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Abstract

The Euclidean Distance Matrix Completion (EDMC) problem is a foundational problem in

engineering, data science, and machine learning. This problem can be simply described by

the following question: given partial access to a set of pairwise Euclidean distances between n

points in r dimensions, is it possible to reconstruct the set of n points, up to rigid transforma-

tions, that generated the pairwise distances? This problem traces back to the 1950s, and its

variations are still actively studied in the literature today. Much of the recent research on the

EDMC problem relies on low-rank matrix completion techniques, with theoretical guarantees

existing for nuclear-norm minimization over the cone of positive semidefinite matrices. These

techniques scale poorly for large sets of points, however, so investigation into faster, non-convex

surrogates is needed. This thesis provides several state-of-the-art approaches to provably solve

this problem under uniform random sampling of pairwise distances using first-order Rieman-

nian optimization techniques. In addition to this, we describe geometric conditions for recovery,

and provide a characterization of easy- and hard-to-recover point clouds. To solve the problem

for ill-conditioned geometries, we provide a geometrically-aware sampling scheme that provably

recovers any point cloud with state-of-the-art sample complexity.
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Lastly, I want to thank my partner Zoë. You have been such a rock for me throughout

my Ph.D. For every “it’s so over”, you always helped me find a “we’re so back” inside myself.

Thank you for always being there. Moving to the Boston area to come to Tufts was the best

decision I’ve ever made for many reasons, but meeting you is chief among them. I love you very

much.



Contents

1 Introduction 2

1.1 The Euclidean Distance Geometry Problem . . . . . . . . . . . . . . . . . . . . . 2

1.1.1 Classical Multidimensional Scaling . . . . . . . . . . . . . . . . . . . . . . 3

1.2 Low-Rank Matrix Completion (LRMC) . . . . . . . . . . . . . . . . . . . . . . . 7

1.2.1 Incoherence of Low-Rank Matrices . . . . . . . . . . . . . . . . . . . . . . 8

1.2.2 Theoretical Recovery through LRMC . . . . . . . . . . . . . . . . . . . . 9

1.3 The Dual-Basis Approach to EDMC . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.4 First-Order Optimization on Manifolds . . . . . . . . . . . . . . . . . . . . . . . . 16

1.4.1 Geometric preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1.4.2 Riemannian Gradient Descent . . . . . . . . . . . . . . . . . . . . . . . . . 19

1.5 A Riemannian Approach to LRMC . . . . . . . . . . . . . . . . . . . . . . . . . . 20

1.6 Incoherence and Geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

1.7 Useful Inequalities from Random Matrix Theory . . . . . . . . . . . . . . . . . . 31

1.8 A Collection of Useful Theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

1.A Further Incoherence Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2 Preliminary Investigations into a Non-convex Riemannian Approach to the

EDMC Problem 38

2.1 Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

2.1.1 One Additional Surrogate of Interest . . . . . . . . . . . . . . . . . . . . . 42

2.2 Theoretical Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

2.2.1 Initialization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

v



vi

2.3 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

2.3.1 Synthetic Data Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . 50

2.A Properties of the Dual Bases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

2.B Restricted Isometry Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

2.B.1 Proof of Theorem 2.2.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

2.C Proof of Local Convergence (Theorem 2.2.2) . . . . . . . . . . . . . . . . . . . . . 65

2.C.1 Proof of Theorem 2.2.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

2.D Initialization Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

2.D.1 Proof of Lemma 2.2.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

2.D.2 Proof of Lemma 2.2.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

3 An Improved Non-convex Riemannian Approach to the EDMC Problem 74

3.1 An Improved Operator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

3.1.1 Implementation Efficiency . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

3.2 Theoretical Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

3.2.1 Local Convergence Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 80

3.2.2 Initialization Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

3.3 Robustness Guarantees . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

3.4 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

3.4.1 Synthetic Data Experiment . . . . . . . . . . . . . . . . . . . . . . . . . . 89

3.4.2 Comparison to Existing Methods . . . . . . . . . . . . . . . . . . . . . . . 89

3.4.3 Experiments on Noisy Distance Measurements . . . . . . . . . . . . . . . 92

3.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

3.A Further Properties of the Dual Bases . . . . . . . . . . . . . . . . . . . . . . . . . 94

3.B Restricted Isometry Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

3.B.1 Supporting Concentration Results . . . . . . . . . . . . . . . . . . . . . . 95

3.B.2 Proof of Theorem 3.2.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

3.C Local Convergence Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

3.C.1 Proof of Theorem 3.2.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

3.D Initialization Results (Proof of Lemma 3.2.3) . . . . . . . . . . . . . . . . . . . . 118



vii

3.E Robustness Guarantees . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

4 Non-Uniform Sampling Approaches to EDMC 124

4.1 A Leverage-Score based approach to LRMC . . . . . . . . . . . . . . . . . . . . . 124

4.2 Motivating Work in LRMC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

4.3 Geometric Leverage Scores and Sampling Scheme . . . . . . . . . . . . . . . . . . 127

4.3.1 Geometric Interpretation of Dual-Basis Geometric Leverage Scores . . . . 130

4.3.2 Geometric Interpretation of Standard Leverage Scores . . . . . . . . . . . 132

4.4 Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

4.5 Theoretical Guarantees . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

4.5.1 Restricted Isometry Property . . . . . . . . . . . . . . . . . . . . . . . . . 140

4.6 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

4.6.1 Approximate Leverage Scores . . . . . . . . . . . . . . . . . . . . . . . . . 143

4.6.2 Approximating W-DBRE and Other Leverage Scores . . . . . . . . . . . . 145

4.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

4.A Useful Lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

4.B Restricted Isometry Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

4.B.1 Supporting Concentration Results . . . . . . . . . . . . . . . . . . . . . . 147

4.B.2 Proof of Theorem 4.5.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

4.C Local Convergence Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

4.C.1 Proof of Theorem 4.5.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

5 Conclusion and Future Outlook 164

5.1 Summary of Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

5.2 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

5.2.1 Sampling Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

5.2.2 Other Algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

5.2.3 Connections to Rigidity Theory . . . . . . . . . . . . . . . . . . . . . . . . 169

5.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170



viii

A Appendix 171

A.1 A Proof Sketch for the Convergence of Algorithm 3 (RF-RGD) . . . . . . . . . . 171

A.1.1 Theoretical Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171

A.1.2 Supplementary Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178

A.2 Dual Bases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179

A.3 Geometry of Low-Rank Matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . 180



List of Tables

2.1 Relative recovery error ∥X −Xrec∥F / ∥X∥F between the recovered

Gram matrix and the true Gram matrix averaged over 25 trials

using Algorithms 3, 4, and the non-convex algorithm in [TL18]. . . . 51

3.1 Relative recovery error ∥X−Xrec∥F/∥X∥F averaged over 25 trials. . 89

3.2 Relative recovery error ∥X −Xrec∥F / ∥X∥F between the recovered

Gram matrix and the true Gram matrix averaged over 25 trials

comparing DBRE, MatrixIRLS, and the Augmented Lagrangian ap-

proach. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

3.3 Relative recovery error
∥∥∥X − X̂rec

∥∥∥
F
/ ∥X∥F between the recovered

perturbed Gram matrix and the true Gram matrix averaged over 10

trials using DBRE for the Sphere dataset referenced in Table 3.1

and Figure 3.2. σ is the standard deviation of the perturbing noise,

and p is the sampling rate. . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

4.1 Comparative mean over 10 trials for relative Gram matrix error

results by algorithm, dataset, and percentage of samples. The in-

coherence constant for the ellipse with outliers is ν ≈ 38 ≈ n
3 , and

the incoherence constant for the standard ellipse is ν ≈ 2. . . . . . . 143

4.2 Mean computational time across sampling rates for W-DBRE and

[CBSW14] using the SDPT3 solver, sorted by sampling rate. . . . . . 143

4.3 Mean relative Gram matrix recovery error using W-DBRE with

varying leverage scores. For this experiment, ν ≈ 15 ≈ n
3 . . . . . . . . . 144

ix



x

4.4 Mean relative Gram matrix error across varying sampling rates via

approximate leverage scores. The incoherence constant is ν ≈ 11 ≈ n
3 .145



List of Figures

1.1 Geometric interpretation of subspace incoherence in matrix completion. . . . . . 10

1.2 A diagram of a simple first-order retraction method on N . Again, ∇f(xl) is the

Euclidean gradient of f at xl, grad f(xl) is the Riemannian gradient at xl, and

xl+1 = Rxl
(xl − αlgrad f(xl)) for some step size αl > 0, as in Algorithm 1. . . . 21

1.3 Visualizing the rows of U that lead to a minimal incoherence parameter. . . . . . 26

1.4 Example of a set of points with a maximal incoherence parameter. . . . . . . . . 27

3.1 This diagram is a schematic of the overall proof of convergence for DBRE. Arrows

indicate how results depend on one another, and how they link together to form

the overall proof of convergence. Not every exact dependency is shown in this

figure for legibility purposes, instead focusing on the key pieces of the overall flow

of the argument. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

3.2 Reconstruction of the synthetic datasets referenced in Table 3.1. From left to

right, the Bernoulli parameter is 0.03, 0.02, and 0.01. . . . . . . . . . . . . . . . . 90

3.3 Oversampling ratio ρ versus dimension r for 100 points on the uniform distribu-

tion on Sr−1. Each parameter was tested 100 times. . . . . . . . . . . . . . . . . 91

3.4 Oversampling ratio ρ versus noise level 10γ for 100 points drawn i.i.d. from

Unif(S2). Each parameter was tested 500 times. . . . . . . . . . . . . . . . . . . 92

4.1 Incoherent and Coherent Datasets . . . . . . . . . . . . . . . . . . . . . . . . . . 125

xi



xii

4.2 Phase Transition plot on the ellipse with outlier datapoints as a function of

the size of the dataset and the total percentage of revealed samples. All-white

indicates 100% success rate (classified as a relative error < 10−3, and all-black

indicates 0% success. Each square was averaged over 25 trials. . . . . . . . . . . 144

5.1 Comparison between a rigid and non-rigid graph . . . . . . . . . . . . . . . . . . 169



Examining Committee

Chair of committee: Dr. Abiy Tasissa

Assistant Professor

Department of Mathematics

Tufts University

Internal committee member: Dr. Xiaozhe Hu

Professor

Department of Mathematics

Tufts University

Internal committee member: Dr. Kasso Okoudjou

Professor

Department of Mathematics

Tufts University

External committee member: Dr. HanQin Cai

Assistant Professor

School of Data, Mathematical,

and Statistical Sciences,

Department of Computer Science

University of Central Florida

xiii



Notation

Matrices, Vectors, and Operators

• A,B,v: Matrices (uppercase bold) and vectors (lowercase bold). 0,1: Zero/ones vectors or

matrices. I: Identity matrix. ei, eij : Standard basis vectors/matrices.

• A, I: Linear/identity operators on matrices. A∗: Adjoint of A. V: Vector spaces/subspaces.

• X⊤,Trace(X): Transpose and trace of X. Xij : (i, j)-th entry. vec(Y ): Column stack into

Rn2
.

• ⟨A,B⟩: Trace inner product Trace(A⊤B). ⊙: Hadamard product. δij : Kronecker delta.

• A ⪰ B: Loewner ordering. X = UDU⊤: Thin spectral decomposition.

• Hαβ = ⟨wα,wβ⟩, Hαβ = ⟨vα,vβ⟩.

Norms and Spectral Quantities

• ∥ · ∥2, ∥ · ∥F, ∥ · ∥, ∥ · ∥∞, ∥ · ∥∗, ∥ · ∥2→∞: Euclidean, Frobenius, operator, max absolute entry,

nuclear (
∑

i σi), and 2 → ∞ norms.

• ∥A∥: Operator norm of A, defined as sup∥X∥F=1 ∥A(X)∥F.

• λmax(X), λmin(X): Max/min eigenvalues. λ1 ≥ · · · ≥ λr: Ordered non-zero eigenvalues.

• σr(Y ): r-th singular value. κ: Condition number ∥X∥/σr(X).

Sets, Indexing, Manifolds, and Geometry

• I: Universal index set {(i, j) : 1 ≤ i < j ≤ n}. Ω: Random subsets of I. ∅: Empty set.

• xi,x
i: i-th row and column of X, respectively, represented as column vectors.

• Nr,N : Manifold of rank-r matrices and general smooth manifolds.

• T,Tl: Tangent space at X ∈ Nr and at l-th iterate Xl ∈ Nr.

• ∇f, grad f : Euclidean and Riemannian gradients of f .
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Chapter 1

Introduction

1.1 The Euclidean Distance Geometry Problem

We start this thesis by asking a simple question:

Question 1.1.1

Given a set of pairwise distances alone, can I faithfully reconstruct a unique set of points

embedded in Rd?

At first blush, this seems like enough information to reconstruct a set of points in a finite-

dimensional vector space, provided sufficiently many points. If one has access to every pairwise

distance, i.e., if they are looking to reconstruct a set of points {pi}ni=1 ⊂ Rd, is access to every

∥pi−pj∥2 enough? After a second bit of thought, one might notice that the set {∥pi−pj∥2}ni,j=1

would be invariant to rotations and translations. Given this observation, one might be better

suited to ask the following:

Question 1.1.2: EDG Motivating Question

Given a set {∥pi − pj∥2}ni,j=1, is it possible to reconstruct a set of points {pi}ni=1 ⊂ Rd

that exactly correspond to the distances known?

The answer is yes, this is a feasible task. In fact, the solution to this problem has been

known for decades [Tor52, Tor58, Gow85]. We briefly provide an explanation, giving us a chance

2



1.1. THE EUCLIDEAN DISTANCE GEOMETRY PROBLEM 3

to set notation as well.

1.1.1 Classical Multidimensional Scaling

We first note that finding the set of points above is equivalent to looking to construct a matrix

P = [p1 · · · pn]
⊤ ∈ Rn×d from the set of pairwise distances {∥pi − pj∥2}ni,j=1. We now define

the squared Euclidean distance matrix (EDM) D ∈ Rn×n entrywise as

Dij = ∥pi − pj∥22.

We note that this matrix is symmetric and hollow, meaning that the diagonal of this matrix is

all zero. We consider the squared EDM for simplicity, which will become clear shortly. The goal

stated in Question 1.1.2 can be better thought of as trying to construct a linear map D 7→ P .

We now introduce the Gram matrix of {pi}ni=1, denoted X ∈ Rn×n, defined entrywise as

Xij = p⊤
i pj .

It is straightforward to see that X = PP⊤, which implies that X ⪰ 0, where ⪰ denotes

the Loewner ordering on matrices. As stated previously, it is not possible to uniquely recover

P from D alone, so we make the following simplifying assumption that the point cloud P is

centered.

Assumption 1.1.1: Centering and Rank Assumption

Let 1 = [1 · · · 1]⊤ ∈ Rn. Throughout this work, we assume that, for P ∈ Rn×r

P⊤1 = 0.

It follows that

X1 = 0.

We also assume that rank(P ) = rank(X) = r.

This assumption indicates that
∑n

i=1 pi = 0. This assumption will simplify much of our anal-
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ysis in this document, and does not drastically change the outcome of answering Question 1.1.2.

We now seek to construct a sequence of maps D 7→ X 7→ P in order to solve Question 1.1.2.

To solve the first leg of this task, we first notice the following entrywise relationship between

X and D, along with a full-rank assumption.

Dij = ∥pi − pj∥22

= (pi − pj)
T (pi − pj)

T

= pTi pi − pTi pj − pTj pi + pTj pj

= ∥pi∥22 + ∥pj∥22 − 2pTi pj

= Xii +Xjj − 2Xij .

The goal will now be to find the relationship between linear combinations of various elements

Dij to get a closed form expression for each of Xii +Xjj − 2Xij . We will use Assumption 1.1.1

in this approach. First, we sum across the rows of the pairwise distance matrices, denoting the

i-th row average as D̄i,·, we see that

D̄i,· =
1

n

n∑
k=1

Dik

=
1

n

n∑
k=1

Xii +Xkk − 2Xik

=
1

n

∑
k

Xii +
1

n

∑
k

Xkk −
2

n

∑
k

Xik

= Xii +
1

n

∑
k

Xkk

= Xii +
1

n
Tr(X).

By symmetry, we can see that

D̄·,j = Xjj +
1

n

∑
k

Xkk = Xjj +
1

n
Tr(X),

where the j-th column average is D̄·,j . Lastly, defining the whole average of entries as D̄·,·, we
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see that

D̄·,· =
1

n2

n∑
k,l=1

Dkl

=
1

n2

n∑
k=1

n∑
l=1

Xkk +Xll − 2Xkl

=
1

n

n∑
k=1

Xkk +
1

n

n∑
l=1

Xll

=
2

n
Tr(X).

From the above computations, it is clear that

Dij − D̄i,· − D̄·,j + D̄·,· = Xii +Xjj − 2Xij −Xii −
1

n
Tr(X)−Xjj −

1

n
Tr(X) +

2

n
Tr(X)

= −2Xij .

