straightforward application of Bernstein’s inequality. As before, [I,| =" acl, ¢a

and E[|L,]] = Zaeﬂp Pa- Notice that

m 15 1 4r
> g wac{ 12Puwal? + 31Pvalt |

m 15 1 m 4r
< E P 2 ZIp 2
a€lly aclly

Next, notice that [{n — pa| < 1 for all a € I, and that

E Z(ga_pa)Q :Zpa(l_pa)

a€lp a€lp

<D pa

a€ly,

= 2m.
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The result follows from an application of Theorem 1.7.1 and the triangle inequality. O

As noted previously, the m in the definition of the sampling scheme is a surrogate for
the total number of observed distances, as they differ by a small constant. To address this
discrepancy, we report our sample complexity results in both m and in |2

At this point, the astute reader might question the novelty and necessity of this methodology,
especially when compared to the work done in [CBSW14]. We note that standard incoherence
applied directly to the EDM alone does contain geometric information, outlined in Section 4.3.2,
with this section also detailing that the global incoherence constants are tied to one another.
As we will see in Section 4.6, the direct completion on D does work but this methodology still
outperforms this method in this specific problem.

By defining a set of weighted probabilities, we can define a sequence of independent Bernoulli

random variables as {£q }aer where

I pa;
ga =
0 1—pq.

This allows us to define a new sampling operator M, o : R™*" — R™"*™ as

Mya() =3 ]§°‘<-,wa>nvau%wa Y faiﬁwaﬂaﬂ«,wm. (4.3)

acl 7' a#3 o

We note that if po = p for all a, this operator is identical to p~2Maq.

4.3.1 Geometric Interpretation of Dual-Basis Geometric Leverage Scores

In Section 1.6, we provided a geometric interpretation for | Pywea||% that guided the discussion

and interpretation of this technique. In this section, we will now do the same for | Pyvq 2.

Lemma 4.3.3. Let X = UAU" be the reduced eigenvalue decomposition of a Gram matriz

X, and let o = (i,7). Then

1

1
IPovallf = 5 (lwalls + llugllz) = -l + w3
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Proof. Consider the pair a = (7, j) and define the vectors a,b € R" as:

where 1 is the all-ones vector. Let the symmetric matrix vy be defined as:
Vo = —%(abT +bal).
We wish to compute the squared Frobenius norm of the projected matrix Pyvg:
| Prveld = Trace((PUva)T(PUva)) = Trace(vaPyva),

where we used the symmetry of v, and the idempotence of Pyr. First, we determine the action
of Py on @ and b. Since UT1 = 0, we have:
T 1
Pra=UU" |(e;——1)| =Uu;,
n

1
Pub=UU" <ej — 1> =Uu;.
n
This yields the following quadratic forms, as U'U = I:

a'Pya = uiTUTUui = Hule,
b Pyb=u U Uu; = ||u;|?

a'Pyb= uZTUTqu = u:u]

Next, we compute the standard scalar products of a and b (assuming 7 # j):

1\ " 1 1
a'a= <ei—1> <ei—1> =1-—
n n n

bszl—l,
n

T
1 1 1
a'b= (ei—1> <ej—1> =——.
n n n
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Substituting v, into the trace expression gives:

tr(vaPuva) = itr ((abT +ba")Py(ab’ + baT)>

= i [(aTPa)(bTb) + (bTPb)(aTa) + Q(GTPb)(aTb)} ‘

Substituting the geometric and scalar terms derived above:

1 1 1 1
2 2 2 T
Puval =5 [Tl (1= )+ lhasl? (1= 2) + 20wl w) (<1 )]
1 2 oy 1 2 2 T
= Ol g 2) = (sl + g + 207w |
Recognizing the perfect square |u; + u;||> = |Ju;|? + ||u;]|? + 2u; u;j, we arrive at the final

simplified result:
1

1
7 (leall® - g 1) = -l +

IPuvall? = -

4.3.2 Geometric Interpretation of Standard Leverage Scores

If we were to directly apply the method of [CBSW14] to the EDMC problem directly on the
pairwise distance matrix D, it would be beneficial to understand the geometric information

encoded in the leverage scores. We do so in the following Lemma.

Lemma 4.3.4. Let P € R™" be the coordinate matrixz of n points spanning R”, centered at
the origin such that 1" P = 0. Let D € R™™ be the corresponding Euclidean Distance Matriz,
and let D = VIV be its compact eigendecomposition. The statistical leverage score of the

i-th row of D, defined as {; = |V "e;||3, admits the exact decomposition:

(v)?

lo b3

1 _
fizﬁ—l-p:(PTP) Ipi +

where p; is the i-th row of P, v € R™ is the vector of squared Euclidean norms with v; = ||p:||3,
and v1 is the projection of v onto the orthogonal complement of the subspace spanned by 1 and

the columns of P.
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Proof. The Euclidean Distance Matrix D can be factored algebraically into the sum of three

rank-1 or rank-r matrices, first seen in (1.1):
D=v1" +1v" —2PP".

It follows immediately that the column space of D, denoted R(D), is a subspace of the span

of the vectors generating these terms:
R(D) C span{1, P,v}.

Assuming the points do not lie on a hypersphere centered at the origin (which would cause v
to be linearly dependent on 1), D has rank r + 2, and R(D) = span{1, P, v}.
The matrix V'V T is the orthogonal projection operator onto R(D). The leverage score of

the i-th row is the i-th diagonal element of this projection matrix:
€,~ = ez-T VVTei.

To compute this diagonal element explicitly, we construct an orthogonal basis for R(D) by

orthogonalizing the spanning set {1, P,v}:

1. The translation-invariant component: The normalized all-ones vector provides the

projection matrix %11T.

2. The spatial component: By hypothesis, the point configuration is centered, meaning
PT"1 = 0. Therefore, the column space of P is already strictly orthogonal to 1. The
orthogonal projection matrix onto R(P) is given by P(PTP)~'PT. We note that this is

equivalent to the projection operator onto the column space of X.

3. The radial component: We extract the component of v that resides in the orthogonal
complement of the subspace spanned by 1 and P. Using the orthogonal projectors derived

above, we define this residual vector v1:

1
vt = (I - 11" — P(PTP)lpT) v.
n
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The orthogonal projection matrix onto the one-dimensional subspace spanned by v is
,UL(,UL)T
o113
Because the subspaces spanned by 1, P, and v are mutually orthogonal and their di-

rect sum equals R(D), the total projection operator V'V ' is the strict sum of the individual

orthogonal projectors:

1
vvi=-uT+pP' PP+
n lo+]13

L( L)T

Evaluating the quadratic form e] (V'V T)e; extracts the i-th diagonal element:

TayL

1 | AINT 5.
ti=-e/117e; +e] P(PTP) 1P e; + &7 (f 2) &
n [v 3
Substituting the scalar identities 1Te; = 1, eiTP = pZ-T, and ez-TvL = vil yields the final identity:

1 - (vih)?
Vi=—4+p (PP 1p + 1/ _
RS T

This completes the proof. O

We offer a geometric interpretation for each constituent term of the leverage score. The
constant term, %, represents the uniform baseline influence intrinsic to any point within the
configuration. The second term provides information on the displacement of the point p; relative
to the variance of the original point cloud P, in terms of the principal components. This is the
Mahalanobis distance, first discussed in Section 1.6, and it captures the spatial displacement
relative to the empirical covariance structure of the point cloud P.

The radial component evaluates the structural deviation of the squared Euclidean norms.
Notice that if all points p; reside on an origin-centered hypersphere in R", the vector of squared
norms is uniform, such that v = ¢l for some ¢ > 0. The Euclidean distance matrix then
simplifies to D = 2¢11" — 2PP'. This linear dependence restricts the matrix to rank(D) =
r+1, causing the orthogonal projection of the radial variance to vanish identically. Consequently,
the radial component of ¢; measures the magnitude by which the squared norm of p; deviates

from the idealized geometry of a concentric spherical configuration.
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Lemma 4.3.5. Let P € R™" be a centered coordinate matriz such that 1TP = 0, and let
ij = (pi — pj) (PTP)~Y(p; — pj) denote the squared pairwise Mahalanobis distance. The
distance M,?j is linked to the FEuclidean Distance Matrixz leverage scores {; and {; via the exact

decomposition:

2
ij :fl'—l—fj — E — (Ri—i—Rj) —QQij,

where R; > 0 is the radial variance penalty and Q;; = piT(PTP)_lpj 1s the spatial correlation

between the points.

Proof. Let MZ-Qj denote the squared pairwise Mahalanobis distance between points p; and p;,
which from Section 1.6 is equivalent to 3||Pywal/3 for o = (i,7). Expanding the quadratic

form yields:

MY = (pi—p;j) " (PTP) " (p; — pj),
M} =p] (PTP) 'p; +p] (PTP) 'p; —2p! (P P) 'p;.

Recognizing the constituent terms as the elements of the projection matrix @ = P(PTP)"'PT,

we substitute Qji, Qj;, and Q;j:
MP = Qi + Qj; — 2Qij.

By Theorem 4.3.4, the leverage score for the i-th row is £; = % + Qi + R;. Isolating the spatial
projection term provides Q;; = £; — % — R;. Substituting this identity for both @Q;; and Qj;

gives:
M2 = (L Rr)+ (-1 g, —2Qi;
(/A t n g J n J vy

Simplifying the expression produces the exact algebraic link:
9 2
Mij =i+ 4 — — = (B + Bj) = 2Qy.

O]

Now that we have established a link between standard leverage scores on an EDM, and the

geometric leverage scores outlined in this Chapter, we can notice the following relationships
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between standard leverage scores and geometric leverage scores.