This computation provides a clear linear relationship between the entries of D and the entries

of X. We can see now that

Xij = −1

2

(
Dij − D̄i,· − D̄·,j + D̄·,·

)
= −1

2

(
Dij −

[
1

n
D11⊤

]
ij

−
[
1

n
11⊤D

]
ij

+

[
1

n
11⊤D11⊤

]
ij

)

=

(I − 1

n
11⊤

)
︸ ︷︷ ︸

J

D

(
I − 1

n
11⊤

)
ij

= −1

2
[JDJ ]ij ,

indicating that

X = −1

2
JDJ . (1.1)

We note that J is a projection matrix onto the orthogonal complement to the subspace spanned

by the vector 1.

Now that a linear map from D 7→ X has been established, we briefly note that this trans-
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formation is bijective for points satisfying Assumption 1.1.1. Defining the diag : Rn×n → Rn

operation as 

A11 A12 · · ·

A21 A22

...
. . .

Ann


7→



A11

A22

...

Ann


,

we can see that

D = diag(X)1⊤ + 1diag(X)⊤ − 2X. (1.2)

To construct P from X, we look to the eigenvalue decomposition of X. Taking a reduced

eigenvalue decomposition, we have that X = UΛU⊤ for U ∈ Rn×d and Λ ∈ Rd×d. As Λ ≻ 0,

it has a unique square root computable as

Λ1/2 =


λ
1/2
1

. . .

λ
1/2
d

 .

It follows then that taking

P = UΛ1/2, (1.3)

that

X = UΛU⊤

= UΛ1/2Λ1/2U⊤

= PP⊤,

thus giving our desired transformation. This procedure is known as Classical Multidimen-

sional Scaling (CMDS) and is a foundational technique in data science, machine learning,

and various other disciplines [BLWY06, DKQW10, Roj12, PRT18, TDSL00, GHR93, Tro97,

FT13, LLM08, EKS23].

Now that CMDS has been described, this leads us to want to investigate generalizations

of this problem. As every pairwise distance is quite a strong assumption (not to say anything
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about noisy distance measurements), we want to consider the case where distances are missing.

This assumption is of practical importance as well. Often there are limitations to measure-

ments that can lead to incomplete data. This can be caused by geographic, climatic, or other

factors that determine whether a measurement between two points can be obtained, and as

such some data may be missing [ASY16, MSMS13]. For instance, in protein structure predic-

tion, nuclear magnetic resonance (NMR) spectroscopy experiments yield spectra for protons

that are close together, resulting in incomplete known distance information[CRG93]. Similarly,

in sensor networks, we may have mobile nodes with known distances only from fixed anchors

[BONL07, KJVRK14].

As such, we are frequently in scenarios where the distance matrix D is incomplete, ren-

dering CMDS an inapplicable technique. The main motivating question of this thesis can be

summarized as follows:

Question 1.1.3: Euclidean Distance Matrix Completion (EDMC) Question

Given partial access to entries of a squared EDM D, is it possible to algorithmically

reconstruct a matrix X such that X = −1
2JDJ?

We note that the focus on the reconstruction of X would then allow us to use the eigenvalue

decomposition technique described previously. We will use the phrase Euclidean Distance Ma-

trix Completion (EDMC) problem to describe the problem of completing a matrix P from only

partial access to D. Before describing how we approach this problem in this thesis, however, we

will provide a brief detour into the discussion of a field known as Low-Rank Matrix Completion

(LRMC).

1.2 Low-Rank Matrix Completion (LRMC)

This work is related to low-rank matrix completion, where a subset of the entries of a low-

rank ground truth matrix X are observed, with the goal of algorithmically reconstructing the

matrix from this partial observation. This is intuitively possible just from the fact that the

“low-rankness” of the matrix lends itself to many repeated entries—or linear combinations

thereof—and as such full knowledge of the underlying matrix is unnecessary.
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To codify this problem mathematically, let us consider X as an n× n matrix for simplicity,

with Ω ⊂ [n] × [n] representing the set of observed indices. We note that this technique will

generalize to rectangular matrices, but as our goal is the adaptation of this technique to positive

semi-definite matrices the above assumption suffices. We note that the observed information is

of the form {Xij}(i,j)∈Ω, which can be re-interpreted through defining the following sampling

operator. Let PΩ : Rn×n → Rn×n be an operator which aggregates the observed entries of X

projected onto specific basis elements eij = eie
⊤
j :

PΩ(X) =
∑

(i,j)∈Ω

⟨X,eij⟩eij . (1.4)

It is clear that knowing the collection {Xij}(i,j)∈Ω is equivalent to knowing PΩ(X). In accor-

dance with the observation that low-rank matrices contain many repeated elements, we can

construct the following optimization program to recover X from PΩ(X):

minimize
Y ∈Rn×n

rank(Y ) subject to PΩ(Y ) = PΩ(X).

As minimizing the rank directly is generally a challenging problem [CR09, MJCD08, BCWP22],

relaxations of this problem are often considered. In particular, the convex relaxation of the

rank to the nuclear norm ∥ · ∥∗ has seen tremendous theoretical and computational success

[CR09, CP10, Rec11a, Gro11]. We remind readers that the nuclear norm of a matrix X is

defined as ∥X∥∗ =
∑n

i=1 σi(X) where σi(X) is the i-th singular value of a matrix X. The

relaxation is thus explicitly given by

minimize
Y ∈Rn×n

∥Y ∥∗ subject to PΩ(Y ) = PΩ(X). (1.5)

1.2.1 Incoherence of Low-Rank Matrices

A critical condition in the theory of LRMC is that of incoherence. This notion can be captured

in a rather simple example. Consider the problem of two rank-1 matrices: e1e
⊤
1 and 11⊤,

where 1 = [1 · · · 1]⊤. Both of these matrices are clearly rank-1; however, their recoverability

is drastically different when accessing both of these matrices from random samples.
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Consider the case of 11⊤ first: all the requisite information that we need to recover this

matrix is one sample in each row and column to reconstruct the whole matrix. From a simple

application of the coupon collector problem, we see that this can be done uniformly at random

in O(n logn) entries with high probability. In essence, each entry contains the same “amount”

of information about the global structure. We say that this matrix is incoherent with respect

to the standard basis {ei}ni=1.

By contrast, consider the matrix e1e
⊤
1 . This matrix has a 1 in the top-left entry, and

is entirely empty otherwise. The probability of sampling the one entry that contains any

information in this matrix is 1
n2 , requiring O(n2 log n) samples with replacement to finally gain

access to the relevant matrix entry. This matrix, by contrast to above, is coherent with respect

to the standard basis {ei}ni=1.

We can mathematically codify this as follows: let X ∈ Rm×n with reduced SVD X =

UΣV ⊤. We say that X is µ-incoherent if the following pair of equations hold for some fixed

constant µ ∈
[
1, max{n,m}

r

]
:

max
i∈[m]

∥U⊤ei∥22 ≤
µr

m
,

max
j∈[n]

∥V ⊤ej∥22 ≤
µr

n
. (1.6)

We note that, letting the i-th row of U be ui and similarly for vi, that Equation (1.6) are

equivalent to ∥ui∥22 ≤ µr
m and ∥vi∥22 ≤ µr

n . See Figure 1.1 for a geometric visualization of

incoherent versus coherent subspaces.

From this perspective, it becomes clear that the algorithmic recovery will be, in some way,

a function of the incoherence of the ground truth matrix. Adapting this perspective to the

EDMC problem will be critical, and will require an analogous definition of incoherence as in

Section 1.6.

1.2.2 Theoretical Recovery through LRMC

The nuclear norm objective in (1.5) is very neatly characterized and has produced some very

strong results. The primary result that we will discuss here is from [Rec11b]. This elegant
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Coherent Subspace

e1

e2

e3

u1 ≈ e1

u2 ≈ e2

U

Maximal coherence:
U aligns with
standard basis

The columns of U are sparse
(spiky). If a sample misses a
non-zero entry, recovery fails.

Incoherent Subspace

e1

e2

e3

u1

u2

U

Low coherence:
U is not aligned with
standard bases.

The columns of U are spread out
with respect to ei. Information is
distributed across many entries.

Figure 1.1: Geometric interpretation of subspace incoherence in matrix completion.

approach to matrix completion leveraged some fascinating tools in random matrix theory, first

courtesy of [AW02]. These will use the theory of concentration of independent random matrices,

which we discuss in further detail in Section 1.7.

To understand the theoretical guarantees for matrix completion, it is helpful to contrast

them with classical results from sparse recovery [WM22]. In sparse recovery, the goal is to

reconstruct a sparse vector x given access to linear measurements b = Ax. The standard

Restricted Isometry Property (RIP) states that for some δk ∈ (0, 1), all k-sparse vectors x ∈ Rn

satisfy

(1− δk)∥x∥22 ≤ ∥Ax∥22 ≤ (1 + δk)∥x∥22.

To construct a matrix analogue to the sparse vector recovery problem, known as the affine

rank minimization problem, one observes y = A(M) where A : Rn1×n2 → Rm. The standard

rank-r RIP condition requires that for a constant δr ∈ (0, 1), all matrices X with rank(X) ≤ r

satisfy

(1− δr)∥X∥2F ≤ ∥A(X)∥22 ≤ (1 + δr)∥X∥2F.

This condition holds with high probability if A is constructed from certain types of random

ensembles, such as Gaussian matrices, as these globally mix the entries ofX upon measurement.

However, as discussed in Section 1.2.1, the sampling operator PΩ in matrix completion does

not globally mix entries. It is easy to construct a coherent, low-rank matrix Y (such as e1e
⊤
1 )
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such that PΩ(Y ) ≈ 0 unless the size of Ω is trivially large. As such, the standard RIP condition

is insufficient to capture this measurement inefficiency, as it fails for highly coherent matrices.

Instead, a necessary condition for recovery of a matrix through (1.5) relies on restricting the

operator to the tangent space of the true matrix:

Definition 1.2.1: Restricted Isometry Property (RIP)

Let X be a rank-r matrix with tangent space T on the manifold of rank-r matrices, Nr.

We say that a random sampling operator PΩ satisfies RIP if the following holds with

high probability for some small ε > 0:

∥PTPΩPT − cPT∥ ≤ ε,

where c > 0 is a constant.

In order to prove RIP-type statements, we leverage tools from random matrix theory. In

particular, if we define Ω as a subset of [m] × [n] that is sampled uniformly at random with

replacement, we can consider PΩ(·) =
∑

(i,j)∈Ω⟨·, eij⟩eij to be a sum of i.i.d. random operators.

This opens up the use of the Operator Bernstein inequality, discussed in greater detail in

Section 1.7. Proving concentration statements of this form constitutes the bulk of the theoretical

work in this thesis.

By combining the RIP condition with the incoherence assumption, foundational papers es-

tablish that if |Ω| ≥ Cµnr log2 n for a sufficiently large constant C, the convex program in (1.5)

exactly recovers the ground truth matrix X with high probability. The proof of this recovery

heavily leverages the decomposition of the sampling operator PΩ into a sum of independent

rank-one random operators, followed by an application of the Matrix Bernstein inequality (re-

produced in Theorem 1.7.2). While other mathematical techniques for proving recovery were

pioneered in early works like [CR09], since the introduction of the framework in [Rec11a], the

Matrix Bernstein approach has become the standard analytical tool for convergence guarantees.

However, solving this convex program is computationally expensive for large matrices, which has

naturally led to the widespread consideration of non-convex methodologies. We will not provide

a comprehensive overview of the various non-convex approaches to standard matrix completion
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here, but instead point interested readers to excellent surveys such as [Wal21, WM22].

1.3 The Dual-Basis Approach to EDMC

To adapt the work described in Section 1.2.2, we need to find a way to cast the EDMC problem

as a matrix completion problem. The first way to do this, and the most obvious, is to just

directly complete D from observations {Dij}(i,j)∈Ω and to use a nuclear-norm minimization

from (1.5). This approach does technically work, although it is suboptimal for a couple of

reasons.

The first reason is that, for a d-dimensional set of points P ∈ Rn×d, rank(D) = d + 2.

This observation follows directly from (1.2), as rank(X) = d and we are adding two additional

rank-one vectors. A completion algorithm that operates directly on the Gram matrix X will

thereby have a lower sample complexity than directly completing the distance matrix. This

observation is the basis for the development of some of the original EDMC theory using the

framework of low-rank matrix completion, seen in [LL17, TL18].

Another more relevant reason that considering completion on X is numerically preferable

to D is specifically relevant for non-convex solves to the EDMC problem. Consider the case of

Algorithm 2 applied on D alone. As this is an unconstrained optimization problem, there is no

guarantee that the iterates Dl are going to be pairwise distance matrices. As discussed previ-

ously, pairwise distance matrices need to satisfy an entrywise triangle inequality, and without

explicitly enforcing this condition in a convex program this is a difficult condition to match.

As such, algorithms like Algorithm 2 perform poorly when attempting to directly complete

pairwise distance matrices algorithmically. The goal of this section is to outline how to instead

consider the completion problem not as a completion problem on D, but rather a completion

problem on X given access to linear combinations of entries of X, and not the raw entries of

X themselves.

From MDS theory discussed in Section 1.1 (and the simple expansion of the ℓ2 norm), we

know that there is a clear relationship between each entry of the squared distance matrix to

the Gram matrix given by

Dij = Xii +Xjj −Xij −Xji.
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In [TL18], an approach for re-casting completion on D to completion on X was constructed

as follows: given α = (i, j), i < j, we define the matrix wα as

wα = eii + ejj − eij − eji

= (ei − ej)(ei − ej)
⊤.

Using the collection of matrices {wα}α∈I, where I = {(i, j), 1 ≤ i < j ≤ n}, we can realize each

entry of the squared distance matrix as the trace inner product of the Gram matrix with the

basis as for α = (i, j)

⟨X,wα⟩ = Xii +Xjj −Xji −Xij = Dij .

Furthermore, it turns out that {wα}α∈I is a non-orthogonal basis for the subspace of sym-

metric matrices with zero row sum, denoted S = {Y ∈ Rn×n | Y = Y ⊤,Y 1 = 0}, where

dim(S) =
n(n− 1)

2
=: L. (1.7)

In fact, for any two pairs of indices α,β ∈ I with α = (i, j) and β = (k, l), we have:

⟨wα,wβ⟩ = Tr(wαwβ)

= Tr
(
(ei − ej)(ei − ej)

⊤(ek − el)(ek − el)
⊤
)

= Tr
(
(ei − ej)(δik − δil − δjk + δjl)(ek − el)

⊤
)

= Tr
(
(ek − el)

⊤(ei − ej)(δik − δil − δjk + δjl)
)

= (δki − δkj − δli + δlj)(δik − δil − δjk + δjl)

=


4 α = β;

1 α ̸= β, α ∩ β ̸= ∅;

0 α ∩ β = ∅,

where δij is the Kronecker delta.

As {wα}α∈I does not form an orthonormal basis over S, we consider its bi-orthogonal, or

dual, basis for both theoretical and computational purposes. We provide a brief description of
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dual bases in Section A.2 for posterity. We denote this basis as {vα}α∈I, and represent any

centered Gram matrix X using the following expansion:

X =
∑
α

⟨X,wα⟩vα.

The advantage of the dual basis representation is that it allows us to recast the EDMC problem

as a low-rank matrix recovery problem where we observe a subset of the expansion coefficients.

In [TL18], this dual basis formulation has been used to provide theoretical guarantees for the

convex program given in (1.5). To make use of the dual basis approach both in theory and

applications, one of the first steps is to have a representation of the dual basis that is easier to

use. Let H ∈ RL×L be the Gram matrix with

Hαβ = ⟨wα,wβ⟩.

Furthermore, let

Hαβ =
(
H−1

)
αβ

= ⟨vα,wβ⟩.

From Section A.2, we have a closed form expression for vα:

vα =
∑
β∈I

Hαβwβ. (1.8)

To compute this explicitly from just knowledge of H relies on an inverse of an L × L matrix,

which requires the solution of a large linear system. Thankfully, in [LT23] it was shown that

the dual basis admits a simple explicit form

vα = −1

2

(
ab⊤ + ba⊤

)
, (1.9)

where a = ei − 1
n1 and b = ej − 1

n1 for α = (i, j). We now highlight a few operators that are

related to the dual basis approach. The first one is the sampling operator RΩ : S → S defined

as follows:

RΩ(·) =
∑
α∈Ω

⟨·,wα⟩vα.
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The bi-orthogonality relationship of the dual basis gives that R2
Ω = RΩ if Ω does not have

repeated indices, and that

R⋆
Ω(·) =

∑
α∈Ω

⟨·,vα⟩wα.