Lemma 4.3.6. The relationship between the pairwise Mahalanobis distance Mf] and the leverage

scores i, enforces the following strict asymmetric constraints:

1. Necessity of large leverage scores for large distances: By the Cauchy-Schwarz

inequality, |Qi;] < \/QuiiQjj. Substituting this into the distance decomposition yields the

2

1 1
M < \/i_ \/'_ ,
”_< li—— 41/t n)

A large pairwise Mahalanobis distance mathematically requires at least one of the partici-

strict upper bound:

pating points to possess a large leverage score.

2. Insufficiency of large leverage scores for large distances: The converse is false.
It is possible to construct configurations where ij = 0 while ¢;,¢; > 0.5, indicating
non-equivalence between the geometric leverage scores presented in this work and standard
incoherence applied to an EDM. This arises when p; = p;j and both points represent severe

outliers that dominate the principal azis variance of the empirical covariance structure.

3. Global suppression: A globally small maximum pairwise distance restricts the maximum

a small max; ; M2

- : k
leverage score. Because the mean squared distance from p; is Q;; + i

n’

forces Qi — 0 for all i. This universally bounds the individual squared Euclidean norms

|pill3, prohibiting radial outliers and forcing R; — 0, thereby globally suppressing all £;.

Proof. Part 1: Necessity. The term Q;; = p; (P P) 'p; defines a valid inner product.
Applying the Cauchy-Schwarz inequality yields the lower bound @;; > —./Q;;Q;;. Substituting

this into the expanded distance ij = Qi + @j; — 2Q;; provides the upper bound:
2
M? < Qi+ Qjj +21/QiiQj = (\/ Qii + ij> :

Since the radial variance penalty is non-negative (R; > 0), we have Q;; < ¢; — % Substituting

this inequality yields the final bound:

2

1 1
M2 < \/i_ \/._ ]
U_( l n—|— j n)
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Part 2: Insufficiency. We construct a counterexample to demonstrate that ij = 0 does not
imply small leverage scores ¢;,/;. Let the number of points be n > 3, and let the dimension
r = 1. Let P € R"™! be a mean-centered configuration matrix (17 P = 0). Assume two points
are identical, setting p; = p2 = K for some non-zero constant K. To maintain the centering
constraint » ), pr = 0, the remaining n — 2 points must sum to —2K. We distribute this

remaining sum equally among the n — 2 points to minimize the variance, defining:

fork=3,...,n.

Because p; = p2, their vector difference is exactly zero. Substituting this into the Mahalanobis

distance yields:

Mty = (p1 —p2)T(PTP)71(P1 —p2) = 0.

Next, we compute the empirical variance P P as follows:

n
P'P=pl+pi+) pi
k=3

2
:2K2<1+ >
n—2

n
=2K? )
()

The spatial projection term @11 for the first point evaluates to:

K2 n—-2 1 1

T PTP —1
pr— —_— — — — — —.
Qll pl( ) pl 2 2< n ) 277, 2 n

n—2

By definition, the full leverage score for the i-th row is ¢; = % + Qi + R;. Substituting the exact
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value of ()11 we can see that

and as R; > 0, it follows that:

0 >

N | =

By symmetry, o > %, indicating that large Mahalanobis distances corresponding to geometric

leverage scores do not necessarily imply large standard leverage scores.

Part 3: Global suppression. Let M2, = max; MZQJ We fix ¢ and compute the mean

squared pairwise distance to all n points:

1< 1
- ZM% = Z(Qn’ + Qjj — 2Q4)
=

j=1

1 2
= Qi+ -Tr(Q)— =p; (P"P)"'P"1.
n n

Because the configuration is centered, P'1 = 0. As Q is an orthogonal projector onto a r-
dimensional subspace, Tr(Q) = 7. Thus, the mean distance is strictly Q;; + . The maximum
must upper bound the mean:
r r
M2 > Qi + . = Qi < M2 — .
Let P = UpX pVPT . The squared Euclidean norm of p; is bounded by the principal singular

value oq:

lpill3 < oF|Up eill3 = 07 Q-

If M2, — £, then Q; — 0 for all i. Consequently, ||p;]|3 — 0 globally. Lacking any variance

max

€

in the squared norms, the orthogonal radial vector v— vanishes, forcing R; — 0. Therefore,

l; — % globally. O
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4.4 Algorithm

As in [SCT25], we consider a first-order retraction method on the manifold of rank-r matrices,
denoted N,.. In that work, the relevant objective function was defined as
1
mir}l}inSlize §<Y — X, Mq(Y — X)) subject to rank(Y') = r. (4.4)
€
As My is self-adjoint with respect to the trace inner product, we can see that the Euclidean
gradient of (4.4) is Mo(X —Y), and the Riemannian gradient at a point X; € N, with tangent
space T; is Pr,Mq(X —Y), where Pr, is the projection operator onto T;. We can translate this
to the non-uniform setting by defining the new objective function with the sampling operator
from (4.3) as

1
mirignéize §<X - Y M,o(X —Y)) subject to rank(Y') =r. (4.5)
€

Here, our Euclidean gradient is M, o(X —Y), with a Riemannian gradient given by Pr,M,, o (X —
Y'). This structural similarity to [SCT25] allows for a similar algorithmic definition. The re-
traction map is the hard thresholding operator as before, denoted H, : T; — N, and re-defined
as follows:

1Y) = M(YVUU/,
=1

where U; is the i-th eigenvector of Y corresponding to the eigenvalue with the i-th largest
magnitude A\;(Y'). We note that for matrices Y with rank(Y’) > r, rank (H,(Y)) = r. We can

now define Algorithm 9, the main object of study in this Chapter:

Algorithm 9 Weighted Dual Basis Riemannian EDMC (W-DBRE)

: Input: Q, {(X, wa)}aca, rank(X) = r, {patact
: Initialization: Xo = UyDoU,
:for!=0,1,--- do

G =Mpao(X - X))

_ H,PTzGlHi

N = Py, G M, 0P, GY)

W, =X, + aPr,G;

X141 = Ho (W)
end for
: Output: X,e.: Estimated Gram matrix.

N N
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This algorithm is a standard first-order retraction scheme on N, and obeys many of the
standard convergence guarantees presented for these algorithms. The novelty introduced in
this paper is the leverage score sampling scheme and in the construction of the corresponding
operator M, o. We note that this sampling scheme would provide algorithmic convergence
in both the convex and non-convex frameworks presented in [TL18, GTK24, SCT24, 1.524] as
well. The convergence analysis of these frameworks all rely on the preservation of restricted
isometry of a corresponding sampling operator, which we prove in the following section for

M, q. Concentration of any other EDMC operator will behave similarly.

4.5 Theoretical Guarantees

4.5.1 Restricted Isometry Property

One of the key properties required for the convergence of W-DBRE is the restricted isometry
property for M, q. It is known that Mg exhibits RIP with high probability if p 2> %ﬂ.

We now present one of the key contributions of this work, which is the proof of RIP for M, q:

Theorem 4.5.1. Let X € S be the ground truth, rank-r, v-incoherent Gram matriz with tangent
space T in N,.. Let Q be sampled from 1 via a Bernoulli sampling process defined in (4.2), and
let m > Hgﬁﬁn logn for any 8 > 3 and for some sufficiently large constant C. With probability
at least 1 — C'n>=P, where C' is an absolute constant, we have that for some absolute numerical

constant C" > 0 independent of n or X that

[144vr2n1 40n3/%r 1 C'nrpl/?1
HPTMP,QPT—PTIISmin{ wﬂ: ogn, n ”:Ogn N m“ﬁm ogn.

Proof Sketch. This proof will work by decomposing M,  into F}, o and an off-diagonal expres-

sion. The off-diagonal expression will be convertible into an degenerate, second order matrix
chaos, allowing us to use the decoupling inequalities of de la Pena and Giné. F,q exhibits

standard concentration properties using Theorem 1.7.2. ]

We note that our result for RIP is better than the current state-of-the-art for uniform

sampling in the EDMC literature. Given the definition of v as previously written, the current
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state of the art is a dependence on 12 as the definition in [GTK24] is stronger than our current
definition. So, even in the low-v regime the above result indicates that this geometry-aware
sampling method provides better concentration properties. On the other hand, we note that
even arbitrarily poor geometries are recoverable, something that was not viable in the uniform
sampling framework investigated in the prior EDMC literature. This is because the upper

bound of n3/2 log n, while suboptimal, is still sharper than v%r?nlogn for v = O(n).

Now that RIP has been established, we state the local convergence result for W-DBRE.

Theorem 4.5.2 (Local Convergence of Algorithm 9). Let X € R™ "™ be the ground truth

rank-r, v-incoherent matriz and let T be the tangent space of N, at X. Suppose that m >

3/2

max{nfvrlogn,n* “rBlogn} for some sufficiently large constant C > 0 and any 3 > 3. Further

assume that

€0
Cn3’

[PrMpaPr — Prl|| < co,

[ Xo — X|r <

where € s a constant satisfying
18¢
5= 0

= < 1.
1 —4eg

Then W-DBRE converges linearly as the iterates satisfy

1X: — X |lr < 6" X0 — X ||

Again, we note that the convergence of this operator is to be expected once the isometry of
M, o (or the concentration of F,q, or the isometry of R, q) is established. The algorithmic
approach is straightforward once the theoretical backbone provided by the sampling scheme
and the operator is established. Additionally, there is substantial room for this result to be
sharpened, particularly by the addition of an initialization guarantee along with increasing a
rather small radius of convergence around X . The main source of looseness is in the determin-
istic bounds on ||[Mjql| and |PrM, ||, seen in Theorem 4.B.7. This could be tightened by

using a similar strategy to Theorem 3.B.9 and Theorem 3.B.10.
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Remark 4.5.1: Sample Complexity

We note that Theorem 4.5.1 and Theorem 4.5.2, coupled with Theorem 4.3.2, provide

a recovery guarantee that can be interpreted in terms of the total number of observed
distances as follows:

With probability at least 1 — C'n3~# for some § > 3 and some sufficiently large C’, we
have that if

|| > ¢min {n3/2r/8 log n, nvr? log n} ,

for some sufficiently large constant ¢ > 0, W-DBRE recovers the ground truth matrix X

provided a good initialization.

4.6 Numerical Results

All of the following experiments were run on a 2021 MacBook Pro with 16 GB integrated
memory and an M1 processor in MATLAB. All of the convex programs run in this section were
done using the SDPT3 solver for CVX in MATLAB [CR12, GB0S|.

In this section, we present on the efficacy of the recovery using W-DBRE. We compare
this algorithm to DBRE under a uniform sampling regime with the same expected number of
measurements, as well as the scheme outlined in [CBSW14]. We also compare this to uniform
sampling for completion on the distance matrix alone using the methodology of [Reclla], de-
scribed in Section 1.2.2. The experimental setup is n = 125 uniformly distributed points on the
sphere for the ellipse, and n = 123 points distributed on the sphere with 2 outlier points that
lie a far distance away from the sphere; see Section 4.1. The relative Gram matrix error was
measured following each trial per algorithm, and the averaged results are presented in Table 4.1.
We define the sampling rate throughout this section as p = %, but we note that this is not a
uniform sampling probability unless explicitly used for uniform methodologies, such as DBRE.

From the results in Table 4.1, we see that the methodology outlined in [CBSW14] is relatively
competitive with W-DBRE for both incoherent and coherent datasets across sample complexity

regimes. Thus, we see that the leveraged methods like W-DBRE and [CBSW14] significantly

outperform the unleveraged methods, such as DBRE and the convex method in [Reclla].
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Table 4.1: COMPARATIVE MEAN OVER 10 TRIALS FOR RELATIVE GRAM MATRIX ERROR RE-
SULTS BY ALGORITHM, DATASET, AND PERCENTAGE OF SAMPLES. THE INCOHERENCE CON-
STANT FOR THE ELLIPSE WITH OUTLIERS IS v &~ 38 & 5, AND THE INCOHERENCE CONSTANT
FOR THE STANDARD ELLIPSE IS v = 2.

Dataset 25% 20% 15% 10% 5%
W-DBRE

Ellipse with Outliers 1.72 x 10~7 2.68 x 107 3.76 x 10~7 9.83 x 1072 4.26 x 10~!

Ellipse 3.79x 1078 5.87 x 1078 1.71 x 1077 9.60 x 10~ 1.37 x 10°

DBRE

Ellipse with Outliers 2.13 x 10~ 1.13 x 107! 3.62 x 107! 7.12 x 10~! 1.35 x 10°

Ellipse 1.04 x 1077 1.44 x 1077 4.64 x 1077 3.37 x 10~! 4.70 x 10°
[Reclla]

Ellipse with Outliers 2.46 x 10° 2.29 x 10° 2.24 x 10° 1.99 x 10° 1.54 x 10°
Ellipse 3.84 x 1079 1.11 x 1072 9.61 x 1072 4.43 x 10~ 9.16 x 10!
[CBSW14]

Ellipse with Outliers 1.18 x 10=7 1.05 x 1076 9.85 x 10~7 1.02 x 10~2 1.12 x 10°
Ellipse 1.31 x 1072 6.07 x 1079 2.33 x 107® 1.49 x 10! 7.21 x 10~*

The primary advantage of W-DBRE for the EDMC problem comes from its relative recovery
speed as compared to convex nuclear norm minimization, We provide a timing comparison table
in Table 4.2. We note that the substantial gap in the timing is a critical motivator for the

investigation of these non-convex algorithmic approaches for matrix completion.

Table 4.2: MEAN COMPUTATIONAL TIME ACROSS SAMPLING RATES FOR W-DBRE AND
[CBSW14] usING THE SDPT3 SOLVER, SORTED BY SAMPLING RATE.

Method 25% 20% 15% 10% 5%

W-DBRE (s) 023 034 030 32 5.7
[CBSW14] (s) 53 51 47 90 48

4.6.1 Approximate Leverage Scores

We note that full access to all geometric leverage scores in practice is unrealistic. Instead, it is
better to take a small uniform sample and to estimate the leverage scores from this technique. To
do this, we sample uniformly with parameter p = 0.05, estimating Xy = ]%MQ(X). Using X,
we can compute estimated leverage scores {Vq }aer to approximate the sampling probabilities

{Pa }acr, with the approximations denoted as {pq }aer-
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Figure 4.2: Phase Transition plot on the ellipse with outlier datapoints as a function of the size
of the dataset and the total percentage of revealed samples. All-white indicates 100% success
rate (classified as a relative error < 1073, and all-black indicates 0% success. Each square was
averaged over 25 trials.

We present the following results on a coherent dataset using a full set of uniform samples,
the estimated leverage score sampling techniques, and the true sampling in Table 4.3. This
experiment was again run on the ellipse with 2 outlier points, and the total size of the dataset

was n = 50. The relative Gram matrix error was averaged over 10 trials.

Table 4.3: MEAN RELATIVE GRAM MATRIX RECOVERY ERROR USING W-DBRE WITH VARYING
LEVERAGE SCORES. FOR THIS EXPERIMENT, v = 15 &~ g.

Method 50% 40% 30% 20% 10%
Approximate Scores 2.26 x 1077 4.83 x 1077 6.20 x 1077 7.14 x 1072 5.33 x 10~!
Exact Scores 5.16 x 1078 750 x 107% 1.45 x 1077 3.03 x 1072 1.09

Uniform Sampling  3.83 x 1072 1.20 x 107! 1.15 x 107! 4.89 x 10! 7.56 x 10~*

To study the performance of the approximate leverage scores in greater detail, we study the
same ellipse of varying sizes (from n = 100 to n = 500) with the sampling rate seen on the
z-axis. This image can be seen in Figure 4.2.

As we can see in Figure 4.2, the exact leverage scores give better numerical performance.
This is to be expected, as these leverage scores should contain the requisite geometric infor-

mation to reconstruct coherent geometries. However, it is clear from Figure 4.2 that there is
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a rather large regime where merely approximating the leverage scores is sufficient for a high
likelihood of recovery, indicating the practical utility of sampling a small subset of the overall
distances first to develop an estimate for the leverage scores. Further work will be done to

investigate what sorts of theoretical guarantees we may be able to build out of this technique.

4.6.2 Approximating W-DBRE and Other Leverage Scores

As noted in Table 4.1, for small datasets [CBSW14] outperforms W-DBRE given exact leverage
scores for highly coherent data. In this section, we show that approximating the leverage scores
following the method of the previous section and using W-DBRE outperforms the leverage score
approximation in [CBSW14], and the provable leverage scores of [EWW18] for nuclear norm
minimization in the matrix completion problem as well. We provide the following experiment

indicating this result on the outlier ellipse figure with n = 35, averaged over 25 trials.

Table 4.4: MEAN RELATIVE GRAM MATRIX ERROR ACROSS VARYING SAMPLING RATES VIA

APPROXIMATE LEVERAGE SCORES. THE INCOHERENCE CONSTANT IS v =~ 11 = %

Method 50% 40% 30% 20% 10%

W-DBRE  0.030 0.0010 0.031 0.33 0.73
[CBSW14] 030 017 015 037 1.13
[EWWI18] 030 018 0.15 036 0.32

Table 4.4 indicates that the leverage scores used for W-DBRE are in some sense more easily
estimated than the leverage scores in either [CBSW14] or [EWW18]. This is an important

direction to explore more thoroughly both theoretically and with other datasets.

4.7 Conclusion

In this section, we introduced the novel operator M, o and the corresponding W-DBRE al-
gorithm, alongside a novel incoherence-based sampling scheme. This algorithm was shown to
exhibit state-of-the-art numerical performance among non-convex methodologies, and also illus-
trated stronger numerical performance when the geometric leverage scores were approximated,
as compared to convex methods. In addition, local convergence guarantees were provided and

the restricted isometry property was proven for M, o. Future work will seek to provide provable



146 Chapter 4

guarantees on the approximated leverage scores, as well as investigate the complex relationship
between incoherence of a point cloud, its condition number, and the recoverability of said point

cloud.

4.A Useful Lemmas

In this section, we will provide two Lemmas that will prove essential to the remainder of the

theory developed in the Appendix.

Lemma 4.A.1 (Bounds on py). Let po be as defined in (4.2), with vo defined as in (4.1).

Then the following bounds for pa hold for o € I,:

1 3nr 1

Pa M HPUwaHI%
1 &nr 1

Pa ~ m [[Pyvallf
1 n?

<

Pa M

Proof. We note that this follows directly from the definitions in (4.2) and in (4.1). For the first,

as we are considering all a such that o € I,

The three bounds in the theorem statement then follow from (4.1) and from the fact that

[Prwellr < 3||Prwallr- n

Lemma 4.A.2. Let ﬁp e R% x| pe o matriz defined entrywise by, for o, B € I, as (ﬁp) 5 =
«

1/%1/2 (Prwea, Pywg). Then
Po pg

2
)\max (I;Ip) < on 7".

m

Proof. We will use a Gershgorin argument to prove this upper bound. First, notice that if
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ang=1{,

(Prwe, Puwg) = Trace(waPrwg)
= Trace(wgwaPrr)

=0,

following from the definition of wo and wg. As such, we can bound the maximum eigenvalue

of H, as
~ 1
Amax (Hp> < Tﬁnglx 2 12 ’<PUwou7DUwﬂ>‘
P acl, Pa p[@
anB#£0
|Prwellr [Prwglr
S max 12 1/2
P acl, P p,@
anB#£0D
3nr
< max —_—
Pely acl), m
anB#£0
3n’r
< )
- m
thus concluding the proof. d

4.B Restricted Isometry Results

As RIP and its variants are critical to the analysis of W-DBRE in this paper, this section is

dedicated to the proofs of RIP and similar results.