Due to the lack of self-adjointness, RΩ without repeated indices in Ω is not an orthogonal

projection operator, and is instead an oblique projection operator. In [SLCT23], RΩ(X) is

related to the sampling operator PΩ(D) as follows:

RΩ(X) = −1

2
JPΩ(D)J , (1.10)

where J is as defined in (1.1). The next operator is the restricted frame operator FΩ : S → S,

first studied in [TL18], and defined as

FΩ(·) =
∑
α∈Ω

⟨·,wα⟩wα. (1.11)

This operator is self-adjoint, positive semi-definite, but unlike RΩ, does not reference the dual

basis. We note that this operator under a different name was critical to the analysis of the

algorithm in [LS24].

We briefly describe the results of [TL18], which inspired the direction of much of this re-

search. In particular, [TL18] established that the exact recovery of Gram matrices from incom-

plete pairwise distance measurements is theoretically guaranteed via nuclear-norm minimiza-

tion. This is done using a dual-basis formulation by considering

min
Y ∈S,Y ⪰0

∥Y ∥∗ subject to RΩ(Y ) = RΩ(X). (1.12)

Similar to (1.5), (1.12) will recover the ground truth matrix X with high probability if |Ω| ≥

Cν2r2n log2 n, where ν is an EDMC-specific incoherence constant discussed in Section 1.6. This

strategy suffers from the same computational issues as (1.5), and as such the investigation into

provably convergent non-convex surrogates is the main direction of interest in this thesis. We

summarize this in the following question:
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Question 1.3.1: Non-Convex EDMC Question

Can we construct a provably convergent, fast, non-convex algorithm for the EDMC prob-

lem under a uniform sampling scheme?

Chapter 2, Chapter 3, and Section A.1 will be dedicated to answering this question in the

affirmative. The approach taken in this thesis will be a first-order Riemannian optimization

scheme on the manifold of rank-r matrices for some fixed r. We dedicate the next two sections to

background information on Riemannian optimization, and a Riemannian optimization scheme

for the LRMC problem.

1.4 First-Order Optimization on Manifolds

Traditional optimization techniques primarily focus on the minimization of functionals defined

in Euclidean space, and subsets thereof. That is, algorithms are mainly designed to find the

optima of functions that map from convex subsets of Rn to R, with an incredibly rich theory

of convergence across the algorithmic zoo [NW06]. However, this perspective ignores the un-

derlying geometry that a particular problem might possess. Consider the following concrete

example:

minimize
x∈Rd

f(x) subject tox⊤x = 1.

This objective function is a constrained optimization program. Now, this constraint is rather

simple and not difficult to consider how to solve in and of itself, but it might still be simpler to

recognize that this objective function is equivalent to

minimize
x∈Sd−1

f(x),

where Sd−1 is the sphere in d-dimensions. We notice now that this problem is a simple, un-

constrained optimization problem whose input set is a manifold. This approach motivates the

broader field known as Riemannian optimization, which has emerged in recent years as a power-

ful technique for solving optimization problems for non-convex functions defined on manifolds.

By taking into account the curvature and other geometric properties of the manifold, Rie-
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mannian optimization algorithms can provide better convergence rates and improved accuracy

compared to standard Euclidean optimization methods [Bou23, Sat21].

We will provide a brief description of how first-order retraction methodologies defined on

manifolds work.

1.4.1 Geometric preliminaries

Throughout this report, we will useN to denote a smooth, connected manifold that is embedded

in a Euclidean vector space, i.e. N ⊂ Rn. By smooth, we mean that the manifold can be defined

as the zero-set of some function f ∈ C∞(Rn). We will refer to tangent spaces at a point x ∈ N

as

TxN = {v ∈ Rn : x⊤v = 0},

and the tangent bundle as

TN = {(x,v) : x ∈ N ,v ∈ TxN}.

Elements in tangent spaces are vectors, and vector fields are smooth, vector-valued functions

that live along a manifold. More specifically for a given vector field X, at each point p ∈ N ,

X(p) ∈ TpN . The set of smooth vector fields on N is denoted by X(N ).

We denote curves c on a manifold N via c : I → N where I = [a, b] for some a < b ∈ R.

Additionally, we define a retraction map at each point Rx : TxN → N as a smooth map from a

tangent space back to the manifold. This map defines a curve on the manifold from vectors in

the tangent space. To define a retraction independent of an individual point, we say a retraction

R on N is a smooth map that picks out a particular curve for each (x,v) ∈ TxN such that

R : TN → N : (x,v) → Rx(v),

where each curve c(t) = Rx(tv) and c(0) = x, c′(0) = v. One specific type of retraction map is

the exponential map. The exponential map goes from the tangent space to a geodesic on the

manifold, where a geodesic is a constant-speed, locally distance-minimizing curve.

Now, let F : N → N ′ be a smooth map. We define the differential of F , denoted by DF ,
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as a linear map defined by DF : TxN → TF (x)N via

DF (x)[v] =
d

dt
F (c(t))

∣∣∣∣
t=0

= (F ◦ c)′(0),

where c(0) = x and c′(0) = v. To make a manifold a Riemannian manifold, the manifold must

be endowed with an inner product structure for each tangent space that smoothly varies with

x ∈ N . That is, the metric at a point x ∈ N is given as, for two vectors u,v ∈ TxN , as

⟨u,v⟩x = u⊤Av for some symmetric A ≻ 0. To define the Riemannian gradient of a smooth

function f : N → R, we can employ the differential and define the gradient of f , denoted

gradf(x) ∈ TxN , as the unique tangent vector at x ∈ N such that for any v ∈ TxN ,

Df(x)[v] = ⟨v, gradf⟩x.

In the case where N is a Riemannian manifold embedded in some larger Euclidean space, one

can show that gradf is the orthogonal projection of the usual gradient onto the tangent space in

the sense that f has been smoothly extended into all of Rn and its classical gradient is computed

in the standard way.

Up to now, we have only considered notions of a first derivative on a manifold in the form

of the differential. For the proof of convergence of the Riemannian gradient descent algorithm,

we will need to define more clearly notions of a second derivative on a manifold, namely the

Riemannian Hessian of our objective function, and to do that we need to discuss connections

on manifolds. Intuitively, a connection at a point x ∈ N is a projection of the differential of a

smooth extension of a vector field onto TxN . This projection is needed to establish a notion

of directional derivatives of vector fields that stay tangent to the manifold. More formally,

a connection ∇ is an R-bilinear map from X(N ) × X(N ) → X(N ). More properties of the

connection can be found in [Tu10] but an intuitive grasp is adequate for this thesis.

Now, the Riemannian Hessian Hessf(x) of a smooth function f : N → R is a linear map

from TxN → TxN defined as

Hessf(x)[v] = ∇vgradf.

One can show using the properties of the Riemannian connection and metric that this
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operator Hessf is self-adjoint.

The final concept to introduce here is that of vector transport. For η ∈ TxN , a vector

transport map Tη is a linear map takes a vector ξ ∈ TxN to Tη(ξ) ∈ TRx(η)N . In words, this

map can be thought of as moving ξ into the tangent space determined by some retraction map

Rx in the direction of η. A specific type of vector transport map is a parallel transport map,

which uniquely transports vectors along curves in such a way that the vectors stay parallel to

each other with respect to the connection, but this can be difficult to compute [SKM19].

1.4.2 Riemannian Gradient Descent

The following section has drawn upon Chapter 4 of [Bou23]. In this section, we will briefly

investigate a first-order retraction-based algorithm for minimizing a smooth objective function

f : N → R. We define this Riemannian Gradient Descent algorithm in Algorithm 1.

Algorithm 1 Riemannian Gradient Descent

Input: x0 ∈ M
for k = 0, 1, 2, ... do
Pick αk > 0
sk = −αkgradf(xk)
xk+1 = Rxk

(sk)
end for

The intuition behind this algorithm is simple: For each xk ∈ M , examine TxN and find

the steepest descent direction in the tangent space. Pick a step size, then retract back to the

manifold for the next iteration. One thing to note about this algorithm is that the retraction

map is a first-order approximation to the exponential map back to the manifold. This can

be seen from a Taylor-series expansion. A generic retraction map in many cases is easier to

compute than the exponential map. We will also impose the following assumptions:

1. There exists flow ∈ R such that f(x) ≥ flow ∀x ∈ N .

2. At each iteration, the algorithm achieves sufficient decrease for f in the sense that, for

some c > 0,

f(xk)− f(xk+1) ≥ c∥gradf(xk)∥2.
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3. For a given subset S ⊂ TN , there exists a constant L > 0 such that, for all (x, s) ∈ S

f(Rx(s)) ≤ f(x) + ⟨gradf(x), s⟩x +
L

2
∥s∥2.

The first assumption of a global lower bound is a common one in optimization and not

an unreasonable requirement. The third requirement is the Riemannian generalization of L-

smoothness of a convex function and is itself reasonable. The second assumption on its own

seems a bit unmotivated, but is an important condition to ensure that the limit of the se-

quence limk→∞ ∥gradf(xk)∥ → 0. Once these assumptions are satisfied, local convergence of

Algorithm 1 can be established as follows:

Theorem 1.4.1 (Local Convergence of Algorithm 1 [Bou23]). Let N be a Riemannian manifold

with a retraction R, and let f : N → R be a smooth function. Assume x⋆ ∈ N satisfies

gradf(x⋆) = 0 and Hessf(x⋆) ≻ 0. Let κ = λmax
λmin

be the condition number of Hessf(x⋆) with

λmax and λmin being the largest and smallest eigenvalues, respectively. With L > 1
2λmax, set

αk = α = 1
L . Given F (x) = Rx (−αgradf(x)) and xk+1 = xk, there exists a neighborhood of x⋆

such that if the sequence {xk} enters the neighborhood, it converges to x⋆ linearly. If L = λmax,

the convergence factor is at most κ−1
κ .

By this theorem, Algorithm 1 is an algorithm with local linear convergence. The main

difficulties in the computation of Algorithm 1 is the computation of gradf and the retraction

map at each point Rxk
. We sketch out a step of Algorithm 1 in Figure 1.2.

1.5 A Riemannian Approach to LRMC

One prior that we can leverage in constructing non-convex solutions to the LRMC problem is

the idea that a ground-truth matrix X ∈ Rm×n has a known rank of r. This allows us to more

naturally consider the low-rank matrix completion problem as a least-squares problem given via

minimize
Y ∈Rm×n

∥PΩ(Y −X)∥2F subject to rank(Y ) = r. (1.13)
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Figure 1.2: A diagram of a simple first-order retraction method on N . Again, ∇f(xl) is
the Euclidean gradient of f at xl, grad f(xl) is the Riemannian gradient at xl, and xl+1 =
Rxl

(xl − αlgrad f(xl)) for some step size αl > 0, as in Algorithm 1.

This was studied in [Van12], in which the author showed that the algorithm does converge

to local minima. It does not, however, provide any guarantees on the optimality of recovered

solutions.

In [WCCL20], a variation on this theme was considered. If we take now the objective

minimize
Y ∈Rm×n

⟨Y −X,PΩ(Y −X)⟩ subject to rank(Y ) = r, (1.14)

more can be done algorithmically to guarantee convergence. Now, as in Section 1.2.2, it is often

beneficial to consider PΩ as a sum of random rank-one operators sampled with replacement

from [m]× [n]; as such, it is overwhelmingly likely that there are repeated entries of PΩ and in

that case P2
Ω ̸= PΩ. However, if there are no repeated entries we note that (1.14) is equivalent

to (1.13).

Following Section 1.4.2 and Section A.3, we can now construct an algorithm to minimize the

objective function in (1.14). In order to do so, we need to compute the Riemannian gradient

of ⟨Y − X,PΩ(Y − X)⟩ at any Y ∈ Nr first. First, we can compute the Euclidean gradient

as ∇Y ⟨Y −X,PΩ(Y −X)⟩ = 2PΩ(Y −X). To compute the Riemannian gradient at a point

Y , we just need to consider the projection onto TY Nr, with the projection formula seen in

(1.16). Let the tangent space at the ground-truth matrix X be denoted T, and let the tangent

space at each iterate Xl be denoted Tl, with corresponding projection operators PT and PTl
,

respectively. One of the benefits of working on Nr is the well-defined characterization of the
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manifold of rank-r matrices.

Statement 1.5.1: Characterization of the Tangent Spaces of Nr

Let X ∈ Nr ⊂ Rm×n have a reduced SVD given by X = UΣV ⊤, where U ∈ Rm×r and

V ∈ Rn×r. Then

TXNr =
{
UZ⊤

1 +Z2V
⊤ | Z1 ∈ Rn×r,Z2 ∈ Rm×r

}
. (1.15)

Furthermore, the projection operation onto TXNr can be neatly characterized as

PTY = PUY + Y PV − PUY PV , (1.16)

where PU = UU⊤ and PV = V V ⊤ are the projections onto the column/row spaces.

We provide more details on the geometry of Nr in Section A.3. The last thing needed

to define a first-order retraction algorithm is to define the retraction map. When working on

Nr, the defining constraint is that the matrices in Nr are, of course, rank-r. To build a good

retraction, one only needs to consider the hard-thresholding operator Hr : Rm×n → Nr as

Hr(Y ) =
r∑
i=1

σiUiV
⊤
i , (1.17)

where Ui, Vi, and σi are the i-th left singular vector, right singular vector, and singular value,

respectively. As such, we can define the following algorithm to solve the problem posed in

(1.14):

Algorithm 2 Riemannian Gradient Descent for LRMC [WCCL20]

1: Input: Ω, {Xij}(i,j)∈Ω, rank(X) = r

2: Initialization: X0 = U0D0V
⊤
0

3: for l = 0, 1, · · · do
4: Gl = PΩ(X −X0)

5: αl =
∥PTlGl∥2

F
⟨PTlGl,MΩPTlGl⟩

6: Wl = Xl + αlPTl
Gl

7: Xl+1 = Hr(Wl)
8: end for
9: Output: Xrec: Estimated matrix.
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The step size seen in Algorithm 2 is the solution to a Euclidean exact line search in the

tangent space. Other choices of step size are possible, but this one provides nice theoretical

guarantees. In addition to this approach, the authors considered two initialization schemes.

One is simple, and only involves setting X0 =
n2

mHr(PΩ(X)). This one-step hard thresholding

is, in some sense, the closest representation of X in Nr based on the observed entries, and is

in fact an unbiased estimator of X. A more delicate initialization can be considered as well,

however, by partitioning the set Ω into S equally sized subsets, and performing one Riemannian

gradient descent step for each subset. This more delicate initialization breaks the dependence

on each iterate from the previous, and provides a more reliable initialization for large enough

sample sizes. We summarize their results here:

Theorem 1.5.1 (Convergence guarantees of Algorithm 2 [WCCL20]). Let |Ω| = m, and let

X ∈ Rm×n be the µ-incoherent rank-r ground truth solution. If

m ≥ Cβ3/2µrn3/2 log3/2(n),

for some sufficiently large constant C, with probability at least 1−2n2−2β−2n1−β when consid-

ering a one-step hard thresholding initialization we have that Algorithm 2 recovers the ground

truth X. For the Riemannian resampling scheme, the sample complexity result improves to

m ≥ C ′µrβn log(n),

for some matrix specific constant C ′ with probability at least 1−2n1−β− cn2−2β for some c > 0.

In order to prove this statement, the authors show that in an attractive basin around the

ground truth matrix, Algorithm 2 converges linearly to the true solution, an improvement

over existing Riemannian methods such as [Van12]. They then show that the aforementioned

initialization methods with high enough sample complexity are, with high probability, in this

attractive basin.
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1.6 Incoherence and Geometry

As we have seen in Section 1.2.1, matrix incoherence exhibits strong influence on the sample

complexity guarantees of LRMC algorithms. In this section, we investigate the dual-basis

analogue to (1.6) and the geometric implications of a similar condition. We note that this

section was heavily adapted from [SCT25].

In pathological cases, the ground truth matrix X may exhibit a sparse representation in

the basis {wα}α∈I, which could lead to challenges in its recovery from sampled measurements.

While the concept of incoherence is well-established in the standard matrix completion liter-

ature, the condition specific to the EDMC problem slightly differs in structure and admits a

natural geometric interpretation. This section is devoted to a detailed examination of this geo-

metric perspective. We will state more formally the incoherence assumptions in Section 2.2 and

Section 3.2, but we will first introduce one of the conditions below. We say that a rank-r Gram

matrix X ∈ Rn×n is ν-incoherent with respect to {wα}α∈I if the following statement holds:

max
α∈I

∥ PUwα∥F ≤
√

4νr

n
. (1.18)

We remark that the above is inspired by the standard incoherence condition, which up to a

scaling factor, states that

max
i∈[n]

∥ PUei∥2 ≤
√

4νr

n
. (1.19)

The standard incoherence assumption, shown in (1.19), is prevalent throughout matrix comple-

tion literature and is a measure of “entrywise diffuseness” in the ground truth matrix. Further

discussion of standard matrix incoherence can be seen in [CR09].