4.B.1 Supporting Concentration Results

The following results are various concentration identities used in the computation of | PrM,, oPr—

Pr||.

Lemma 4.B.1. For a ground truth rank r v-incoherent matriz X with tangent space T on N,
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we have that for any B > 1, and with probability at least 1 —2n'=#, and for m > %nlog n, that

72n3r26logn \/24711/?"6 logn }

| PrFpaPr — PrFiPr| < min {\/ e 3

Proof. This argument will follow a standard Matrix Bernstein argument, seen in Theorem 1.7.2.
As
Fan=7i= 3 (52 <1) (. Prwa)Pruva,

a€ly, Po
we can decompose this expression as a sum of independent random variables. Let T, =

(% — 1) (, Prwe) Prwe,. First, we have that

2
172l < max PT%alle . p
acl)y o

Next, to bound the variance we have that, as for a € I, it follows that ||Pywe & < 22,

> E[T]

1
> <p - 1> IPrwallf (-, Prwa) Prwa

acl acl
3nr 1
>~ Z 7<'yp']1’wa>,P’]I‘wa
m Pa

a€llp

12nr ~
S Amax (Hp) .
m

. . . 3,.2 2
From Theorem 4.A.2, we note that our variance bound is now ¢ = min {36%, HV#} Now,

for t < "—Rg = min {1/, n1/2}, our result follows from Theorem 1.7.2 as long as m > nBlogn. O

Lemma 4.B.2. Let {Ag}ach {Ba}act C R™™ be any two collections of L matrices. Then

5 (5w <[5 (5 ) (5 ) oa

azp \Pabp arB

+1> (5" - 1) Ao H®P (. Bg)

oy Pa

fﬂ afB
+1> < - 1) Ao HY® (-, Bg)|.
azp NP
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Proof. This result follows from the fact that

() (520 (5
PaPp Pa bp Pa Pg

As such, the expression becomes

3 (5‘155 _ 1) AaH"B<-7BB>H

p—y PaPp

;; [(fﬂz B 1) <z€g B 1) i <;§Z B 1) * (;Z - 1)] A H (., Bg)
> <£°‘ - 1> (&’ - 1) AoHP( Bg)+ Y (50‘ _ 1) A HP (. Bg)

a#p3 Pa Ps B P
+> <€B - 1> AaHaB(-,Bg)H.
azp \PP
The result then follows from the triangle inequality. O

Lemma 4.B.3. Let X be a rank-r, v-incoherent ground truth matriz with tangent space T.

Let Vo, = vec(Prwy,) for all a € 1, and let G = [%] e RIIXMl pe o diagonally re-scaled
Pa Pg
Gram matriz of {Va}acr,- Defining bo = Z,@#a HeB (1% — > V3, and letting B = [by - - - by,

we have that B =), (z% - ) Vahl, where ho € RY is the a-th column of Ho_ﬁ«ldiag, and that

with probability at least 1 — 2n>~P that if m > %Bn logn,

|B < /360108
m

Proof. The first statement follows from the rules of matrix multiplication, and can be seen

explicitly by defining the matrix W = [(}% — 1) Vi--- (% — 1) VL} € R"**L and seeing that

B=WH O_ffldiag. The first result then follows from the symmetry of H (;¥1diag' It follows that, as

B=3, (1% — ) Voh/,, that B is a sum of mean-zero, independent matrices. Therefore we
can develop a high probability bound on ||B]| using Theorem 1.7.2. Defining each summand as

B, we first bound

(&

«
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Vall2
< Wella
Pa
||Vﬁ||2
= BSIP 1/2 glglx 1/2 H OffdlagH2—>OO
Pg
|7 1 /2
S ax” f!2 max 12\/7
Belp pﬁ/ E]Ipp/
1/2
< )
Bel, Py
2 1/2
< nr _. R
m

where the second inequality follows from Theorem 3.A.1 and the last inequality follows from

Theorem 4.A.1. Next, we bound the variance expressions. First, we have that

S E[BoBj)

| /\

- m

£ ?
> E (a — 1) Vahlha V)
o P

1
3 (p - 1) Ihal2VaV]

acl, @

Z VVT

acl,

2
E )\max(G)

6nr

)

using Theorem 1.8.2 for the final line, followed by Theorem 4.A.2. The other variance expression

is then

> E[B;

«

<

[ ] haV, Vaha

Z Volk ]

(o7

|| ﬁ”z
ﬁeﬂp

| Vﬁ || 2 T
,BGHp offdlag offdlag)
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BGHp oﬂdlag

4 I BHQ)?
Bel, P

where the last inequality follows from Theorem 3.A.1. Now, as V, = vec(Prwg) it follows

— 2717"1/2

that taking the maximum of the variance terms, we have o2 = 127" and R ——. Now, as

"—RQ =6rl/2 > \/@ for m > %ﬁn logn, we have from (1.25) that

1
P (IBII > \/367"”5‘%71) < on2F.
m

This concludes the proof. ]

Lemma 4.B.4. Let X be a rank-r, v-incoherent ground truth matrix with tangent space T. Let
Vo = vec(Prwey). Let by = Zﬂ;éa (5 - ) Va. Form > 4 nﬂ log n, with probability at least

1 —n2 8 we have that for every o €1,

1
1barll2 <4/ Posn
m

Proof. This result will follow from the Vector Bernstein inequality seen in Theorem 1.7.3. We

first note that by, is a sum of mean-zero independent random vectors. Defining the term

Yg = (f}—‘; - 1) H*PVyg, we first need to bound ||ygl|2 via

5/
lysll2 = ‘(pg —1 || H*?|| V3l

[Vall2
< fmax
n o« Pa
onl/2,1/2

m

Next, to bound the variance term, we see that

> Ellysl)= > E (i—) (HO)? | Va3

B#o B
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-y (Q’ - ) (HB)2 [V

asp \PP
2
< max (HV’)‘H2> Z (HQB)Q
TN Py o
2 3nr
<2
n
6
m

It follows then that "—Pf = ﬁ > \/91°Tgn" for m > 4 Bnlogn, we have from Theorem 1.7.3 that

P <\|bau2 > \/%g”) < onh,
m

O]

Lemma 4.B.5. Let X be a rank-r, v-incoherent ground truth matriz with tangent space T.
Then if m > % for any B > 3, with probability at least 1 — C'n>~8, where C' is an
absolute constant, we have that, for some absolute numerical constants C1 independent of n or

X, the following inequality holds:

1/2
Z (60! - 1) (gﬂ - 1) HO‘B(‘,quwﬁ)quwa < M7

acl Pa pp m
pra

Proof. The goal is to develop a high probability bound for the operator norm of the previously

mentioned operator. We begin the proof by considering, for some ¢ > 0, the expression

d >,

For notational simplicity, we let Uy = vec(Prwg) € R"™ denote the vectorized version of Prwe.-

> <5°‘ - 1> (5" - 1> (-, Prwg) H*P Prwg

-y Pa bg

As such, we can see that this probabilistic expression can be equivalently represented as

P| >,

Sa _ %_> aByr 17T
2 <pa 1) (Pﬁ b UL

oF#B
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This term is a second order matrix chaos, and is a degenerate U-statistic—see [Leel9] for details
on the theory of U-statistics, and see [DIPG12] for a detailed investigation of the decoupling of
Banach-space-valued U-statistics. As seen in Theorem 1.7.5, we can study the distribution of
the operator norm for this operator by considering a new set of i.i.d. random Bernoulli variables
5’3. As such, Theorem 1.7.5 states that for some absolute constant C' independent of n, Uy, or

H' that

d

> <5a _ 1> (55 - 1) HPULUY

-y Pa yye;

S

R R
> (pa 1) (m 1) H*PULU,

<cp|
o#B

> 1/c].

We note that optimal values of the constants C' have not been explicitly computed for each
chaos of order p, but that the constant itself is a function of p. For p = 2, which is the case we
consider, this constant is usually rather small, with the expression in [DIPG12] using a constant
of 6 for the second-order chaos. Using the law of total probability, conditioning on the random

variables &, ..., &, and defining the vector & = [¢] ... &/]T, we have that

| S

Sa _ % _ H*PULU,
2 <pa 1> (pﬁ 1) e

a3

3 <5a _ 1) (5‘* - 1>H°‘ﬂUaUg

-y Pa yYe;
- =[F(

We can study the conditional expression

IP’( zt'£’>

using Theorem 1.7.2. Defining the expression by = ZB 2o H of (I% — 1) Ug, we notice that

-|9)]

S\ (% _ 1\ gesy
> <pa 1) <pﬂ 1) H*PULU,

o#3

the sum can be re-written as

5 &) (&) v 1) =o(| -] 1),

oy Pa yge;
In this form, conditioned on & we see that this is a sum of mean-zero, independent random

Z(ga —p) Uabl

(07
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variables. To study its concentration with Theorem 1.7.2, we define T, = <7% — 1) Uyb.. The

first task is bounding the operator norm

Uall2 1 n3/2p
ITal < 1% Lo < 2 o
Pa Pa m

Next, we need to estimate the variance terms ||} E[To Ty | &']|| and ||>°, E[T4Tw | €']||. For
the first term, notice that

ZET T | =D E

(07

Pa

2
(5"‘ — 1) ] Uab b U/l

IN

!b || UUT

i%}UQUJ

< max b3 Amax (Hp)

IN

max [[ba 3
(6%

12n2r2

IN

max||ba||%.
(a4

The other variance term is given by

2
EQ:E[TZTa | €| = Za: (i‘:—l) ]baUJUabl
< "YHZ b bT
<m0
12
< ”’"HBBTH
12nr
=B
where the last matrix is defined as B = [b;---by] and the spectral result follows from the

vectorization lemma. Defining the variance parameter
0? = max {||> L E[TaTs | €11, 1> ElT:Tw | €]}, we have from the monotonicity of expec-
tation that

=[7(

> (o — )& — p)H*PULUS

—t2/2
= Rt/3 + o2
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where 02 and R are functions of &'. It follows that if high probability estimates exist for R and

o2, referred to hereafter as Rpax and o2, respectively, we can effectively uncondition R and

o? as follows:

_t2/2 2 2 _t2/2
E|2n exp m < QP(U < Omax> R < Rmax)n exp Rmaxt/g 4 Ur2nax

+ 2nIP’(02 > U?nax or R > Rpax)-

Plugging in the expressions in Theorem 4.B.3 and Theorem 4.B.4 and setting

8 , 1152nr Y2 logn
t=14/z0 =

3 2 axBlogn = - ,

using the simplification in Theorem 1.7.2 we have that, if m > %Bn logn for all three in-

equalities, the following inequality holds for each operator in the Lemma statement.

E|2nex <RJ§fa”

—t2/2
< 2]P><O'2 < 0'2 R< Rmax)nexp ( /

Rinaxt/3 + 02,4
2

or R > Rmax)

max’ max

) + 2nP(0? > o2

802

max

< 2P(0? < 02,1, R < Ruax)nexp ( ) + 2nP(0% > 02, or R > Ruax)

Incorporating the constant C' from Theorem 1.7.5 concludes the proof. O

Lemma 4.B.6. Let X be a ground-truth, rank-r, v-incoherent Gram matriz with tangent space
T. If the sampling probability p > % for any B > 1, then the following collection of

inequalities hold with probability at least 1 — 8n'—8

Z (fa - 1) Prw Z H*P(., Prwg)|| < min { 200251/ logn 96nw2’810gn}
[0 ) — ) *

el \Pa Bel m 3m
o

Proof. We first notice that, for a fixed «, the sum Zﬁ;ﬁa H"‘Bquwg = Prvg — H**Prw, from
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the definition of vq in (1.9). As such, the above expression can be bounded as

> <£°‘ - 1)731rwa > H“ﬁ(-,%’me

Pa

acl Bel
a#B
=Y <£" — 1> Prwea ((-; Prva) — Ho‘o‘<',7’1rwa>)H
acl Pex
€a
S Z -1 P’H‘wa<',P’Eva>
acl Pa
ga ) ax
+ = —1]|P waH '173 W
3 (et

= |PrR,oPr — Prll + | PrFpoPr — PrFiPrl.

We note that the latter expression has already been bounded in Theorem 4.B.1. We now

seek to prove a concentration result for the first expression.

We note that this is the sum of independent random variables 7, = (1% — 1) (-, Prvo)Prwg .

We can first see that

[Prwalle [[Proalle _ 6nr
1/2 1/2 — :
pa/ pa/ m

17all <

Next, we notice that

N 1
S ETTA| < 1D — ¢ Prwa)(Prva, Prva)Prwa
Pa
ac€l aglp
48nr
< m Z <’7P'[Fwa>7)’]l‘wa
a€l,
S 48ﬂ)\max (I;Ip)
m
{144n3r2 12nw2}
< max 5 )
m m

The other variance term can be analyzed as

> E[TaT]

acl

1
< Z ZTa<’ PTUa> <P11'wa7 P’H‘waﬂDﬂ‘Ua

a€l,
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m
a€lly
12nr _
< Amax (H ™)
m
6nr
< —.
m

We have now from Theorem 1.7.2 that

231 20n3/2r31/21
P(”PTRp,QPTr—PTHZmaX{ 96ny;£ Ogn, on Tfn oen < on' b,

following the simplification seen in Theorem 1.7.2; thus yielding the stated result when combined

with Theorem 4.B.1. O

4.B.2 Proof of Theorem 4.5.1

We are now ready to prove Theorem 4.5.1.

Proof. First, notice that since M, q = ;Q,

[PrMpoPr —p*Prl = || Y Solp

Caﬂp?l‘wa <Ua, UB><', 73']1*w3> - 7311‘
apen PalB

_ Z fcxfﬁ CagPTwa@mUﬁ)('aPTwﬁ) — Z PTwa<va,vB><-7PTwﬂ>

a,Be0 PaPbp a,B¢el
_ {a gafﬁ
= Z 7<'a PTwa>P']I‘wa <va7 Ua> + Z Prwe, <Uaa v,3><'7 P’]l'w,B>

acs) Pa a,B3€Q PaPp

a#B
> Prtava, va) . Pruas)|

o,B€l

= |||lvall? fa 1) (Y, Prwa)Prwa + Salp 1 PTwaHO"B<~,PTw )
B
acl \Pa atp PaPp

IA

loal 3 (5“ - 1) ¥, Prave) Pruve

acl @

+ Z <§a§ﬁ — 1> Prwa H*? (-, Prwpg)
—y Pabp

— [vallt [PeFpaPr — PeFiPsl| + | S (5‘*5" - 1) Pruwa H(., Prws)
oy Palp
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88y
Dp

> P’H‘waHaﬂ<'7 P’]]"LUﬁ>
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where the first inequality follows from the triangle inequality and the final inequality follows

from Theorem 4.B.2. We note that term Bj is bounded by Theorem 4.B.1, and by the fact that

|vallF is constant for all e € I and that ||va|% < 3 from Theorem 2.A.3. We bound B, using

Theorem 4.B.5 and we bound Bs using Theorem 4.B.6. This concludes the proof.

O

Lemma 4.B.7. Let M, o defined as above. Then for m > V5nlogn we have that

IMpall < n’.

Proof. We notice that

1> (-, wg)Haﬁ'wa

1) (-, meo‘ﬂwa

Z (-, wg) H*Pwq

3 £af
Mpsll = |52 (52— 1) o wallvalpwa + 3 (5252 -
acl P a,Bel PaPp
B
§af
< (52 - 1) frwadlalun| + | 3 (252
acl Pa a,Bel PaPp
a#s3
§
<D0 22 wa) [valfwa| + || D¢ wa) |[valfwa
Pa
acl acl
% Haﬂ . Haﬁ
+ Z (- wg) Wal| + Z (-, wg) We
apger Pobp ol
a#B a#s3
2 4
n n
= <m +1> Z<'7wa>||'uau%wa + <m2 + 1>

acl

a,B€l
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< (Zj + 1) Amax (H) + <:; + 1> Y (ws) H P wa =Y (- wa) H*wg,

a,Bel acl

S We )Vl + H

acl acl

1+2n

() () [
co(50) (1)

Z(-,'wa)wa

)

where the first two inequalities follow from the triangle inequality, the third inequality follows

from Theorem 4.A.1, the fourth inequality follows from the definition of v, the sixth inequality

follows from the duality of wq and v, along with the triangle inequality, and the second to

last inequality follows from the stipulation that m > v/5nlogn.

Lemma 4.B.8 (Local RIP of M, o). Assume that

| PrMpaPr — Pr|| < <o,

1 X — Xlle _ 0
(X)) T 2nd

Then

HPTZMP:QPTZ - PTzH < 4ey.

Proof. Notice that

[Pr, = Pr,MpaPrll = [|Pr, = Pr,Mp.aPr,
+ Pr — Pr + Pr, MpaPr — Pr,MpaPr + PrM,aoPr
< ||Pr, — Pr| + |Pr,Mp.0Pr, — Pr,MpaPr|
+ [|Pr,MpaPr — PrMpoPr| + ||Pr — PrMpaPrl
<[P, = Prll + [P, Mp el Pr, — Pr

+ [MpaPrlPr, = Prll + [Pr — PrMpaPr|

O

— PrMpaPr|
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2| X, — X
< |/\l(X)HF (1+ [Pr,Mpoll + [ MpaPrl) + |Pr — PrMyaPr|
2| X; — X|lr
2[|X; — X[ 3
< _—
< 2¢ + M (X) (2n?)

— €0 5 3
= 260 + 227”/3271

< 4507

where the first inequality is the triangle inequality, the second inequality is Cauchy-Schwarz,
the third inequality is due to Theorem 1.8.3 and (4.6), the fourth inequality is a result of

Theorem 4.B.7, and the final inequality is due to (4.7). O

4.C Local Convergence Results

We begin with the following technical lemmas used in the proof of local convergence.

Lemma 4.C.1 (Algorithm 9 Stepsize Bounds). Assume that ||Pr, — Pr,MpoPr,|| < 4e9 < 1.
Then the stepsize oy in W-DBRE can be bounded by

1 B |PrGy||% < 1!

<o < )
14+ 4eg (’P’]rl G, Mp7QP"]1‘l Gl> 1 —4eg

Proof. We will prove this by leveraging the local RIP assumption. Notice the following:

(Pr,Gi, M, oP1,G)) = (Pr,Gi, Pr,Mp o Pr,G))

= (Pr,G|, Pr,Mp aPr,G; — Pr,G;) + (PrG;, PrG}).