The incoherence condition introduced in (1.18) can be interpreted in terms of the underlying

point cloud data. For the specific case of the EDMC problem, (1.18) can be expanded as follows

for α = (i, j) with i < j:

∥PUwα∥2F = ⟨PUwα,PUwα⟩

= Tr
(
wαwαUU⊤

)
= Tr

(
2wαUU⊤

)
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= 2
〈
eii − eij + ejj − eji,UU⊤

〉
= 2

(
(UU⊤)ii + (UU⊤)jj − (UU⊤)ij − (UU⊤)ji

)
= 2

(
ui

⊤ui + uj
⊤uj − uj

⊤ui − ui
⊤uj

)
= 2

(
ui

⊤ (ui − uj) + uj
⊤ (uj − ui)

)
= 2 (ui − uj)

⊤ (ui − uj) . (1.20)

The incoherence condition can then equivalently be stated as

max
(i,j):i<j

(ui − uj)
⊤ (ui − uj) ≤ 2

νr

n
. (1.21)

The next Lemma provides the lower and upper bounds for ν.

Lemma 1.6.1. For the incoherence condition in (1.21), ν is bounded below by 1 + 1
n−1 and

above by 2nr .

Proof. We consider
∑

(i,j):i<j (ui − uj)
⊤ (ui − uj). Note that

∑
i

(ui)
⊤ui = Tr(UU⊤) = Tr(U⊤U) = r.

Since we assume centered configurations, U⊤1 = 0. It then follows that,
∑

i,j(ui)
⊤uj =

(
∑

i ui)
⊤∑

j uj = 0. Using these two relations, we obtain:

∑
(i,j):i<j

(ui − uj)
⊤ (ui − uj) =

1

2

∑
(i,j)

(ui − uj)
⊤ (ui − uj) =

1

2
2nr = nr.

The above equality shows that the sum of L terms is nr. Therefore, the maximum summand

must be at least nr
L . In particular, we have:

max
(i,j):i<j

(ui − uj)
⊤ (ui − uj) ≥

nr

L
= 2

r

n

(
1 +

1

n− 1

)
.

Therefore, the minimum value of the incoherence parameter ν is 1+ 1
n−1 . To find the maximum

value of the incoherence, using the parallelogram inequality, (ui − uj)
⊤ (ui − uj) ≤ 2||ui||2 +

2||uj ||2 ≤ 4. Therefore, the upper bound for v is 2nr .
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Remark 1.6.1: EDMC Incoherence Lower Bound

To show that the lower bound for the incoherence can be attained, we consider the

following example:

U =

√
2

3


1 0

−1
2

√
3
2

−1
2 −

√
3
2

 .

Up to the scaling factor of
√

2
3 , the rows of U correspond to the vertices of an equilateral

triangle inscribed in the unit circle. It can be easily verified that this attains the lower

bound on incoherence. For the upper bound, a simple example is the matrix U ∈ Rn×3,

where the first two columns are the standard basis vectors e1 and e2, respectively, and

the third column is a unit vector which is zero in its first two entries. Any set of points

generated from this U lies entirely along the z-axis, except for two points, which lie on

the x- and y-axes, respectively. Figures 1.3 and 1.4 provide a visual illustration of these

examples.

Figure 1.3: Visualizing the rows of U that lead to a minimal incoherence parameter.

Next, we aim to state the incoherence condition in terms of the points. Using the fact

that UU⊤ is a projection operator onto the column space of P , along with the fact that P is

full-rank from Assumption 1.1.1, it follows that the unique orthogonal projector onto this range

is defined as:

UU⊤ = P (P⊤P )−1P⊤.

By substituting this definition directly into the expanded trace formulation, we notice the
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x

y

z

Figure 1.4: Example of a set of points with a maximal incoherence parameter.

following:

(
(UU⊤)ii + (UU⊤)jj − (UU⊤)ij − (UU⊤)ji

)
=
(
e⊤i P (P⊤P )−1P⊤ei + e⊤j P (P⊤P )−1P⊤ej − 2e⊤i P (P⊤P )−1P⊤ej

)
=
(
p⊤
i (P

⊤P )−1pi + p⊤
j (P

⊤P )−1pj − 2p⊤
i (P

⊤P )−1pj

)
= (pi − pj)

⊤(P⊤P )−1(pi − pj).

The norm generated by (P⊤P )−1 is known in the statistics literature as the Mahalanobis

distance [Mah18]. As we can see above, the Mahalanobis distance emerges algebraically in this

expression, establishing the direct equivalence between the projected Frobenius norm of the

measurement operator and the scaled pairwise Mahalanobis distance of the spatial coordinates.

This indicates that our incoherence condition can be reinterpreted as

max
(i,j):i<j

(pi − pj)
⊤ (P⊤P )−1 (pi − pj) ≤ 2

νr

n
. (1.22)

We first start our interpretation for the case where (P⊤P )−1 is the identity matrix. In this

setting, for any pair (i, j), the expression (pi − pj)
⊤ (pi − pj) is the squared Euclidean distance

between the points pi and pj . Hence, the incoherence can be directly linked to the maximum

distance among the points. In the general case, the above quantity suggests that incoherence

serves as a measure of how the displacement vectors pi−pj align with the principal components

of the embedding. In particular, for a fixed choice of (P⊤P )−1, varying the matrix U leads to
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different sets of points. If the displacement vectors tend to align with directions corresponding

to the smallest principal components (i.e., those with the lowest variance), the incoherence is

expected to be high. Conversely, if they align more with the dominant components (those with

the highest variance), the incoherence tends to be low. In essence, high incoherence indicates

that certain pairs of points are stretching significantly in directions where the embedding space

has low variance.

Using the variational characterization, note that

(pi − pj)
⊤ (P⊤P )−1 (pi − pj) ≤ λ1((P

⊤P )−1) (pi − pj)
⊤ (pi − pj) .

Noting that λ1((P
⊤P )−1) = 1

λr
, we can also state the incoherence condition in (1.22) as:

(pi − pj)
⊤ (pi − pj) ≤ 2

νr

n
λr. (1.23)

We note that these statements are not equivalent, merely that this simpler statement implies the

original incoherence condition. Continuing with the simplified incoherence condition in (1.23),

we seek to derive an upper bound on ν in terms of other geometric properties of P , or spectral

properties of X. First, notice that

(pi − pj)
⊤ (pi − pj) ≤ max

ij
∥pi − pj∥22 = ∥D∥∞.

As we seek a constant ν such that (1.23) is satisfied for all (i, j) ∈ I, we can see that this will

be satisfied if

2
νr

n
λr(X) ≤ ∥D∥∞.

This yields the following upper bound for ν, in terms of a geometric constant and a spectral

constant:

ν ≤ n

2r

∥D∥∞
λr(X)

. (1.24)

In the following lemmas, we show that data drawn from subgaussian isotropic distributions

exhibit the property that ν ≪ O(n) with high probability, indicating that the recovery results

derived in Section 2.2 and Section 3.2 will hold with reasonable sample complexity for a wide
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category of data distributions.

Lemma 1.6.2. [Ver12, Page 31] Let {pi}ni=1 ∼ µ where µ is a subgaussian probability measure

defined on Rr, and let P = [p1 · · · pn]⊤ ∈ Rn×r. Define the covariance matrix of µ as Σ. If

n ≥ C(t/ε)2r for some constant C > 0, then with probability at least 1− 2 exp(−t2n)

∥∥∥∥ 1nP⊤P −Σ

∥∥∥∥ ≤ ε∥Σ∥.

Let us now assume that µ is both subgaussian and isotropic, that is Σ = I. Furthermore, as

we are interested in point clouds satisfying P⊤1 = 0, we consider mean zero distributions. As

such, we provide the following lemma:

Lemma 1.6.3. Let {pi}ni=1 ⊂ Rr be a collection of points drawn i.i.d. from an isotropic

subgaussian distribution µ. Furthermore, let E[pi] = 0, and assume each coordinate of pi

is independent. Let ∥pi∥ψ2 ≤ K, where ∥ · ∥ψ2 is the subgaussian norm. Then for every

i, j ∈ [n]× [n] with i ̸= j, with probability at least 1− Cn−2,

∣∣∣∥pi − pj∥22 − 2r
∣∣∣ ≤ 4K2√r log n,

where C > 0 is an absolute constant.

Proof. We first notice that, as pi and pj are independent and E[pi] = 0,

E
[
(pi − pj)

⊤ (pi − pj)
]
= E

[
∥pi∥22

]
− E

[
pj

⊤pi

]
− E

[
pj

⊤pi

]
+ E

[
pj

⊤pj

]
= E

[
∥pi∥22

]
+ E

[
∥pj∥22

]
− 2E [pi]

⊤ E [pj ]

= E
[
∥pi∥22

]
+ E

[
∥pj∥22

]
= 2E

[
∥pi∥22

]
= 2E

[
Tr
(
pipi

⊤
)]

= 2 Tr
(
E
[
pipi

⊤
])

= 2 Tr(I) = 2r,

where the second and fourth lines follow from the independence of pi and pj , the third line



30 Chapter 1

follows from the fact that E[µ] = 0, and the seventh line follows from the fact that µ is isotropic,

i.e. Σ = I. The lemma statement follows from a simple application of the Hanson-Wright

inequality, seen in Theorem 1.7.4. First, given vectors pi,pj , notice that

(
pi pj

) I −I

−I I


︸ ︷︷ ︸

A

pi

pj

 = (pi − pj)
⊤ (pi − pj) .

Previously, we have shown that E[
(
pi − pj)

⊤(pi − pj)
]
= 2r. Furthermore, ∥A∥2F = 4r, and

∥A∥ ≤ 2 by Gershgorin circle theorem. The result follows from an application of Theorem 1.7.4.

We can use the above lemma to prove an upper bound on the incoherence of an isotropic,

subgaussian distribution, presented in the following lemma:

Lemma 1.6.4. Let {pi}ni=1 ∼ µ where µ is an isotropic subgaussian probability measure defined

on Rr with subgaussian norm ∥µ∥ψ2 ≤ K, and let P = [p1 · · · pn]⊤ ∈ Rn×r. Then with

probability at least 1 − Dn−2 for an absolute constant D > 0, the incoherence parameter ν of

X = PP⊤ can be upper bounded by

ν ≤ O
(
K2 logn√

r

)
.

Proof. From Theorem 1.6.3, we have that ∥D∥∞ ≤ 2r+ 4K2√r log n with high probability for

a subgaussian isotropic distribution. Furthermore, from Theorem 1.6.2, λr(X) ≥ cn for some

O(1) constant c > 0 with high probability. As such, we can see that the incoherence constant

can be upper-bounded using (1.24) by

ν ≤ n

2r

2r + 4K2√r log n

cn

≤ 1 +
2K2 logn

c
√
r

= O
(
K2 logn√

r

)
,

thus concluding the proof.
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We note that Theorem 1.6.4 shows, with high probability, that the incoherence constant

remains in a regime where it does not degrade the recovery guarantees established in Section 2.2

and Section 3.2 for data generated from subgaussian distributions. We note that this result is

very similar to the condition derived in [CR09] for the incoherence of matrices in the random

orthogonal model.

We comment that the analysis in this section exclusively pertained to data generated from

subgaussian isotropic measures for expositional simplicity. These techniques can be extended

to anisotropic subgaussian measures, and one can show the resulting bound for ν = O(κ +

K2 log n/
√
r), where κ is the condition number of X. We provide a proof of this result in

Theorem 1.A.1.

Remark 1.6.2: Geometric Interpretation of Standard Incoherence

We now provide a geometric interpretation of (1.19) for positive semidefinite matrices.

Expanding (1.19), we obtain:

∥PUei∥22 = e⊤i PUei

= Tr(e⊤i (P (P⊤P )−1Pei)

= p⊤
i (P

⊤P )−1pi.

As such, standard incoherence in the EDMC framework represents the standard Maha-

lanobis distance of each point, rather than the pairwise Mahalanobis distance between

points in the geometric framework.

1.7 Useful Inequalities from Random Matrix Theory

Concentration of measure is a beautiful phenomenon in the study of high-dimensional math-

ematics, and is well worth writing about in detail. It is extremely relevant in a variety of

disciplines. In lieu of an introduction to the the curious reader to the following resources

[Ver18, BLM13, Led01]. We now state some important inequalities from this field that we will

use frequently throughout this work.
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Theorem 1.7.1 (Scalar Bernstein Inequality [Ver18]). Let Y1, · · · , Yn be independent, mean

zero random variables such that |Yi| ≤ R for all i, and let σ2 = E
[∑n

i=1 Y
2
i

]
. Then

P

[∣∣∣∣∣
n∑
i=1

Yi

∣∣∣∣∣ ≥ t

]
≤ 2 exp

(
− t2/2

σ2 +Rt/3

)
.

In particular, if t ≤ σ2

R this simplifies to

P

[∣∣∣∣∣
n∑
i=1

Yi

∣∣∣∣∣ ≥ t

]
≤ 2 exp

(
− 3t2

8σ2

)
.

Another set of relevant tools are matrix concentration inequalities. These powerful tools

allow for sharp understanding of the tail probabilities of the spectral norms of certain random

matrices. We point the interested reader to [Tro12, T+15] for an excellent treatment of the

subject. We provide these inequalities below.

Theorem 1.7.2 (Operator Bernstein Inequality[Rec11a, Tro12]). Let Xi ∈ Rn×n, i = 1, · · · ,m

be independent, zero-mean, matrix-valued random variables, and let

σ2 ≥ max

{∥∥∥∥∥
m∑
i=1

E
(
XiX

⊤
i

)∥∥∥∥∥ ,
∥∥∥∥∥
m∑
i=1

E
(
X⊤
i Xi

)∥∥∥∥∥
}
.

Assume there exists a c ∈ R such that ∥Xi∥ ≤ c almost surely. Then for t > 0

P

(∥∥∥∥∥
m∑
i=1

Xi

∥∥∥∥∥ > t

)
≤ 2n exp

(
− t2/2

σ2 + ct/3

)
.

If we assume that t ≤ σ2

c , this simplifies to

P

(∥∥∥∥∥
m∑
i=1

Xi

∥∥∥∥∥ > t

)
≤ 2n exp

(
− 3t2

8σ2

)
, (1.25)

and if t > σ2

c ,

P

(∥∥∥∥∥
m∑
i=1

Xi

∥∥∥∥∥ > t

)
≤ 2n exp

(
−3t

8c

)
. (1.26)

Theorem 1.7.3 (Vector Bernstein Inequality [Gro11]). Let {Xi}ni=1 be independent, mean-

zero random vectors in Rd with E[Xi] = 0 for all i = 1, . . . , n. Suppose there exist constants
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R > 0 and σ2 > 0 such that for every i, ∥Xi∥2 ≤ R almost surely and
∑n

i=1 E
[
∥Xi∥22

]
≤ σ2.

E
[
∥Xi∥22

]
≤ σ2. Then for any t > 0, the following tail bound holds for t ≤ σ2

R :

P

(∥∥∥∥∥
n∑
i=1

Xi

∥∥∥∥∥
2

≥ t

)
≤ exp

(
−t2

4σ2

)
.

Theorem 1.7.4 (Hanson-Wright Inequality [RV13]). Let Y = (Y1 · · ·Yn) ∈ Rn be a random

vector with Yi independent and E[Yi] = 0, and ∥Yi∥ψ2 ≤ K for some K ≥ 0, where ∥ · ∥ψ2 is the

sub-Gaussian norm. Additionally, let A ∈ Rn×n. Then

P
[∣∣∣Y ⊤AY − E

[
Y ⊤AY

]∣∣∣ ≥ t
]
≤ 2 exp

(
−cmin

{
t2

K4∥A∥2F
,

t

K2∥A∥

})
.

The last important inequality used in this work is the decoupling inequality of de la Peña

[DlPG12]. A partial statement of this remarkable theorem is reproduced below.

Theorem 1.7.5 (Matrix–valued decoupling inequality [DlPG12, Theorem 3.4.1]). Let {Xi}ni=1

be a sequence of independent random variables in Rm, and let {X ′
i}ni=1 be an independent copy

of {Xi}ni=1 defined on the same probability space. Let {hij}1≤i̸=j≤n be a collection of measurable

kernels hij : Rm × Rm → Rm×m, satisfying

E
[
hij(Xi,Xj) | Xi

]
= 0, E

[
hij(Xi,Xj) | Xj

]
= 0,

for all = i ̸= j.

Define the coupled and decoupled chaos sums as

S :=
∑
i̸=j

hij(Xi,Xj), S′ :=
∑
i̸=j

hij(Xi,X
′
j).

Then there exists a universal constant C > 0 such that, for all t > 0,

P
(
∥S∥ ≥ t

)
≤ C P

(
∥S′∥ ≥ t/C

)
.

The constant C is universal and is independent of all hij, {Xi}ni=1, n and m.

We note that the preceding theorem holds for higher than second–order chaoses, and that
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the constant C depends on solely on the order of the chaos. Furthermore, the above inequality

holds in any Banach space equipped with any norm. However, for the problem that we consider

we only need the second–order, matrix–valued version, and are simplifying the statement for

expositional purposes.

1.8 A Collection of Useful Theorems

Lastly, we provide a few other theorems that are leveraged throughout this thesis in various

forms. We provide them below.