We can now leverage the variational characterization of the spectral norm and local RIP, proven

in Theorem 4.B.8, to bound the following:

~(420)[PrGillE < (Pr,G1, Pr, MpoPr, Gi — Pr,Gi) < (4e0) [ PrGillz
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As such, we can now bound the denominator as

(1= 420)[PrGillfy < (Pr,Gi, MpoPr, Gi) < (1 + 4eo)||Pr G-

Rearrangement of this last expression yields the upper and lower bounds on the step size

derived above. O

Lemma 4.C.2 (I; Bound). Assume ||Pr, — Pr,MpoPr,|| < 4eo and oy can be bounded as in

Theorem 4.C.1. Then the spectral norm of Pr, — cyPr, MpaPr, can be bounded as

8e
|Pr, — P My P, || < 7 (48)
1-— 460
Proof. From direct calculation, it follows that
HPTZ - alPTLM%QPTzH < ||7DTZ - PTLM%QPTZH + |al - 1| H,PTZMP,Q,PTz H
< deo + |ag = 1| ([[Pr, Mp.oPr, — Pr, || + [Pr. )
1 (1 — 480)
<4 — _
<ot (1o — T ) (1Ps MyaPr, = Prl + [P,
1 (1 —4ep)
<4 — 4 1
=0 (1—450 1— 4z >( fo+1)
480
=4 1+4
o + 1—460( + 4ep)
. 860
N 1-— 480’

where the first inequality comes from the triangle inequality, the second inequality comes from
Local RIP in Theorem 4.B.8, the third inequality comes from the stepsize bound in Theo-
rem 4.C.1, the fourth inequality again comes from Theorem 4.B.8, and the remainder comes

from algebraic simplification of terms. This finishes the proof. O

4.C.1 Proof of Theorem 4.5.2

We can now prove Theorem 4.5.2.
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Proof. First, it follows that

[ X1 = Xlp < [[Xip1 = Willr + [[W) = X[p < 2|W; — X][F,

as X1 is the best rank-r approximation of Wj. Plugging in W; = X + oyPr,G;, we see that

[ X141 — X[r <21 X + P, G — Xl
::2”)(1——;K_—-aqﬁﬁyﬂ4pA)()(l—-)K)HF

< 2||(Pr, — v Pr,MpoPr,)(Xi — X)|[r
I
+2(|(I = Pr, )(X; — X)|Ir

I

+ 2af||Pr, Mp oI = Pr,)(X; — X) ||k -

I3

It remains to bound each term individually. Using Theorem 4.C.2, we see that

1660

I <
t= 1 —4eg

X — X||F.

Next, notice that from Theorem 1.8.3 and the fact that Pr, X; = X,

I =2||(I = Pr)X; — (I = Pr,)X)|r

— 2|1 = Pr,) X e
201X, - X2
=T

€0
@HXZ - X||r

< el X7 — X|p

€0
< X, — X
ST, 1 X1 — Xg,

using Theorem 1.8.3 and our initial local neighborhood assumption. Finally, we see that,
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following a similar argument as in the bound of I,

Iy < 2[eu[|Pr, Mp,all|(I = Pr,) X[

1-— 450 P /\T(X)

2 €0

2n® —

1—4eo " 203
€0

1—460

) 1X - X

IN

X — X||r

IN

1 X — X,

where the second to last inequality follows from the same analysis conducted in Theorem 4.B.8,

scaled by a factor of % Collecting these results, we get

18¢
X1 — Xfp <

X;— X||p.
< X - Xy

By the assumption of the theorem, which holds for [ = 0, and as we have a contractive sequence,

it inductively follows that the assumption holds for [ > 0. This concludes the proof. O



Chapter 5

Conclusion and Future Outlook

5.1 Summary of Results

Throughout the course of this thesis, we have investigated various first-order Riemannian tech-
niques to solve the Euclidean Distance Matrix Completion (EDMC) problem. By reformulating
the completion task from the distance matrix directly onto the manifold of low-rank Gram
matrices using a dual-basis approach, we developed and analyzed several novel algorithms.

In Chapter 2, we introduced a Riemannian pseudo-gradient descent method based on the
asymmetric sampling operator Rq in Algorithm 4 (Riemannian Pseudogradient Descent). We
established the Restricted Isometry Property (RIP) for this operator under uniform sampling
and provided rigorous local linear convergence and initialization guarantees. We also introduced
Fq and the corresponding Algorithm 3 (RF-RGD), but we do not provide a proof of convergence
in this Chapter. We noted that, although Riemannian Pseudogradient Descent is provably
convergent, it is numerically outperformed by Algorithm 3 and the non-convex algorithm in
[TL18].

In Chapter 3, we improved upon this foundation by constructing Mg, a symmetric and
diagonally re-weighted operator that allows for true Riemannian gradient descent (DBRE),
seen in Algorithm 7. Through the application of advanced decoupling inequalities and non-
commutative concentration bounds, we proved RIP, local convergence, and critically, robustness
guarantees against geometric perturbations. This algorithm bridged the theoretical gap between

Riemannian Pseudogradient Descent and RF-RGD, exhibiting provable guarantees and state-

164
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of-the-art numerical performance.

Chapter 4 marked a significant departure from standard non-convex EDMC literature by
dropping the uniform sampling assumption. To recover highly coherent or pathological point
configurations, we designed a non-uniform sampling scheme based on geometric leverage scores.
We proposed the weighted operator M, o and corresponding algorithm in Algorithm 9 (W-
DBRE), and successfully established its theoretical convergence. This approach bridged the
gap for the recoverability of coherent datapoints, and even for approximated geometric leverage
scores Algorithm 9 exhibited state-of-the-art recovery. This concluded the main body of the
thesis.

For the curious reader, we finish the story by providing a sketch of the convergence analysis of
RF-RGD in Section A.1. Although Fq lacks standard RIP concentration around the identity,
the provided proof sketch that demonstrates that local convergence can still be achieved by
leveraging a second-order approximation of the retraction map, offering a non-RIP analytical
avenue for algorithmic recovery. This convergence result is weaker than those presented in
Chapters 2-4 due to the technique used, as the second-order approximation of the retraction
map requires a very small local neighborhood to control perturbations in the approximation,

and a more rigorous proof is a possible future direction to investigate.

5.2 Future Work

We will now outline some immediate future directions of inquiry in this domain.

5.2.1 Sampling Models

The most interesting line of inquiry in the EDMC problem, by my estimation, is the extension
of rigorous convergence analysis to various sampling models. There are a handful of sampling

models that are well-studied: examples include

e Uniform sampling—discussed in this thesis as well as, non-exhaustively, in [LL17, TL18,

GTK24, LS25).

e Leverage score sampling—see Chapter 4.
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e Uniform random geometric graphs—see [JM12]. This paper specifically shows that for
random geometric graphs uniformly distributed in [—0.5,0.5]¢ that recoverability is pos-
sible for an edge connection radius 7 > (log(n)/n)¢. See Definition 5.2.1 for a definition

of random geometric graphs.

e Anchor-based strategies using trilateration [LLMO08, LLMM14].

This is a rich body of theory in the EDG/EDMC problem, but this omits a wide class of

interesting models to sample. Of particular interest are the following models:

e Random d-regular graphs—One direction of study we have attempted during the
course of my thesis work is sampling using random d-regular graphs. For clarity, this
could be thought of as where each point p; has d observed distances connected to it;
mathematically, for each fixed i, |{j : ||p; — pjl|3 is known}| = d. This is inspired from
a line of work in the matrix completion literature, where reconstruction guarantees were
derived for the standard matrix completion problem in [BJ14, BV20, XLL24]. The cited
approaches use deterministic, linear-algebraic properties of a certain class of d-regular
graphs that heavily leverage structural sparsity of the operator Pq, along with a nuclear
norm minimization algorithm styled after [Recllal. It remains to be seen if this is pos-
sible for any of the studied operators, such as Rq, Fq, or Mg, although the dual-basis
structure would likely make direct computation infeasible. Existing techniques in this
paper, leveraging tools like Theorem 1.7.2, are inapplicable due to the highly dependent
structure of the graph—each edge is dependent on the total number of edges connected
to a given node, which eliminates the ability to decompose any measurement operator as

the sum of independent random operators.

e Other Random Geometric Graphs—Although we stated that there is a paper that
discusses the recoverability under a random geometric graph model in [JM12], to my
knowledge there is still more that can be done in this area. For clarity, we define a

random geometric graph as follows.
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Definition 5.2.1: Random Geometric Graph

Let (X,d) be a metric space, and let V = {X1, Xo,..., X, } be a set of n random

variables representing points distributed independently and identically over X ac-
cording to a specified probability measure (typically the uniform distribution). For
a given threshold radius r > 0, the random geometric graph, denoted G(n,r), is
defined as the undirected graph with vertex set V', where an edge e;; exists between

distinct vertices X; and X; if and only if:

d(XZ,XJ) S T.

In [JM12], an SDP solver was shown to recover random geometric graphs that generated
from a uniform distribution on [—0.5,0.5]%. It remains to be seen if non-convex method-
ologies can exhibit provable recovery in this setting. Additionally, it would be interesting
to see if other random geometric graphs on [—0.5,0.5]¢ that are not uniformly distributed

would be recoverable.

5.2.2 Other Algorithms
Semidefinite Approximation

Much of the work in this paper was dedicated to the convergence of Algorithm 3, Riemannian
Pseudogradient Descent, and Algorithm 7 under the uniform sampling assumption, and sub-
sequent convergence guarantees were provided in each of Chapters 2, 3, and 5. However, it
is possible that other, faster non-convex algorithms exist with similar convergence guarantees.
Take for example the Augmented Lagrangian algorithm outlined in [TL18]. This non-convex
algorithm does not currently have any known theoretical convergence guarantees. However, in
Table 2.1 and Figure 3.3, [TL18] performs either comparably-to our outperforms the non-convex
algorithms studied in this work and in [GTK24]. To add onto this, the algorithm in [TL18] is
simpler than the construction for Algorithm 7, and is computationally faster as well.

Before discussing a possible approach to the convergence theory of [TL18], we briefly intro-
duce the Burer-Monteiro factorization of a semidefinite program (SDP). The Burer-Monteiro

factorization is a non-convex formulation used to efficiently solve large-scale SDPs by replacing
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the PSD matrix variable with a low-rank factorization. The standard SDP, for some linear
operator A : R™*"™ — R™, can be expressed as follows:

min (C,X) subject to A(X)=0b. (5.1)

The Burer-Monteiro approach factorizes the matrix variable X € R™" as X =YY ', where
Y € R™*P and the rank p is chosen such that p < n. The problem is thus reformulated as:

min  (C,YY') subjectto A(YY')=b.
Y cRnxp

This approximation is non-convex, but is computationally more tractable for large-scale opti-
mization tasks [BM03, BVB16]. In fact, the approximation in [TL18] came about from the

difficulties of performing trace minimization directly on Gram matrices in the EDMC problem.