Theorem 1.8.1 (Davis–Kahan sinΘ theorem (rank-r case) [DK70], [YWS15]). ] Let X, X̂ ∈

Rn×n be symmetric positive semidefinite matrices of rank r. Let V , V̂ ∈ Rn×r have orthonormal

columns spanning the top-r eigenspaces of X and X̂, respectively. Then

∥ sinΘ(V , V̂ )∥ ≤ ∥X − X̂∥
λr(X)

.

One result that will be used throughout this work is a technique for constructing eigenvalue

bounds through a vectorization technique. This result is as follows.

Lemma 1.8.2 (Vectorization Technique). Let {Zk}mk=1 be a basis for some subspace V ⊂ Rn×n

of dimension m, G = [⟨Zi,Zj⟩] ∈ Rm×m, and ZV ∈ Rn2×m be the matrix where the k-th column

vector is vec(Zk). Then for any Y ∈ Rn×n

max
∥Y ∥F=1

m∑
k=1

⟨Y ,Zk⟩2 = λmax(G).

Proof. We can see that

max
∥Y ∥F=1

m∑
k=1

⟨Y ,Zk⟩2 = max
∥Y ∥F=1

m∑
k=1

(
vec(Y )⊤vec(Zk)

)(
vec(Zk)

⊤vec(Y )
)

= max
∥Y ∥F=1

vec(Y )⊤

(
m∑
k=1

vec(Zk)vec(Zk)
⊤

)
vec(Y )

= max
∥Y ∥F=1

vec(Y )⊤ZVZ
⊤
V vec(Y ).
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As for any matrix A ⪰ 0, max∥x∥2=1 x
⊤Ax = λmax(A), it follows that

max
∥Y ∥F=1

m∑
k=1

⟨Y ,Zk⟩2 = λmax(ZVZ
⊤
V ).

Now, as for any A ∈ Rr×s, λmax(AA⊤) = λmax(A
⊤A), we see that

max
∥Y ∥F=1

m∑
k=1

⟨Y ,Zk⟩2 = λmax(ZVZ
⊤
V ) = λmax(Z

⊤
VZV) = λmax(G).

This concludes the proof.

Lemma 1.8.3 (Bounds for Projections [WCCL16, WCCL20]). Let Xl = UlDlU
⊤
l be a rank-r

matrix and Tl be the tangent space of Nr at Xl. Let X = UDU⊤ be another rank-r matrix,

and T be the corresponding tangent space. Then

∥UlU
⊤
l −UU⊤∥ ≤ ∥Xl −X∥F

σr(X)
, ∥UlU

⊤
l −UU⊤∥F ≤

√
2∥Xl −X∥F
σr(X)

,

∥(I − PTl
)X∥F ≤

∥Xl −X∥2F
σr(X)

, ∥PTl
− PT∥ ≤ 2∥Xl −X∥F

σr(X)
.

1.A Further Incoherence Results

Lemma 1.A.1. Let µ be an a.s. bounded, mean-zero, subgaussian distribution with positive

definite covariance matrix Σ ∈ Rr×r. Let n points {pi}ni=1 ∼ µ be sampled i.i.d., and let

P = [p1 . . .pn]
⊤ ∈ Rn×d be the corresponding point matrix with Gram matrix X, which has

condition number κ. Let ∥pi∥ψ2 ≤ K for some K > 0. Then with probability at least 1− Cn−2

for some absolute constant C > 0, the incoherence parameter of X is bounded by

ν ≤ O
(
κ+

K2 log n√
r

)
.

Proof. This proof is much the same as the proof in Section 1.6. First, we remark that

E
[
(pi − pj)

⊤ (pi − pj)
]
= E

[
∥pi∥22

]
− E

[
pj

⊤pi

]
− E

[
pj

⊤pi

]
+ E

[
pj

⊤pj

]
= E

[
∥pi∥22

]
+ E

[
∥pj∥22

]
− 2E [pi]

⊤ E [pj ]
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= E
[
∥pi∥22

]
+ E

[
∥pj∥22

]
= 2E

[
∥pi∥22

]
= 2E

[
Trace

(
pipi

⊤
)]

= 2 Trace
(
E
[
pipi

⊤
])

= 2 Trace(Σ) ≤ 2rλ1(Σ),

where the second and fourth lines follow from the independence of pi and pj , the third line

follows from the fact that E[µ] = 0, and the seventh line follows from the fact that Σ has r

non-zero eigenvalues.

Next, following the argument of Theorem 1.6.3 but replacing 2r with E
[
(pi − pj)

⊤ (pi − pj)
]
,

we have that, with probability at least 1− Cn−2

∥pi − pj∥22 ≤ 2rλ1(Σ) + 4K2√r log n.

Now, leveraging that from Theorem 1.6.2 that λr(X) ≈ nλr(Σ), we have that for some c > 0

with high probability that

ν ≤ n

2r

2rλ1(Σ) + 4K2√r log n

λr(X)

=
n

2r

2rλ1(Σ) + 4K2√r log n

cnλr(Σ)

≤ κ

c
+

2K2 log n

c
√
r

= O
(
κ+

K2 logn√
r

)
.

This concludes the proof.

Lemma 1.A.2. If ∥PUwα∥F ≤
√

νr
8n , it follows that ∥PUvα∥F ≤

√
νr
2n . Similarly, if ∥PTwα∥F ≤√

νr
8n , it follows that ∥PTvα∥F ≤

√
νr
2n .

Proof. To see this result, notice that

∥PUvα∥F =

∥∥∥∥PU(∑
β∈I

Hαβwβ

)∥∥∥∥
F



1.A. FURTHER INCOHERENCE RESULTS 37

≤
∑
β∈I

∣∣∣Hαβ
∣∣∣ ∥PUwβ∥F

≤
√

νr

8n

∑
β∈I

∣∣∣Hαβ
∣∣∣ ,

and as
∑

α∈I |Hαβ| ≤ 2 from Theorem 2.A.3, the claim follows. An identical proof shows the

second result, with PT in place of PU .

Lemma 1.A.3. Let X ⪰ 0 be a rank-r, ν-incoherent matrix satisfying (3.4) with constant ν.

Then (
max
α∈I

|⟨X,wα⟩ |
)

≤ νr

4n
∥X∥.

Proof. To see the above statement, notice that for X = UΛU⊤ = PP⊤,

(maxα∈I |⟨X,wα⟩ |)
∥X∥

=
1

∥X∥
max
i,j

|Xii +Xjj − 2Xij |

=
1

∥X∥
max
i,j

∥pi − pj∥22

=
1

∥X∥
max
i,j

(ui − uj)
⊤Λ(ui − uj)

≤ max
ij

∥ui − uj∥22

= max
α∈I

1

2
∥PUwα∥2F

≤ νr

4n
,

where the third line follows from (1.3), the fourth line follows from the fact that X ⪰ 0, the

fifth line follows from (1.20), and the final line follows from (3.4), thus concluding the proof.
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Preliminary Investigations into a

Non-convex Riemannian Approach

to the EDMC Problem

This chapter constitutes our first attempts at addressing Question 1.3.1. In this section, we

provide convergence guarantees for a Riemannian dual-basis algorithm, but note that its nu-

merical properties are worse than state-of-the-art. We also introduce another algorithm that

performs comparably to state-of-the-art approaches, but only recently admitted a possible proof

of convergence. The sketch of this proof is discussed in Section A.1. Much of this work has

been taken from [SCT24].

2.1 Algorithm

With the goal of translating the standard matrix completion problem to Gram matrix comple-

tion for EDMC in mind, the most direct adaptation of the work conducted in [WCCL20] would

be defining an objective function by analogy to (1.14) as follows:

minimize
Y ∈S

⟨Y −X,RΩ(Y −X)⟩ subject to rank(Y ) = r.

38
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However, a notable challenge arises: computing the Euclidean gradient of the objective function

necessitates unavailable information in the form ⟨X,vα⟩ from R∗
Ω(X) as

∇Y (⟨Y −X,RΩ(Y −X)⟩) = RΩ(Y −X) +R∗
Ω(Y −X),

where ∇Y denotes the gradient with respect to Y . To circumvent this difficulty, there has

been exploration into self-adjoint alternatives to RΩ [TL21, TL18, SLCT23], one of which we

will expand upon shortly. These surrogates allow for the definition of an objective function in

analogy to (1.14), but as of now lack the requisite theoretical properties for convergence.

One surrogate of interest in this work is the restricted frame operator FΩ, defined in (1.11).

This operator is self-adjoint, positive semi-definite, and expresses the same information as RΩ

without reference to the dual basis. Additionally, this operator under a different name was

critical to the analysis of the algorithm in [LS24]. Using this operator, we can define the

following objective function:

minimize
Y ∈S

1

2
⟨Y −X,FΩ(Y −X)⟩ subject to rank(Y ) = r. (2.1)

This is a true quadratic form, minimized over Nr, and can be approached in an identical manner

algorithmically as (1.14). To perform this first-order retraction method, we need to define the

tangent space at each iterate Xl ∈ Nr. Given Xl = UlΛlU
⊤
l for Ul ∈ Rn×r, we can define

Tl as in (1.15). The projection onto Tl, denoted PTl
and defined in (1.16) allows for easy

computation of the Riemannian gradient of the objective function. The retraction map is the

hard thresholding operator, denoted Hr : Tl → Nr is as defined in (1.17). We note that for

matrices Y with rank(Y ) ≥ r that rank (Hr(Y )) = r.

The construction of FΩ motivates Algorithm 3. This algorithm, while effective numerically,

has technical weaknesses that prevent an easy proof of convergence. See the discussion in

Remark 2.1.1.

To leverage the analytical properties of RΩ while sidestepping the technical challenges of

its non-self-adjoint nature, we define an algorithm by analogy to RF-RGD but without any

reference to an objective function. As we will show in Section 2.2, this algorithm will give us
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Algorithm 3 Restricted Frame Riemannian Gradient Descent for EDMC (RF-RGD)

Initialization: X0 = U0D0U
⊤
0

for l = 0, 1, ... do
1. Gl = FΩ(X −Xl)

2. αl =
∥PTlGl∥2

F
⟨PTlGl,FΩPTlGl⟩

3. Wl = Xl + αlPTl
Gl

4. Xl+1 = Hr(Wl)
end for
Output: Xrec: Estimated Gram matrix.

strong convergence guarantees with reasonable sample complexities at a cost of interpretability.

As such, we define Algorithm 4 to reconstruct a ground truth matrix X as follows:

Algorithm 4 Riemannian Pseudogradient Descent

Initialization: X0 = U0D0U
⊤
0

for l = 0, 1, ... do
1. Gl = RΩ(X −Xl)

2. αl = max
{ ∥PTlGl∥2F

⟨PTlGl,RΩPTlGl⟩ , 0
}

3. Wl = Xl + αlPTl
Gl

4. Xl+1 = Hr(Wl)
end for
Output: Xrec: Estimated Gram matrix.

Unlike in RF-RGD, we cannot compute the steepest descent of an objective function in Tl,

so we consider a surrogate modeled after each of the preceding algorithms. The maximum with

zero in Step 2 of the algorithm is introduced to avoid divergence, as RΩ is not a positive semi-

definite operator and the denominator cannot be guaranteed to be positive for arbitrary points

in Nr. When αl = 0 occurs, the algorithm terminates. Positive αl is required for convergence,

and the conditions for this are provided and characterized in Lemma 2.C.1. This condition is

satisfied in the high-sample regime, where ε0 is small.

In the above approaches, as in Algorithm 2, the truncated SVD step in the gradient descent

scheme is the most expensive, especially when n is large. The authors in [WCCL20] noticed the

following: in Algorithm 2, Wl can be rewritten as, for Zl = αlGl,

Wl = Xl + αlPTl
(Zl).
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In particular, we can see that

Wl = UlDlU
⊤
l +UlU

⊤
l Zl +ZlUlU

⊤
l −UlU

⊤
l ZlUlU

⊤
l

= Ul(Dl +U⊤
l ZlUl)U

⊤
l +UlU

⊤
l Zl(I −UlU

⊤
l ) + (I −UlU

⊤
l )ZlUl︸ ︷︷ ︸

Y

U⊤
l

:= Ul(Dl +U⊤
l ZlUl)U

⊤
l +UlY

⊤ + Y U⊤
l .

The authors then notice that by taking the QR decomposition Y = QR, U⊤
l Q = 0 so Wl

becomes

Wl =

[
Ul Q

]Dl +U⊤
l ZlUl R⊤

R 0


U⊤

l

Q⊤


:=

[
Ul Q

]
Ml

U⊤
l

Q⊤

 ,

which reduces the retraction map Hr from a truncated SVD on an n × n matrix to an SVD

on Ml, which is 2r × 2r. This result generalizes for non-symmetric matrices, but only the

symmetric case is considered here for simplicity.

Remark 2.1.1: Discussion of the RIP of FΩ and RΩ

Algorithm 3 is easily implementable and gives strong numerical results, provided in Sec-

tion 2.3, but the proof of local convergence remains an open question due to a lack of

proven RIP (described in Definition 1.2.1). In practice, this statement is proven using

non-commutative concentration inequalities like Theorem 1.7.2, first introduced in the

matrix completion literature in [Rec11a, GN10]. As in Section 1.2.2, this requires the

decomposition of the measurement operator as a sum of i.i.d. random operators. It is

well-established that PΩ possesses this property, and in this paper we show that RΩ also

exhibits RIP. The proof, seen in Theorem 2.2.1, is completed using standard techniques

with some specific properties of the dual bases {wα}α∈I and {vα}α∈I, and RIP for RΩ

is established with only slightly worse sample complexity than for PΩ.

In the case of FΩ, the object to consider would be PTFΩPT − m
LPTFIPT, as E[FΩ] =
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m
LFI ̸= I, where FI =

∑
α∈I⟨·,wα⟩wα. Proving a similar statement for FΩ is challenging,

as E[FΩ] ̸= cI. However, numerical evidence strongly indicates that ∥PTFΩPT − m
LPT∥

is in fact small for random ground truth matrices in S, which is surprising. Chapter 3

outlines an approach that takes the best of both of these operators into consideration, at

the cost of some technical complexity.

Computation ofRΩ(Xl) can be done efficiently, with minimal complexity per iteration. This

is because a given iterate Xl can be easily translated to its distance matrix Dl via (1.2), and

through (1.10), RΩ(Xl) can be computed in O(m) operations, for |Ω| = m. From [SLCT23], it

can be shown that the total cost per loop is approximately O(m)+O(n2)+O(mr)+O(nr2)+

O(r3) for an n× n rank-r matrix.

2.1.1 One Additional Surrogate of Interest

One other surrogate was investigated throughout the course of my thesis work, published in

[SLCT23]. This surrogate is R∗
ΩRΩ(·), and can be computed as

R∗
ΩRΩ(·) =

∑
α∈Ω

⟨·,wα⟩
∑
β∈Ω

⟨vα,vβ⟩wβ.

This operator is symmetric and positive semidefinite, and as such an objective function

analogous to (1.14) can be defined below:

minimize
Y ∈S

1

2
⟨Y −X,R∗

ΩRΩ(Y −X)⟩ subject to rank(Y ) = r.

No theoretical analysis of this surrogate was conducted in [SLCT23], and the operator was

superseded by the introduction of the operator in Chapter 3. We mention this object here for

posterity as a first pass to this problem, but ultimately it is not particularly relevant to the

work conducted in this thesis. More can be seen on this in Remark 3.1.1.
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2.2 Theoretical Analysis

In this section, we will provide the main results of this work, which are the local convergence and

recovery guarantees for Riemannian Pseudogradient Descent, presented in Theorems 2.2.2, 2.2.4,

and 2.2.6. Prior to these guarantees, we will first introduce slightly altered incoherence con-

ditions for the non-orthogonal problem at hand. Pathological cases can arise where a ground

truth matrix X has few non-zero coefficients in a dual basis expansion, which can cause issues

in the recovery of said matrix from samples. This is well-studied in the standard matrix com-

pletion problem, and is captured in the idea of incoherence with respect to the standard basis.

Relating incoherence to the underlying geometry of points is an interesting problem, but this is

outside the scope of the current work.

Assumption 2.2.1: Incoherence assumption

Let X ∈ Rn×n be a rank-r matrix with eigenvalue decomposition X = UDU⊤. We

assume that X is ν
4 -incoherent to the basis {wα}α∈I, ν-incoherent to its dual basis

{vα}α∈I, and
ν
64 -incoherent in the standard matrix basis; that is, there exists a constant

ν ≥ 1 such that for all α = (i, j) ∈ I:

∥PUeij∥F ≤
√

νr

128n
, ∥PUwα∥F ≤

√
νr

8n
, and ∥PUvα∥F ≤

√
νr

2n
. (2.2)

In addition to the above, we require that

∥PTeij∥F ≤
√

νr

128n
, ∥PTwα∥F ≤

√
νr

8n
, and ∥PTvα∥F ≤

√
νr

2n
. (2.3)

This assumption is in accordance with both the standard definitions of incoherence as

∥PUeij∥F ≤ ∥PUei∥2. Additionally, notice that these two definitions are equivalent up to a

small constant, as

∥PTwα∥F = ∥PUwα +wαPU − PUwαPU∥F ≤ 3 ∥PUwα∥F ,

where the first inequality follows from the triangle inequality and the self-adjointness of PUwα.
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As such, we pick a ν large enough such that the inequalities in (2.2) and (2.3) hold. As in

[WCCL20], we note that the first condition above implies the following:

∥PUeij∥2F = ⟨PUeij ,PUeij⟩ = ⟨PUeij , eij⟩ = Trace (eijejiPU ) = ⟨PU , eii⟩ =
∥∥∥U (i)

∥∥∥2
2
.

This indicates that
∥∥U (i)

∥∥2
2
≤ νr

128n , which will be relevant when discussing the initialization of

Riemannian Pseudogradient Descent using a trimming step in Algorithm 6.

Remark 2.2.1: Equivalence of incoherence in eij, wα, and vα

We want to note that the first assumption in (2.2) actually implies the next two. That

is to say, if ∥PUeij∥F ≤
√

νr
128n , then by the triangle inequality

∥PUwα∥F ≤ 4 max
(i,j)∈I

∥PUeij∥F ≤
√

νr

8n
.

To see the last result, notice that

∥PUvα∥F =

∥∥∥∥∥∥PU
∑

β∈I
Hαβwβ

∥∥∥∥∥∥
F

≤
∑
β∈I

∣∣∣Hαβ
∣∣∣ ∥PUwβ∥F

≤
√

νr

8n

∑
β∈I

∣∣∣Hαβ
∣∣∣ ,

and as
∑

α∈I |Hαβ| ≤ 2 from Lemma 2.A.3, the claim follows. A similar proof shows the

same relationship for the equations in (2.3).

Lastly, we are typically interested in large n. Assuming that n ≥ 3 produces uniform results

for several bounds in the appendix, and is formally stated as an assumption.

Assumption 2.2.2: Size of n

For the given ground truth rank-r matrix X ∈ Rn×n, we assume that n ≥ 3.

Throughout the remainder of this work, we will assume that our ground truth matrix X ∈

S satisfies Assumption 2.2.1 with O(1) constant factor ν. As in [WCCL20], we identify a
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neighborhood in Mr around which any initial guess in this neighborhood converges linearly to

the true solution with high probability.

As mentioned previously, the most critical property for convergence of Riemannian Pseudo-

gradient Descent is RIP. This theorem provides the conditions needed for RIP of RΩ:

Theorem 2.2.1 (Restricted Isometry Property (RIP) for PTRΩPT). With probability at least

1− 2n1−β,

L

m

∥∥∥PTRΩPT − m

L
PT

∥∥∥ ≤
√

8βν2r2n log(n)

3m
,

for m ≥ 8
3βν

2r2n log(n). In particular,

L

m

∥∥∥PTRΩPT − m

L
PT

∥∥∥ ≤ ε0,

for any ε0 > 0 if m ≥ 8
3β
(
νr
ε0

)2
n log(n). Additionally, under the same conditions as above, we

also have

L

m

∥∥∥PTR∗
ΩPT − m

L
PT

∥∥∥ ≤ ε0.

Proof sketch. This result is primarily a consequence of Theorem 1.7.2, the non-commutative

Bernstein inequality. As E[RΩ] =
m
L I, we see that E[PTRΩPT] =

m
LPT, and the rest of the proof

leverages specific properties of the dual bases {wα}α∈I and {vα}α∈I to prove the concentration

of PTRΩPT around its expectation. See Appendix 2.B.1 for details.

This leads us into the following theorem, which is the crux of this work. Theorem 2.2.2,

stated with a brief proof outline in the main text, describes a local attractive basin around

the ground truth solution, provided that PTRΩPT exhibits RIP. With high probability, the

algorithm will converge to the ground truth from any initialization in this attractive basin. The

full proof is delayed to Appendix 2.C.1.

Theorem 2.2.2 (Local Convergence of Algorithm 4). Let X ∈ Rn×n be the measured rank-r

matrix and let T be the tangent space of Mr at X. Suppose that

∥∥∥∥ LmPTRΩPT − PT

∥∥∥∥ ≤ ε0, (2.4)

∥Xl −X∥F
σmin(X)

≤
√
mε0

16n5/4
√
βνr logn

, (2.5)
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∥RΩ∥ ≤ m

L
+ 4

√
8m log(n)

n
, (2.6)

∥RΩPT∥ ≤ m

L
+

m
√
n

L

√
βνrn log(n)

3m
, (2.7)

∥PTRΩ∥ ≤ m

L
+

4m
√
n

L

√
βνrn log(n)

3m
, (2.8)

where ε0 is a constant satisfying

δ =
18ε0

1− 4ε0
< 1.

Then the algorithm converges linearly as the iterates satisfy

∥Xl+1 −X∥F ≤ δl∥X0 −X∥F.

Proof sketch of Theorem 2.2.2. The theorem begins first by simple linear algebra, as we have

∥Xl+1 −X∥F = ∥Xl+1 −Wl −X +Wl∥F

≤ ∥Xl+1 −Wl∥F + ∥X −Wl∥F

≤ 2∥Wl −X∥F,

where the last inequality follows from Xl+1 being the best rank-r approximation to Wl by

Eckart-Young-Mirsky [EY36]. Next, plugging in Wl = Xl + αlPTl
Gl, we see that

∥Xl+1 −X∥F ≤ 2 ∥Xl + αlPTl
Gl −X∥F

= 2∥Xl −X − αlPTl
RΩ(Xl −X)∥F

≤ 2∥(PTl
− αlPTl

RΩPTl
)(Xl −X)∥F︸ ︷︷ ︸

I1

+ 2∥(I − PTl
)(Xl −X)∥F︸ ︷︷ ︸
I2

+ 2|αl|∥PTl
RΩ(I − PTl

)(Xl −X)∥F︸ ︷︷ ︸
I3

.

The remainder of the proof is in the bounding of I1, I2, and I3. I1 is proven by showing

that in a neighborhood of the solution, defined by (2.5), a local form of RIP for RΩ holds if
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(2.4) is true. This proof leverages the assumptions made in (2.6), (2.7), and (2.8). I2 follows

from the neighborhood assumption of (2.5) in tandem with Lemma 1.8.3, and I3 follows from

bounds on the step size (seen in Lemma 2.C.1), the assumption in (2.8), and Lemma 1.8.3.

The assumptions in (2.4), (2.6), (2.7), and (2.8) are all proven via high probability guarantees

using Theorem 1.7.2. The technical details are deferred to the appendix. See the full proof

in 2.C.1.

In Theorem 2.2.2, the linear convergence rate required that ε0 < 1
22 , which is satisfied for

m > 1300ν2r2n log(n), a smaller constant factor than that required of the following initialization

guarantees. That is to say, the local neighborhood guarantees are stricter in practice than the

RIP requirement.

2.2.1 Initialization

Given that the convergence of this algorithm is only local, initialization is important to consider

in the context of sample complexity. The simplest initialization, a hard thresholding to Mr of

the measured information, provides a reasonable starting point. The following theorem describes

how close such an initialization might be to the ground truth.

Lemma 2.2.3 (Initialization via One Step Hard Thresholding). Let X ∈ Rn×n be the under-

lying measured rank-r matrix, and let X0 =
L
mHr(RΩ(X)) with Ω = m ≥ 32

3 βn log n. It follows

that with probability at least 1− 2n1−β that

∥X0 −X∥F ≤
√

βν2r3n log(n)

3m
∥X∥, (2.9)

Proof. See Section 2.D.1.

This result shows that with probability at least 1 − 2n1−β, the neighborhood assumption

(2.5), important to Lemma 2.B.3, is satisfied if

m ≥ 10κβν3/2r2

ε0
n7/4 log(n),

where κ = ∥X∥
σmin(X) is the condition number of X.



48 Chapter 2

This leads into the following theorem, which is one of the primary results of the work.

Theorem 2.2.4 (Recovery Guarantee I). Suppose |Ω| = m with the indices sampled uniformly

with replacement. Given an initialization of X0 = L
mHr(RΩ(X)) for the rank-r, ν-incoherent

ground truth matrix X with condition number κ, and given

m ≥ 10κβν3/2r2

ε0
n7/4 log(n),

with β > 1, then Riemannian Pseudogradient Descent linearly converges to the ground truth X

with probability at least 1− 10n1−β.

Proof. This follows from taking the local neighborhood assumption seen in Theorem 2.2.2. By

setting the bound produced in Lemma 2.2.3 to be less than required for local convergence, the

result follows after some minor algebra and taking the maximum with the sample complexity

requirements seen in Theorem 2.2.1.

This naive one-step hard thresholding initialization can be improved again following a con-

struction in [WCCL20], using a resampling and trimming algorithm, both defined as follows:

Algorithm 5 Riemannian Resampling for Initialization

Partition Ω into S + 1 equal groups Ω0,Ω1, ...,ΩS , each of size m̂
Set Z0 = Hr

(
L
m̂RΩ0(X)

)
for l = 0, 1, ..., S − 1 do

1. Ẑl = trim(Zl)

2. Zl+1 = Hr

(
Ẑl +

L
m̂PT̂l

RΩl+1
(X − Ẑl)

)
end for
Output: X0 = ZS .

Algorithm 6 trim

Input: Zl = UlDlU
⊤
l

Output: Ẑl = AlDlA
⊤
l , where A

(i)
l =

U
(i)
l∥∥∥U (i)
l

∥∥∥
2

min
{∥∥∥U (i)

l

∥∥∥
2
,
√

νr
n

}
.

This trimming algorithm is a projection onto the space of matrices that are ν-incoherent

with respect to the standard matrix basis, not necessarily with respect to the basis {wα}α∈I.

However, as noted previously, the incoherence parameter differs by at most an O(1) constant, so

this is a reasonable surrogate, especially for large n. Following Section 1.2.1 and Remark 1.6.2,
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we can view this trimming algorithm as a projection of the pi onto a sphere of radius νr
n in the

Mahalanobis metric, defined as pi(P
⊤P )−1pi.

We can analyze Algorithm 5 and get the following result:

Lemma 2.2.5 (Riemannian Resampling Result). Let X ∈ Rn×n be the measured rank-r matrix

with condition number κ. Let S be the number of partitions specified in Algorithm 5, and let

m̂ = m
S+1 . Then for all β > 1, with probability at least 1−(2+4S)n1−β, the output of Algorithm 5

satisfies

∥X0 −X∥F ≤
(
5

6

)S σmin(X)

256κ2
,

provided that m̂ ≥ (2.2× 104)κ6ν2r3βn log(n).

Proof. See 2.D.2.

Assuming that m ≥ βνrn log(n), which is relaxed from the requirement for RIP seen in

Theorem 2.2.1, Lemma 2.2.5 shows that taking

S ≥ 6 log

(
n3/4

16ε0

)
,

the third condition in Lemma 2.B.3 can be satisfied with probability at least

1−

(
6 + 24 log

(
n3/4

16ε0

))
n1−β,

for a large enough sample complexity. This leads to the final recovery guarantee, attenuating

the n dependence in the sample complexity.

Theorem 2.2.6. Let X ∈ Rn×n be the measured rank-r, ν-incoherent matrix with condition

number κ, and suppose that Ω ⊂ I is a set of indices sampled uniformly at random with re-

placement with |Ω| = m . Let X0 be the output of Algorithm 5. Then for any β > 1, the

iterates of Riemannian Pseudogradient Descent linearly converge to X with probability at least

1−
(
6 + 24 log

(
n3/4

16ε0

))
n1−β provided that

m ≥ (2.4× 105)κ6ν2r3βn log2(n).
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Proof. As in Theorem 2.2.4, this proof follows from the local neighborhood conditions of Theo-

rem 2.2.2, combined with the sample complexity results from Lemma 2.2.5 and Theorem 2.2.1.

The constants are not optimized, and could be further improved.

2.3 Numerical Results

In this section, we test the proposed algorithms on synthetic and real data.

2.3.1 Synthetic Data Experiments

To test Algorithms 3 and 4, various two and three dimensional datasets were used, and are

referred to in Table 2.1 with their corresponding sizes. The goal of Algorithms 3 and 4 is

to recover the full set of points P up to orthogonal transformation by sampling the entries

above the diagonal of D uniformly with replacement, with a total of γL entries chosen for

γ ∈ [0, 1]. Riemannian Pseudogradient Descent reconstructs the Gram matrix X = P⊤P ,

from which P can be recovered. The comparison referenced in Table 2.1 is the relative error

between the recovered matrixXrec and the ground truth matrixX in Frobenius norm. Each run

was terminated at either 1000 iterations or when a relative Frobenius norm difference between

iterates of 10−5 was achieved.

As indicated by these experiments, RF-RGD more reliably reconstructs the underlying

datasets from distance samples than Riemannian Pseudogradient Descent, but both are out-

performed by the non-convex algorithm in [TL18]. However, with the non-convex algorithm

in [TL18] there is little hope of ever conducting local convergence analysis of this algorithm,

whereas Riemannian Pseudogradient Descent has been proven to exhibit local convergence. The

success of FΩ in this algorithm indicates that there might be a different method for local con-

vergence that does not use RIP explicitly. Future work in this direction would be interesting,

particularly as this approach is more theoretically straightforward than the approach outlined

in Chapter 3.

It remains to be seen if RF-RGD will be provably locally convergent, as determining a high-

probability bound on ∥PTFΩPT − cPT∥ for some c > 0 has proven challenging. As such, more

practical utility lies in RF-RGD and the algorithm in [TL18] than in Riemannian Pseudogradient
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Table 2.1: Relative recovery error ∥X −Xrec∥F / ∥X∥F between the recovered
Gram matrix and the true Gram matrix averaged over 25 trials using Algo-
rithms 3, 4, and the non-convex algorithm in [TL18].

Dataset
γ

7% 5% 3% 2% 1%

RF-RGD

Sphere (3D, n = 1002) 3.69× 10−5 6.01× 10−5 1.28× 10−4 6.82× 10−3 9.11× 10−1

Cow (3D, n = 2601) 4.06× 10−5 4.89× 10−5 7.61× 10−5 1.07× 10−4 8.60× 10−3

Swiss Roll (3D, n = 2048) 3.97× 10−5 5.06× 10−5 7.71× 10−5 1.21× 10−4 5.52× 10−2

U.S. Cities (2D, n = 2920) 4.67× 10−5 2.01× 10−3 6.94× 10−3 1.63× 10−2 6.08× 10−2

Riemannian Pseudogradient Descent

Sphere (3D, n = 1002) 3.86× 10−5 2.11× 10−4 7.88× 10−2 2.29× 10−1 1.78× 100

Cow (3D, n = 2601) 3.40× 10−2 6.28× 10−2 1.76× 10−1 3.60× 100 7.73× 10−1

Swiss Roll (3D, n = 2048) 1.46× 10−5 3.00× 10−5 1.52× 10−3 2.82× 10−1 9.73× 10−1

U.S. Cities (2D, n = 2920) 1.23× 10−1 1.46× 10−1 1.86× 10−1 3.13× 10−1 8.35× 10−1

Non-convex algorithm in [TL18]

Sphere (3D, n = 1002) 9.86× 10−6 1.36× 10−5 3.04× 10−5 6.18× 10−5 1.00× 10−1

Cow (3D, n = 2601) 7.66× 10−6 1.06× 10−5 1.65× 10−5 2.11× 10−5 4.46× 10−5

Swiss Roll (3D, n = 2048) 1.22× 10−6 1.01× 10−6 1.87× 10−6 1.06× 10−6 3.34× 10−5

U.S. Cities (2D, n = 2920) 6.09× 10−7 8.19× 10−7 1.32× 10−6 2.30× 10−6 4.69× 10−6

Descent, but the strong theoretical results provided by Riemannian Pseudogradient Descent will

guide future work for the convergence analysis of RF-RGD and other self-adjoint surrogates for

RΩ.

2.A Properties of the Dual Bases

In this section, we provide a few properties of the dual bases {wα}α∈I and {vα}α∈I that will

be relevant through the remainder of this work.

Lemma 2.A.1 (λmax(H̃) bound). Let H̃ = [⟨PUwα,PUwβ⟩] ∈ RL×L, where U is the row/col-

umn space of the true solution X = UDU⊤, which is rank-r, and where PU is the projection

operator onto U . It follows that

λmax(H̃) ≤ νr.

Proof. First, by incoherence we have that

|⟨PUwα,PUwβ⟩| ≤ ∥PUwα∥F∥PUwβ∥F ≤ νr

2n
.
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Next, as PU = UU⊤, for α ∩ β = ∅

⟨PUwα,PUwβ⟩ = Trace(wαPUPUwβ) = Trace(wβwαPU ) = Trace(0PU ) = 0,

as wαwβ = wβwα = 0, where 0 is the zero matrix. Thus H̃ is sparse, with each row having at

most 2n−3 non-zero entries. The result follows from a Gershgorin argument and the entrywise

bound derived from the incoherence condition above.