Recently in [DLY25], the authors proved the local convergence of the sub-problems of an
Augmented Lagrangian under a Burer-Monteiro approach to SDPs. This convergence analysis
represents an important step forward in understanding non-convex approximations to SDPs,
and when convergence theory can be rigorously established. The convergence analysis relies
on a handful of “well-posedness” properties of the underlying SDP. As the EDMC theory in
[TL18] is itself a special case of an SDP (setting C' = I in (5.1)), it is possible that convergence
analysis for the non-convex algorithm can be completed. This would be a meaningful addition
to the EDMC literature, as much of the investigation into the complicated surrogates in this

work is a result of a lack of existing convergence analysis of [TL18].

A Better Convergence Proof for Algorithm 3

In Section A.1, we provide a proof sketch of convergence of RF-RGD in a very small radius
around a ground truth solution matrix X. In order to make this proof rigorous, a tighter
understanding of the second-order approximation of the retraction map on N, is needed. An-
other approach, however, could prove more beneficial. If the eigenmatrices of Fy were better
characterized, and the majority of a given residual X; — X lies in a better-conditioned part of

the spectrum of Fy, we could adapt the proof in Section A.1 to use the concentration result to
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Dis Dy D3
Non-Rigid Graph Rigid Graph

Figure 5.1: Comparison between a rigid and non-rigid graph

bound HPTFQPT - %PT]:HPTH and then use spectral information on Fy to build a contractive
sequence. It remains to be seen if such a characterization is feasible, but this approach would
allow for more careful convergence theory that does not rely on the complicated second-order

approximation of N,.

5.2.3 Connections to Rigidity Theory

One final direction of future interest is the connection between rigidity theory and the optimization-
based approaches studied in this thesis. Rigidity theory investigates the uniqueness of graph
realizations embedded in R¢, with edge lengths constrained by the graph weights. For example,
in Figure 5.1, the left-most figure depicts a non-rigid graph, meaning its realization remains
valid even if Node 1 rotates around Node 2; the physical embedding is not a rigid body in
R?. Contrast this with the right-most figure, where any continuous motion of the vertices must
either result in a trivial isometry (translation or rotation) or require a deformation that changes
a given edge length; this figure is a rigid body in R2. It is known that a globally rigid graph

corresponds to a unique point configuration up to isometry [LLMM14]. In particular, it is also

known that Erdos-Rényi graphs G(n, p) are globally rigid with high probability if p 2> 105 . for
a generic set of edge lengths [LNPR23]. Compare this with the theory in Chapter 3, where algo-
rithmic recovery is only possible for p 2 10% for v-incoherent, low-rank matrices with v = O(1).
A current open question centers around the connection between the global rigidity of a graph
and the incoherence of the corresponding point cloud; specifically, are highly coherent structures

less likely to be globally rigid when connected via random edges? A connection between these

two disparate areas appears natural, but as of yet remains unstudied in the literature.
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5.3 Conclusion

We now return to Question 1.1.2 and Question 1.1.3 at the end of this thesis. In many cases, we
can answer both Question 1.1.2 and Question 1.1.3 in the affirmative; yes, oftentimes you can
reconstruct points in space from partial observations alone. It is not always easy, however, and
the simplicity of the questions belies the mathematical richness and beauty of Question 1.1.3.
There are likely endless variations on the theme of Question 1.1.3, with two seen in Ques-
tion 1.3.1 and Question 4.1.1, and this problem will hopefully inspire mathematicians for years

to come. Thank you for reading.



Appendix A

Appendix

A.1 A Proof Sketch for the Convergence of Algorithm 3 (RF-
RGD)

In this section of the appendix, we provide a heuristic sketch of a convergence proof of Algo-
rithm 3 (RF-RGD), the Restricted Frame Riemannian Gradient Descent for EDMC algorithm
presented in Chapter 2. This proof does not use an RIP mechanism. This chapter has not been
published previously, and is more of a formal proof of convergence rather than a rigorous one.
In particular, the characterization of the retraction map on N, is treated in a loose way. Future
work could be done to make this proof of convergence rigorous, and could also improve local

neighborhood assumptions for this idea, which are currently quite stringent.

A.1.1 Theoretical Analysis

We first reproduce an important result from [Van12] on a Taylor series expansion of the retrac-

tion map.

Lemma A.1.1 (Second-Order Retraction on N;.). Let N, be the Riemannian manifold of ma-
trices of fized rank r embedded in R™ ™. For any X = UXV " € N, and any tangent vector

&€ € TxN, parameterized by the orthogonal decomposition € = UMV T + UIDV—r + UV;)T, the

171
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mapping R()? : Tx N, — N, defined by:
RY () = Zuzy,

where the factors are explicitly constructed as

1 1 1
Zy =U <2 + oM - 8M21M> +U, <Ir - 221M> ;
Zy =V <Ir + %MTE_l - éMTE_lMTE_1> +V, <2‘1 — ;2‘1MT2‘1> :

is a second-order approximation of the exponential map on (9x,N;). Furthermore, the expansion

of this mapping satisfies:
(2 gy 1y, T 3
Ry (§) =X+&+U,EV, +0(l€lp) as [I€lp — 0.
Additionally, the deviation from the exact metric projection Rx (€) = Py (X + &) satisfies:

RY(€) - Rx (&) = O(l¢]%) as [|€]x — 0.

We will use this technique purely as a theoretical tool. First, we note that in RF-RGD
Hr (X + afPr, Fo(X; — X)) = Rx,(—a]Pr,Fa(X; — X)). We will use the deviations of the

map Rx, and Rx to prove convergence.

Again, we remark that this result is more formal than rigorous. In order to prove convergence
of RF-RGD, one would need to more carefully characterize Rx beyond just an asymptotic
expansion. This next theorem is more to illustrate how a convergence mechanism might work
due to the second-order approximation around N, rather than to be a convergence proof on

the level with the preceding arguments seen in this document.

Theorem A.1.2. Let X € N, be a symmetric, v-incoherent, rank-r ground truth Gram matriz

accessed through partial Bernoulli random sampling of {(X, wa) }acr- Assume that the following
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initialization holds for some sufficiently small constant c:

| X0 — X|r ) vr 1 m
NG — Al
MX) ST R 3(36ur + 2) 120L(36ur £ 2) (A1)
. m3/2(36vr + 2) m?
A (X)V/172n3/2L3/27 48nL2(36vr 4 2) |

If m > 3072v%r2nlogn, then RF-RGD recovers X with probability at least 1 — 2n'=8 with a

per-iterate contraction factor p; bounded by

1

S [P —
P 3(36ur + 2)

Proof. We first begin this theorem by noticing that, for X;,1 = H,(W;) and W, = X; —

a;Pr, Fo(X; — X) = X; + G; and for some sufficiently large ¢ > 0

1 X1t — X e = [H:(Wh) — X]|p
= |Rx,(G)) — X
< |RR(G)| + |Rx,(G)) — Rx,(GY)|
=X - X+ G+ UE7'U) |Ip + c|Gi[}

<X = X + a;PpFa(X — X))|[r + 1U,|1% + cl|GiI%

b
>\min (Xl)

< (T = P, Fa)(Xi — X)|[r + Gill§ + el Gulli,

_
)\min(Xl)

Approximation Terms

where the first inequality follows from Theorem A.1.1 and the triangle inequality, the second
inequality follows from Cauchy-Schwarz, and the last inequality follows from the orthogonal
decomposition of the tangent space elements described in Theorem A.1.1. Examining the first
term in the final inequality in a way analogous to previous proofs of convergence, such as in

Theorem 2.2.2 or in Theorem 3.2.2, we can see that

I(Z = aiPr, Fo)(Xi = X)|[p < [[(Pr, — cw’Pr, FoPr,)(Xi — X) |

+ 1(Z = Pr)(Xi = X) |l

I




174 Chapter A

+ [JaPr, Fa(Z — Pr)(Xi — X)||r

I

<L+DL+o H(mesﬂ’qu - %PTZ-FHP’H‘l)(Xl - X)HF

I3

+Pr - e e - X0

Iy

The bounds for I, Is, and I3 follow a similar approach as in Chapters 2-4. The novel piece
is now the analysis of Iy. We will now derive an optimal per-iteration step size and show that

this algorithm is locally a contraction.

In order to do this, we first must bound Apax(Pr, FiPr,) and Amin(PrFiPr). For the upper

bound, notice that this is equivalent to the bounds in Theorem 3.B.2. As such, we have that
Amax (Pr, Fi'Pr,) < 4yr, (A.3)

where v; is the incoherence of the [-th iterate X;. From Theorem A.1.3, we know that v; < 36v

if IXi=X|le  /om
min - n
We now need to consider the lower bound Amin(Pr,FrPr,) when restricted to the subspace

T;. It follows that

Amin(Pr. FiP1,) = i Y, Prwe)?
( T,/1 Tz) YGTfﬂl}gllF:laZE]f T, W >

= min g (Y, we)>
YET,|Y |r=1
€LY lle=1 =

> min Y, we)?
_||YHF:12< )

acl

>2

as Amin (H) = 2 from [LT23].

So now we can bound the expression ;. Notice that for ||Pr, — c;FPr, F1Pr, | < 1, we need
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the following pair of equations to hold:

36mur

1
I <

-1<1l—q

2m

Rearranging these two equations, we can see that

0< <
a 18mur

L
0< o< —.
m

. The optimal contraction rate

As vr > 1, we have that contraction occurs if oy € (0, ﬁ)

occurs when, for optimal step size oj,

Rearranging this expression, we see that the optimal step size oj is

. 2L/m
of = ———.
36vr + 2

Plugging this into the contraction expression above, we see that the optimal theoretical

contraction rate is
36vr — 2

m _3r—2
~ 36ur 42

HPT —ai g

PT]:HPTH =p

36vr—2

As such, Iy < 575

|X: — X|lr. To prove convergence of RF-RGD, we need to show
that Iy + Iy + I3 + )\;(XL)HGIH% + |Gl < 36%%. To do this, we will leverage the local

neighborhood assumption made in (A.1).