Lemma 2.A.2. For any X ∈ Rn×n, X = X⊤, and any wα ∈ {wβ}β∈I,

⟨PTX,wα⟩ = ⟨X,PUwα⟩+ ⟨XPU⊥ ,PUwα⟩.

Additionally for ∥X∥F = 1,

∑
α∈I

⟨X,PTwα⟩2 ≤ 4λmax(H̃) = 4νr.

Proof. First, notice that ⟨XPU ,wα⟩ = ⟨PUX,wα⟩ due to cyclicity of the trace and symmetry

of X, PU , and wα. It follows then that

⟨PTX,wα⟩ = ⟨PUX +XPU − PUXPU ,wα⟩

= 2⟨PUX,wα⟩ − ⟨PUXPU ,wα⟩

= ⟨PUX,wα⟩+ ⟨PUX − PUXPU ,wα⟩

= ⟨PUX,wα⟩+ ⟨PUXPU⊥ ,wα⟩

= ⟨X,PUwα⟩+ ⟨XPU⊥ ,PUwα⟩.

To see the second statement, notice that from Young’s inequality we have

∑
α∈I

⟨X,PTwα⟩2 =
∑
α∈I

(⟨X,PUwα⟩+ ⟨XPU⊥ ,PUwα⟩)2

≤ 2
∑
α∈I

⟨X,PUwα⟩2 + 2
∑
α∈I

⟨XPU⊥ ,PUwα⟩2.
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As such,

∑
α∈I

⟨X,PTwα⟩2 ≤ max
∥X∥F=1

∑
α∈I

⟨X,PTwα⟩2

≤ max
∥X∥F=1

∑
α∈I

2⟨X,PUwα⟩2 + 2⟨XPU⊥ ,PUwα⟩2

≤ 2 max
∥X∥F=1

∑
α∈I

⟨X,PUwα⟩2 + 2 max
∥X∥F=1

∑
α∈I

⟨XPU⊥ ,PUwα⟩2

≤ 4 max
∥X∥F=1

∑
α∈I

⟨X,PUwα⟩2

≤ 4νr,

with the second to last inequality following from the fact that PU⊥ is an orthogonal projection

operator and the last line following from Theorem 1.8.2 and Theorem 2.A.1. This concludes

the proof.

Lemma 2.A.3 (Eigenvalues of H and H−1, entries of H−1, and spectral norms of wα and vα

[LT23]). Let H ∈ RL×L be the Gram matrix for {wα}α∈I defined by Hαβ = ⟨wα,wβ⟩, and let

H−1 be its inverse. Then

λmax(H) = 2n, λmax(H
−1) =

1

2
.

Additionally,

Hαβ =



1
n2 α ∩ β = ∅;

− 1
2n + 1

n2 α ∩ β ̸= ∅,α ̸= β;

1
2

(
1− 2

n + 2
n2

)
α = β,

and,

∥wα∥ = 2, ∥vα∥ =
1

2
.

Lemma 2.A.4. Let {vα}α∈I be the dual basis to {wα}α∈I. It follows that

∑
α∈I

v2
α =

n2 − 2n+ 2

4n
J .
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Proof. Recall that vα = −1
2

(
ab⊤ + ba⊤) where a = ei− 1

n1 and b = ej − 1
n1 for α = (i, j). It

follows that

4v2
α = ab⊤ab⊤ + ab⊤ba⊤ + ba⊤ab⊤ + ba⊤ba⊤,

and as b⊤b = a⊤a = n−1
n and a⊤b = − 1

n , we see that

4v2
α =

n− 1

n

[(
eii −

1

n
ei1

⊤ − 1

n
1e⊤i +

1

n2
11⊤

)
+

(
ejj −

1

n
ej1

⊤ − 1

n
1e⊤j +

1

n2
11⊤

)]
− 1

n

[(
eij −

1

n
ei1

⊤ − 1

n
1ej +

1

n2
11⊤

)
+

(
eji −

1

n
ej1

⊤ − 1

n
1e⊤i +

1

n2
11⊤

)]
=

n− 1

n
(eii + ejj) +

2− n

n2

(
ei1

⊤ + 1e⊤i + ej1
⊤ + 1e⊤j

)
+

2(n− 2)

n3
11⊤ − 1

n
(eij + eji) .

So it follows that

∑
α∈I

4v2
α =

(n− 1)2

n
I +

2(2− n)(n− 1)

n2
11⊤ +

(n− 1)(n− 2)

n2
11⊤ − 1

n
(11⊤ − I),

=
n2 − 2n+ 2

n
I − n2 − 2n+ 2

n2
11⊤,

yielding the desired result as J = I − 1
n11

⊤.

2.B Restricted Isometry Results

As RIP and its variants are critical to the analysis of Riemannian Pseudogradient Descent, this

section is dedicated to the proofs of RIP and similar results.

2.B.1 Proof of Theorem 2.2.1

Proof. First, notice that for any dual basis pair {wα}α∈I and {vα}α∈I, we can decompose any

X ∈ S as

X =
∑
α∈I

⟨X,wα⟩vα.

It follows then that

E (RΩ) =
m

L
I,
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where |Ω| = m and I is the identity operator on S. From this, we can see that

PTX =
∑
α∈I

⟨X,PTwα⟩vα,

RΩPTX =
∑
α∈Ω

⟨X,PTwα⟩vα,

PTRΩPTX =
∑
α∈Ω

⟨X,PTwα⟩PTvα.

Therefore it follows that E(PTRΩPT) = m
LPT. We can now use Theorem 1.7.2 to bound the

probability that PTRΩPT deviates from its expected spectral norm. To do this, we first define

an operator Tα = ⟨·,PTwα⟩PTvα − 1
LPT. First, observe the following coherence conditions

outlined in Assumption 2.2.1,

∥⟨·,PTwα⟩PTvα∥ ≤ ∥PTwα∥F ∥PTvα∥F ≤
√

νr

8n

√
νr

2n
≤ νr

2n
.

Additionally, E(Tα) = 1
LI. It follows then that

∥Tα∥ ≤ ∥⟨·,PTwα⟩PTvα∥+
1

L

≤ νr

2n
+

1

L

≤ νr

n
≤ ν2r2

n
=: c,

as ν, r ≥ 1, which gives us our almost sure estimate on the spectral norm of each term Tα. Next,

to estimate the variance we notice first that

E (TαT ∗
α) =

1

L

∑
α∈I

TαT ∗
α =

1

L

∑
α∈I

⟨·,PTvα⟩⟨PTwα,PTwα⟩PTvα − 1

L2
PT,

E (T ∗
αTα) =

1

L

∑
α∈I

T ∗
α Tα =

1

L

∑
α∈I

⟨·,PTwα⟩⟨PTvα,PTvα⟩PTwα − 1

L2
PT.

To bound the maximum spectral norm of the above two terms, notice that for
∑

α∈I TαT ∗
α ,∥∥∥∥∥ 1L∑

α∈I
TαT ∗

α

∥∥∥∥∥ ≤ max
∥X∥F=1

1

L

∑
α∈I

⟨PTwα,PTwα⟩⟨X,PTvα⟩2 +
1

L2
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≤ max
∥X∥F=1

νr

2nL

∑
α∈I

⟨X,PTvα⟩2 +
1

L2

= max
X∈T,∥X∥F=1

νr

2nL

∑
α∈I

⟨X,vα⟩2 +
1

L2

≤ max
∥X∥F=1

νr

2nL

∑
α∈I

⟨X,vα⟩2 +
1

L2

=
νr

2nL
λmax(H

−1) +
1

L2

=
νr

4nL
,

where the first inequality follows from the triangle inequality, the second comes from the coher-

ence conditions in Assumption 2.2.1, the third line comes from the self-adjointness of PT, the

fourth comes from the definition of the max, the fifth comes from an application of Lemma 1.8.2,

and the sixth comes from the λmax(H
−1) bound from Lemma 2.A.3. Next for

∑
α∈I T ∗

αTα, we

have that

∥∥∥∥∥ 1L∑
α∈I

T ∗
αTα

∥∥∥∥∥ ≤ max
∥X∥F=1

1

L

∑
α∈I

⟨PTvα,PTvα⟩⟨X,PTwα⟩2 +
1

L2

≤ max
∥X∥F=1

νr

2nL

∑
α∈I

⟨X,PTwα⟩2 +
1

L2

= max
Z=XPU ,∥X∥F=1

νr

2nL

∑
α∈I

⟨Z,PUwα⟩2 +
1

L2

≤ max
∥X∥F=1

νr

2nL

∑
α∈I

⟨X,PUwα⟩2 +
1

L2

=
νr

2nL
λmax(H̃) +

1

L2

≤ ν2r2

2nL
,

where the first inequality follows from the triangle inequality, the second comes from the coher-

ence conditions in Assumption 2.2.1, the third line comes from the fact that for any symmetric

Y ∈ Rn×n, ⟨PTY ,wα⟩ = ⟨Y PU ,PUwα⟩ from Lemma 2.A.2, the fourth comes from the defini-

tion of the max, the fifth comes from an application of Lemma 1.8.2, and the sixth comes from

the bound on λmax(H̃) in Lemma 2.A.1.

As the latter term is larger, we get a variance estimate V0 = ν2r2

nL . Now, for t < mV0
c = m

L ,
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we can use (1.25). It follows that for m ≥ 8
3βν

2r2n log(n),

P

(∥∥∥PTRΩPT − m

L
PT

∥∥∥ ≥ m

L

√
8βν2r2n log(n)

3m

)
≤ 2n exp (−β log(n)) = 2n1−β,

yielding the desired result.

Additionally, as E(R∗
Ω) = m

L I, the same proof can be repeated to show RIP for R∗
Ω with

the same constants provided.

The proof of RIP forRΩ allows us to define a neighborhood around the ground truth solution

where a slightly weakened version of RIP holds. First, however, we will introduce some technical

lemmas:

Lemma 2.B.1 (Spectral norm bounds for PTRΩ and RΩPT). Let X be a ν-incoherent rank-r

ground truth matrix. For m ≥ 16
3 νrn log(n), both results hold, each with probability 1− 2n1−β:

∥RΩPT∥ ≤ m

L
+

m
√
n

L

√
8βνrn log(n)

3m
and ∥PTRΩ∥ ≤ m

L
+

4m
√
n

L

√
βνrn log(n)

3m
.

Proof of 2.B.1. We will start by proving the bound for ∥RΩPT∥.

First, notice that

∥RΩPT∥ ≤
∥∥∥RΩPT − m

L
PT

∥∥∥+ m

L
,

following from the triangle inequality, and notice that the middle term can be decomposed as

the sum of i.i.d. operators as follows. Let Tα = ⟨·,PTwα⟩vα− 1
LPT. Much in the same vein as in

Theorem 2.2.1 and Lemmas 2.B.4 and 2.2.3, we will use Theorem 1.7.2 to prove a concentration

result. For this, we must get a spectral norm and variance estimate.

For the spectral norm estimate, notice that

∥Tα∥ =

∥∥∥∥⟨·,PTwα⟩vα − 1

L
PT

∥∥∥∥
≤ ∥PTwα∥F∥vα∥F +

1

L

≤
√

νr

2n
+

1

L

≤ 2νr√
n

=: c.
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To get the variance bounds, notice that

∥E[TαT ∗
α ]∥ =

∥∥∥∥∥ 1L∑
α∈I

⟨·,vα⟩⟨PTwα,PTwα⟩vα − 1

L2
PT

∥∥∥∥∥
≤ νr

2nL
λmax(H

−1) +
1

L2

≤ νr

nL
,

where the first inequality follows from Assumption 2.2.1, the triangle inequality, and Lemma 1.8.2.

For the other term, we see that

∥E[T ∗
α Tα]∥ =

∥∥∥∥∥ 1L∑
α∈I

⟨·,PTwα⟩⟨vα,vα⟩PTwα − 1

L2
PT

∥∥∥∥∥
≤

∥∥∥∥∥ 1L∑
α∈I

⟨·,PTwα⟩⟨vα,vα⟩PTwα

∥∥∥∥∥+ 1

L2

≤ 1

L2
+

1

2L
max

∥X∥F=1

∑
α∈I

⟨X,PTwα⟩2

≤ 1

L2
+

1

2L
max

∥X∥F=1

∑
α∈I

⟨X,PUwα⟩2

≤ 1

L2
+

1

2L
λmax(H̃)

≤ 1

L2
+

νr

2L

≤ νr

L
,

where the third inequality follows from ∥vα∥F < 1, the fourth inequality follows from Lemma 2.A.2,

and fifth inequality from Lemma 2.A.1. As this latter term is the larger of the two variance

terms, we set V = νrm
L as our variance estimate. This allows us to state the following result

using Theorem 1.7.2 for m ≥ 8
3νrβn log(n):

P

(∥∥∥RΩPT − m

L
PT

∥∥∥ ≥ m
√
n

L

√
8βνrn log(n)

3m

)
≤ 2n exp (−β log(n)) = 2n1−β,

giving a bound on RΩPT of

∥RΩPT∥ ≤ m

L
+

m
√
n

L

√
8βνrn log(n)

3m
,
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with probability at least 1− 2n1−β.

The next step is to produce a similar bound for ∥PTRΩ∥. The analysis is much the same,

with c = 2νr√
n
and V = 2νr

L . Following the same steps, we see that for m ≥ 16
3 νrβn log(n),

∥PTRΩ∥ ≤ m

L
+

4m
√
n

L

√
βνrn log(n)

3m
,

with probability at least 1− 2n1−β.

Lemma 2.B.2 (Spectral Bound on PTl
RΩ). Assume that

∥RΩ∥ ≤ m

L
+ 4

√
8m log(n)

3n
and ∥PTRΩ∥ ≤ m

L
+

4m
√
n

L

√
βνrn log(n)

3m
,

Then

∥PTl
RΩ∥ ≤

(
m

L
+ 4

√
8m log(n)

n

)
2∥Xl −X∥F
σmin(X)

+
m

L
+

4m
√
n

L

√
βνrn log(n)

3m
.

Proof of 2.B.2. This result follows from direct computation, as

∥PTl
RΩ∥ = ∥PTl

RΩ − PTRΩ + PTRΩ∥

= ∥(PTl
− PT)RΩ + PTRΩ∥

≤ ∥RΩ∥∥PTl
− PT∥+ ∥PTRΩ∥

≤

(
m

L
+ 4

√
8m log(n)

n

)
2∥Xl −X∥F
σmin(X)

+
m

L
+

4m
√
n

L

√
βνrn log(n)

3m
,

where the second inequality follows from Lemma 1.8.3 and the assumptions of this lemma. This

concludes the proof.

Lemma 2.B.3 (RIP in a Local Neighborhood). Assume

∥∥∥∥ LmPTRΩPT − PT

∥∥∥∥ ≤ ε0 < 1, (2.10)

∥Xl −X∥F
σmin(X)

≤
√
mε0

16n5/4
√
βνr logn

, ∥RΩ∥ ≤ m

L
+ 4

√
8m log(n)

n
, (2.11)

∥RΩPT∥ ≤ m

L
+

m
√
n

L

√
8βνrn log(n)

3m
, and ∥PTRΩ∥ ≤ m

L
+

4m
√
n

L

√
βνrn log(n)

3m
. (2.12)



60 Chapter 2

Then ∥∥∥∥PTl
− L

m
PTl

RΩPTl

∥∥∥∥ ≤ 4ε0.

Proof. First, notice that

∥∥∥∥PTl
− L

m
PTl

RΩPTl

∥∥∥∥
≤ ∥PTl

− PT∥+
L

m
∥PTl

RΩPTl
− PTl

RΩPT∥

+
L

m
∥PTl

RΩPT − PTRΩPT∥+
∥∥∥∥PT − L

m
PTRΩPT

∥∥∥∥
≤ ∥PTl

− PT∥+
L

m
∥PTl

RΩ∥∥PTl
− PT∥

+
L

m
∥RΩPT∥∥PTl

− PT∥+
∥∥∥∥PT − L

m
PTRΩPT

∥∥∥∥
≤ 2∥Xl −X∥F

σmin(X)

(
1 +

L

m
∥PTl

RΩ∥+
L

m
∥RΩPT∥

)
+

∥∥∥∥PT − L

m
PTRΩPT

∥∥∥∥ ,
using the triangle inequality and the results gathered in Lemma 1.8.3.

We can now bound each of these terms using the assumptions and prior lemmas. First,

notice that

2L∥Xl −X∥F
mσmin(X)

∥RΩPT∥ ≤ 2∥Xl −X∥F
σmin(X)

+

√
32βνrn2 log(n)

3m

∥Xl −X∥F
σmin(X)

≤
√
mε0

8n5/4
√
βνr logn

+

√
βνrn2 log(n)

24m

√
mε0

n5/4
√
βνr logn

≤
√
m

n5/4

ε0
8

+
ε0

n1/4
√
24

≤
√
L

n5/4

ε0
8

+
ε0√
24

≤ ε0
8

+
ε0√
24

≤ ε0,

where the first inequality comes from the assumption on ∥RΩPT∥ in (2.12), the second inequality

comes from the local neighborhood assumption in (2.11), the third inequality comes from term

cancellation and the fact that β, ν, r, log(n) ≥ 1, the fourth inequality comes from the fact

that m ≤ L, the fifth inequality comes from the fact that L
n2 < 1, and the last inequality is a
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numerical inequality on the fractions.