We now bound each of these expressions individually. We will first bound I;. Notice that
I1X: — X||r

7 — X - X < -

H( PTZ)( l )HF — )\mln(X)

<
~ 3(36vr + 2)

X — X||p

1X; — X|lr,
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by assumption. Next, we notice that

Iy = [|af P, Fa(Z — Pr)(Xi — X)||r

2L/m 1 X — X ||r
_2L/m X = Xlle »  x
—36ur+2H af Amin (X)) 1% I
2L/m 1X; — X||p
F X, - X
_36ur+2H il Amin(X) X I

_ AnL/m || X; — X||p
36vr + 2 Amin(X)
1
D —
~ 3(36vr +2)

X — X||p

| X — X||F,

where the first inequality follows from the sub-multiplicativity of the operator norm, the second
inequality follows from the fact that Fgq is a positive semi-definite sum of rank-one outer prod-
ucts, and the final inequality follows from (A.1). Now, we can bound I3 using Theorem 3.B.2

and the assumption on m > 3072v2r2nlogn, noticing that

2L/m m
[o— _22/m ’ _m
37 36ur + 2 PriFoPr, L P F1Pr,
2 1
— 36vr+26
1

3(36vr + 2)’

where the inequality holds with probability at least 1 — 2n'~# from Theorem 3.B.2 and Theo-
rem A.1.4. Next, we must bound the quadratic and cubic terms in ||G)||r. First, we consider
the curvature bound mHGZH% One thing that needs to be taken into consideration for
this expression is the factor of m, as this expression can become unbounded if the iterates
approach lower-rank values, i.e. rank(X;) — r — 1. In a local neighborhood, however, we can

use Weyl’s inequality [Bhal3] to show that
Ar(Xy) = A (X)) < | X0 = X < [[ X0 — Xlp

Assuming that || X; — X|| < $Amin(X), which holds from the assumptions stated in (A.1), we
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have that ~1(Xl) <5 AQ(X). We can now bound this as
G < e Py Fa(Xi - X) [
Amin(Xl) )‘min(X)
21X — Xlr o 9
< 2 P Foll? X, — X
S T (X) a7 Pr, Fal|* | X r
2L/m \? || X, — X||p
<4 X - X
= n<361/r+2> (X)Xt = Xl
1

< o700, o\
= 3(360r 1 2)
using the definitions of o, (A.1), and the fact that || Fq|| < 2n. Lastly, we have that

c|Gilli = cllawPr, Fa(X; - X))

2L/m ’ 3 3
_C<36W‘—|—2> 8n°|| X; — X

< ot L S IXi- XIRIXi - Xl
ga%iﬁﬂ&—xw
Collecting these results, we have now that
36vr — 2 )

H&H—Xh<( )mﬁxm

36vr + 2 + 3(36vr +2)

1
= (1 — ) I1X,— X|[p.
< 3(36yr+2))||l I

Since the assumptions of (A.1) are satisfied for [ = 0 and || X¢ — X||r, the assumptions are
satisfied for any [ > 0. As such, we have defined a contractive sequence, and the algorithm

linearly converges with the specified contraction rate. This concludes the proof. O

We note that this analysis is far from optimal. First, one could follow a similar approach
as in Theorem 2.B.1 and Theorem 2.B.2 to bound the expressions ||Pr,Fql| and ||PrFq||. The
tighter bound in this concentration framework would be ~ \/nvrlogn, which would tighten all

of the local neighborhood assumptions.
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Another way to approach the analysis of this algorithm is to let the stepsize a; < % As we

get contraction for any o € (0, L), we could choose a very small o; to attenuate the worst

m
36vr4-2
of the local neighborhood assumptions in (A.1), as the tightest neighborhood restrictions come
from the quadratic and cubic terms from the approximation of Rx, with Rg? This would

decrease the size of the contraction factor from I, but the linear growth in that expression

would be counteracted by the quadratic/cubic growth from the approximation terms.

A.1.2 Supplementary Results

Lemma A.1.3. Let X € R™" be a v-incoherent rank-r Gram matriz. Let X; € R™™" be a

1X: — X|p _ fvr
)\min(X) - n’

Then the matriz X; is at most 36v-incoherent.

matriz such that

Proof. This theorem follows directly from Theorem 1.8.1. Let X; = UlAlUlT. First, notice that

max || Py, wallr = max |[(Py, — Pv)wa + Pvwa|r
acl acl
< max|[Prwall + [|(Pv, = Pu)wallr
o IXi= X
n Amin (X))
[4vr
< )
o n
where the second inequality follows from Theorem 1.8.1 and the final inequality follows from
the assumption in the Lemma statement. The final statement of the theorem comes from the

fact that

[Prwallr < 3|Prwalp.

Lemma A.1.4 (Local Concentration of Fq). Let

% |PeFaPr — ZPrFaPr| < <o
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Then for % < C, we have that

L
- HPTL}"QPTZ — %%ﬂm < 4.

Proof. This proof will follow a near-identical strategy to Theorem 3.B.11, Theorem 2.B.3 and

Theorem 4.B.8. Since we recognize that
[Pr.Foll < [ Fall < [1F1l] = 2n

and

[PrFal < [[Fall < [ Fill = 2n,

the result will follow under the same analysis given the local neighborhood assumption provided

above. O

A.2 Dual Bases

In a finite dimensional vector space of matrices V, where dim(V) = n, any basis admits a dual,
or bi-orthogonal, basis denoted B* = {Y;}"; that also spans V. Importantly, this dual basis

B* and admits a bi-orthogonality relationship
(X3, Y;) = dij.

Additionally, B uniquely determines B* and vice versa. The bi-orthogonality relationship allows

for the decomposition of any matrix Z € V as follows:

n n
Z=)(ZY)X;=)> (Z X))V,
i=1 i=1
We define the Gram, or correlation matrix, H € R™", for B as H;; = (X;, X;), and let
HY = (H™Y);;. It is straightforward to show that Y; = > i1 HYX; generates B*, and

similarly that X; = >, H;;Y; [Bhal3].
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A.3 Geometry of Low-Rank Matrices

One of the primary motivations for constructing geometric algorithms on manifolds is the fact
that many natural sets of matrices form Riemannian manifolds. The set of fixed-rank matrices
are one of these sets, and will naturally appear in our discussion of matrix completion. The
following lemma showing that matrices with a fixed rank form a smooth manifold uses the

regular level set theorem from [Tul0]. A statement has been reproduced below:

Theorem A.3.1. Let N and Q be two manifolds with dim N = n and dim Q = m, and let
F: N — Q be a C*™ map between these manifolds. Then for any reqular ¢ € Q, the preimage

F~1(c) is a regular submanifold of N" with dimension n —m.

We note that we have not defined regularity in this context. KEssentially, regularity just

requires that the differential of F' is surjective at a point ¢. More details can be found in [Tul0).

Lemma A.3.2. The set N, = {A € R™*" | rank(A) = r} is a smooth manifold with dimension

r(m+mn—r)

Proof. We will prove that N, is a smooth submanifold of R™*™ of dimension r(m + n — r)
utilizing Theorem A.3.1. Let Ay € N,.. Since rank(Ag) = r, there exists a non-zero r X r minor.
By applying permutation matrices P and @ to permute the rows and columns, we can assume
without loss of generality that the leading principal r» X r submatrix of Ag is invertible. That
is, we can partition the matrix as

Xo Yo

Zy Wy
where Xy € GL(r,R).
Let U C R™*™ be the open neighborhood of Ay consisting of all matrices A that are

identically partitioned as

XY
zZ W

such that X € GL(r,R). The set U is open because the general linear group is an open subset

of the space of square matrices.
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For any A € U, we can perform block Gaussian elimination by left-multiplying A with a

non-singular block lower-triangular matrix:

I, 0 XY X Y
-zZX ' 1, zZ W 0 W-zZXy

As multiplication by an invertible matrix preserves rank, it follows that rank(A) = r if and
only if:
X Y

rank =r.

0 W-zZXy

Because X is an r x r invertible matrix, the first » rows of this resulting matrix are linearly
independent. For the total rank of the matrix to be exactly r, the remaining m — r rows must

be identically zero. This yields the necessary and sufficient condition:

W —-ZX"'y =o.

We define a map ® : ¢ — Rm=7)x(n=7) 1y

PA) =W -ZX Y,

where A has the same block structure as in (A.4). This map is smooth because it is composed
of matrix multiplication, addition, and inversion, all of which are smooth operations on the

domain where X is invertible.

We now show that 0 is a regular value of ®. We compute the differential of ® at an arbitrary

point A € U. The partial derivative of ® with respect to the block W' is the identity map on
R(m—r)x(n—r):

Dw®(A)H] = H,
for any H € R(m—)x(n=7),

Since the differential with respect to a subset of the coordinates is surjective, the total

differential d® 4 is surjective for all A € U. As such, ® is a smooth submersion.
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By Theorem A.3.1, the preimage ®~!(0) = N, N U is a smooth submanifold of ¥, and
consequently a smooth submanifold of R™*"™, The codimension of this submanifold in R™*" ig
equal to the dimension of the codomain of the submersion ®, which is (m—r)(n—r). Therefore,

the dimension of the manifold N is:

mn—(m—r)(n—r)=r(m+n-—r).

Because A was chosen as an arbitrary element of A, this local coordinate construction
holds in an open neighborhood around every point in the set. Thus, N, is a smooth manifold

of dimension r(m +n —r). O

We note that there has been a tremendous amount of work conducted into the geometry of

matrix manifolds. See [AMSO08] for more details.
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