Next, notice that the conditions of Lemma 2.B.2 are satisfied, so

2L∥Xl −X∥F
mσmin(X)

∥PTl
RΩ∥

≤
(
2L∥Xl −X∥F
mσmin(X)

)((
m

L
+ 4

√
8m log(n)

n

)
2∥Xl −X∥F
σmin(X)

+
m

L
+

4m
√
n

L

√
βνrn log(n)

3m

)
≤
(
2∥Xl −X∥F
σmin(X)

)2
(
1 +

2n2

m

√
8m log(n)

n

)

+
2∥Xl −X∥F
σmin(X)

(
1 + 4

√
βνrn2 log(n)

3m

)

≤ mε20
64n5/2βνr logn

+

√
mε0

8n5/4
√
βνr logn

+

(
mε20

64n5/2βνr logn

)(
2n2

m

√
8m log(n)

n

)

+

( √
mε0

8n5/4
√
βνr logn

)(
4

√
βνrn2 log(n)

3m

)

≤ ε20
64

+
ε0
8

+

(
mε20

64n5/2βνr logn

)(
2n2

m

√
8m log(n)

n

)

+

( √
mε0

8n5/4
√
βνr logn

)(
4

√
βνrn2 log(n)

3m

)

=
ε20
64

+
ε0
8

+

√
32mε20

64βνrn log(n)
+

ε0

n1/4
√
12

≤ ε20
64

+
ε0
8

+
ε20
16

+
ε0√
12

≤ ε0,

where the first inequality follows from the assumptions on ∥PTRΩ∥ in (2.12), the second in-

equality follows from rearrangement of terms and the fact that L
m ≤ n2

m , the third inequality

comes from the local neighborhood assumption in (2.11), the fourth inequality comes from the

fact that m
n2 ≤ L

n2 < 1 along with β, ν, r, log(n) ≥ 1, the fifth line comes from multiplying out

terms, the sixth inequality again comes from a bound on m
n2 amongst other simplifications, and

the last line comes from a numerical inequality about the fractions coupled with the fact that
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ε0 < 1 from (2.10), so ε20 ≤ ε0. The desired statement follows from here, thus concluding the

proof.

For Algorithm 5, we will need what the authors of [WCCL20] call an asymmetric form of

RIP for RΩ. The statement and proof of this are below:

Lemma 2.B.4 (Asymmetric RIP of RΩ). Let Xl = UlDlU
⊤
l and X = UDU⊤ be two fixed

rank-r matrices. Assume

∥PUwα∥F ≤
√

νr

2n
, ∥PUvα∥F ≤

√
νr

2n
, ∥PUl

wα∥F ≤
√

νr

2n
, and ∥PUl

vα∥F ≤
√

νr

2n
,

for α ∈ I. Let |Ω| = m. For m ≥ 4
3βν

2r2n log(n), with probability at least 1− 2n1−β for β > 1,

the following estimate holds:

∥∥∥∥ LmPTl
RΩ(PU − PUl

)− PTl
(PU − PUl

)

∥∥∥∥ ≤
√

4βν2r2n log(n)

3m
. (2.13)

Proof of Lemma 2.B.4. First, note that for all Z ∈ Rn×n,

(PU − PUl
)Z =

∑
α∈I

⟨(PU − PUl
)Z,wα⟩vα

=
∑
α∈I

⟨Z, (PU − PUl
)wα⟩vα,

so it follows that

RΩ(PU − PUl
)Z =

∑
α∈Ω

⟨Z, (PU − PUl
)wα⟩vα,

and subsequently

PTl
RΩ(PU − PUl

)Z =
∑
α∈Ω

⟨Z, (PU − PUl
)wα⟩PTl

vα.

We define Kα(·) = PTl
(vα) ⊗ (PU − PUl

)(wα)(·) = ⟨·, (PU − PUl
)wα⟩PTl

vα. It follows that

PTl
RΩ(PU −PUl

) =
∑

α∈ΩKα, and that K∗
α = (PU −PUl

)(wα)⊗PTl
(vα)(·) = ⟨·,PTl

vα⟩(PU −

PUl
)wα. Additionally, note that E[Kα] =

1
LPTl

(PU − PUl
) and that E[K∗

α] =
1
L(PU − PUl

)PTl
.

We note that the variance term E
[(
Kα − 1

LPTl
(PU − PUl

)
) (

Kα − 1
LPTl

(PU − PUl
)
)∗]

can be
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bounded as follows:

E
[(

Kα − 1

L
PTl

(PU − PUl
)

)(
Kα − 1

L
PTl

(PU − PUl
)

)∗]
= E

[
KαK∗

α −Kα
1

L
(PU − PUl

)PTl
− 1

L
PTl

(PU − PUl
)K∗

α +
1

L2
PTl

(PU − PUl
)PTl

]
= E [KαK∗

α]− E [Kα]
1

L
(PU − PUl

)PTl
− 1

L
PTl

(PU − PUl
)E [K∗

α] +
1

L2
PTl

(PU − PUl
)PTl

= E [KαK∗
α]−

1

L2
PTl

(PU − PUl
)2 PTl

− 1

L2
PTl

(PU − PUl
)2 PTl

+
1

L2
PTl

(PU − PUl
)2 PTl

= E [KαK∗
α]−

1

L2
PTl

(PU − PUl
)2 PTl

.

A similar computation holds for E
[(
Kα − 1

LPTl
(PU − PUl

)
)∗ (Kα − 1

LPTl
(PU − PUl

)
)]
, indi-

cating that it suffices to compute an upper bound on the following terms in order to leverage

Theorem 1.7.2:

∥∥∥∥Kα − 1

L
PTl

(PU − PUl
)

∥∥∥∥ ≤ c,

max

{∥∥∥∥E[KαK∗
α]−

1

L2
PTl

(PU − PUl
)2PTl

∥∥∥∥ ,∥∥∥∥E[K∗
αKα]−

1

L2
(PU − PUl

)PTl
(PU − PUl

)

∥∥∥∥} ≤ V0.

For the first term, notice that

∥Kα∥ ≤ ∥(PU − PUl
)wα∥F∥PTl

vα∥F

≤ (∥PUwα∥F + ∥PUl
wα∥F)∥PTl

vα∥F

≤ νr

n
≤ ν2r2

n
.

So by the triangle inequality
∥∥Kα − 1

LPTl
(PU − PUl

)
∥∥ ≤ 2ν2r2

n =: c. For the second term, notice

that

E[KαK∗
α] =

1

L

∑
α∈I

⟨·, (PU − PUl
)wα⟩⟨PTl

vα,PTl
vα⟩(PU − PUl

)wα,

E[K∗
αKα] =

1

L

∑
α∈I

⟨·,PTl
vα⟩⟨(PU − PUl

)wα, (PU − PUl
)wα⟩PTl

vα.
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As such,

∥E[KαK∗
α]∥ =

1

L
max

X∈Rn×n,∥X∥F=1

∑
α∈I

⟨X, (PU − PUl
)wα⟩2⟨PTl

vα,PTl
vα⟩

≤ νr

2nL
max

X∈Rn×n,∥X∥F=1

∑
α∈I

⟨X, (PU − PUl
)wα︸ ︷︷ ︸

=:w̃l
α

⟩2

=
νr

2nL
λmax(H̃

l),

where H̃ l = [⟨w̃l
α, w̃

l
β⟩] ∈ RL×L. To bound this, notice that if α ∩ β = ∅,

⟨w̃l
α, w̃

l
β⟩ = ⟨wα, (PU − PUl

)2wβ⟩

= Trace
[
wα(PU − PUl

)2wβ

]
= Trace

[
wβwα(PU − PUl

)2
]

= 0,

therefore preserving the same sparsity structure as H̃. To bound the magnitude of the entries,

we can see that

|⟨w̃l
α, w̃

l
β⟩| = |⟨wα, (PU − PUl

)2wβ⟩| = |⟨wα, (PU − PUPUl
− PUl

PU + PUl
)wβ⟩|

≤ |⟨PUwα,PUwβ⟩|+ |⟨PUwα,PUl
wβ⟩|+ |⟨PUl

wα,PUwβ⟩|+ |⟨PUl
wα,PUl

wβ⟩|

≤ 2νr

n
,

giving us an upper bound on H̃ l of

λmax(H̃
l) ≤ 2νr

n
(2n− 3) ≤ 4νr.

This gives a bound of

∥E[KαK∗
α]∥ ≤ 2ν2r2

nL
.
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Next, we can see that

∥E[K∗
αKα]∥ =

1

L
max

X∈Rn×n,∥X∥F=1

∑
α∈I

⟨(PU − PUl
)wα, (PU − PUl

)wα⟩ ⟨X,PTl
vα⟩2

≤ 2νr

nL
max

X∈T,∥X∥F=1

∑
α∈I

⟨X,vα⟩2

≤ 2νr

nL
λmax(H

−1)

=
νr

nL
.

Now, it follows that

∥∥∥∥E[KαK∗
α]−

1

L2
PTl

(PU − PUl
)2PTl

∥∥∥∥ ≤ 2ν2r2

nL
+

4

L2
≤ 4ν2r2

nL∥∥∥∥E[K∗
αKα]−

1

L2
(PU − PUl

)PTl
(PU − PUl

)

∥∥∥∥ ≤ νr

nL
+

4

L2
≤ 2νr

nL
,

so V0 := 4ν2r2

nL . Now, for t < mV0
c = 2m

L , the result follows from Theorem 1.7.2 with t =√
4βν2r2n log(n)

3m with m ≥ 4
3ν

2r2n log(n).

2.C Proof of Local Convergence (Theorem 2.2.2)

In this section, we will use the properties proven thus far to provide proof of local convergence

of Riemannian Pseudogradient Descent. We begin with the following technical lemmas:

Lemma 2.C.1 (Stepsize Bounds). Assume that ∥PTl
− L

mPTl
RΩPTl

∥ ≤ 4ε0 < 1. Then the

stepsize αl in Riemannian Pseudogradient Descent can be bounded by

L/m

1 + 4ε0
≤ αl =

∥PTGl∥2F
⟨PTl

Gl,RΩPTl
Gl⟩

≤ L/m

1− 4ε0
.

Proof of Lemma 2.C.1. We will prove this by leveraging the local RIP assumption. Notice the

following:

⟨PTl
Gl,RΩPTl

Gl⟩ = ⟨PTl
Gl,PTl

RΩPTl
Gl⟩

=
〈
PTl

Gl,PTl
RΩPTl

Gl −
m

L
PTl

Gl

〉
+

m

L
⟨PTGl,PTGl⟩.
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We can now leverage the variational characterization of the spectral norm and local RIP, proven

in Lemma 2.B.3, to bound the following:

−m

L
(4ε0)∥PTGl∥2F ≤

〈
PTl

Gl,PTl
RΩPTl

Gl −
m

L
PTl

Gl

〉
≤ m

L
(4ε0)∥PTGl∥2F.

As such, we can now bound the denominator as

m

L
(1− 4ε0)∥PTGl∥2F ≤ ⟨PTl

Gl,RΩPTl
Gl⟩ ≤

m

L
(1 + 4ε0)∥PTGl∥2F.

Rearrangement of this last expression yields the upper and lower bounds on the step size

derived above. The condition that 4ε0 < 1 is required to enforce the positivity of the step size,

as negative step sizes cause divergence in the contractive sequence. This is necessary as RΩ is

not a self-adjoint positive semi-definite operator. This concludes the proof.

Lemma 2.C.2 (I1 Bound). Assume
∥∥PTl

− L
mPTl

RΩPTl

∥∥ ≤ 4ε0 and αl can be bounded as in

Lemma 2.C.1. Then the spectral norm of PTl
− αlPTl

RΩPTl
can be bounded as

∥PTl
− αlPTl

RΩPTl
∥ ≤ 8ε0

1− 4ε0
. (2.14)

Proof of Lemma 2.C.2. From direct calculation, it follows that

∥PTl
− αlPTl

RΩPTl
∥ ≤

∥∥∥∥PTl
− L

m
PTl

RΩPTl

∥∥∥∥+ ∣∣∣∣αl − L

m

∣∣∣∣ ∥PTl
RΩPTl

∥

≤ 4ε0 +

∣∣∣∣αl − L

m

∣∣∣∣ (∥∥∥PTl
RΩPTl

− m

L
PTl

∥∥∥+ m

L
∥PTl

∥
)

≤ 4ε0 +

(
L/m

1− 4ε0
− L/m(1− 4ε0)

1− 4ε0

)(
4ε0

m

L
+

m

L

)
≤ 4ε0 +

4ε0
1− 4ε0

(1 + 4ε0)

=
8ε0

1− 4ε0
.

This finishes the proof.

We can now prove Theorem 2.2.2.
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2.C.1 Proof of Theorem 2.2.2

Proof. First, it follows that

∥Xl+1 −X∥F ≤ ∥Xl+1 −Wl∥F + ∥Wl −X∥F ≤ 2∥Wl −X∥F,

as Xl+1 is the best rank-r approximation of Wl. Plugging in Wl = Xl + αlPTl
Gl, we see that

∥Xl+1 −X∥F ≤ 2 ∥Xl + αlPTl
Gl −X∥F

= 2∥Xl −X − αlPTl
RΩ(Xl −X)∥F

≤ 2∥(PTl
− αlPTl

RΩPTl
)(Xl −X)∥F︸ ︷︷ ︸

I1

+ 2∥(I − PTl
)(Xl −X)∥F︸ ︷︷ ︸
I2

+ 2|αl|∥PTl
RΩ(I − PTl

)(Xl −X)∥F︸ ︷︷ ︸
I3

.

It remains to bound each term individually. Using Lemma 2.C.2, we see that

I1 ≤
16ε0

1− 4ε0
∥Xl −X∥F.

Next, notice that from Lemma 1.8.3 and the fact that PTl
Xl = Xl,

I2 = 2∥(I − PTl
)X∥F

≤
2∥Xl −X∥2F
σmin(X)

≤
√
mε0

8n5/4
√
βνr logn

∥Xl −X∥F

≤ ε0
1− 4ε0

∥Xl −X∥F,

using Lemma 1.8.3 and our initial assumption. Finally, we see that, following a similar argument

as in the bound of I2 and using Lemma 2.B.2,

I3 ≤ 2|αl|∥PTl
RΩ∥∥(I − PTl

)X∥F
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≤ 2L/m

1− 4ε0

[(
m

L
+ 4

√
8m log(n)

n

)
2∥Xl −X∥F
σmin(X)

+
m

L
+

4m
√
n

L

√
βνrn log(n)

3m

](
∥Xl −X∥F
σmin(X)

)
∥Xl −X∥F

≤ 1

1− 4ε0

(
ε20
128

+
ε0
16

+
ε20
32

+
ε0√
48

)
∥Xl −X∥F

≤ ε0
1− 4ε0

,

where the second to last inequality follows from the same analysis conducted in Lemma 2.B.3,

sclaed by a factor of 1
2 . Collecting these results, we get

∥Xl+1 −X∥F ≤ 18ε0
1− 4ε0

∥Xl −X∥F.

By the assumption of the theorem, which holds for l = 0, and as we have a contractive sequence,

it inductively follows that the assumption holds for l ≥ 0. This concludes the proof.

2.D Initialization Results

Now that local convergence has been established, we can now prove quantitative guarantees for

the initialization methods provided in the main text.

2.D.1 Proof of Lemma 2.2.3

We first start with a proof of the guarantee provided by one-step hard thresholding, detailed in

Lemma 2.2.3:

Proof. First, notice that for W0 =
L
mRΩ(X), we get

∥X0 −X∥ ≤ ∥W0 −X∥+ ∥W0 −X0∥

≤ 2 ∥W0 −X∥ ,

where the first inequality follows from the triangle inequality and the second inequality follows

from the fact that W0 is the best rank-r approximation of X0 by Eckart-Young-Mirsky[EY36].

We now need a bound for this last term. Notice that W0 − X = L
m

∑
α⟨X,wα⟩vα − X is a
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sum of zero-mean i.i.d. random matrices, opening up use of Bernstein’s inequality. In order to

use this, define Zα = L
m⟨X,wα⟩vα − 1

mX. We need a bound on ∥Zα∥ and
∥∥E[Zα]

2
∥∥. First,

notice that

∥Zα∥ =

∥∥∥∥ Lm⟨X,wα⟩vα − 1

m
X

∥∥∥∥
≤ L

m
|⟨X,wα⟩| ∥vα∥+

1

m
∥X∥

≤ L

m

(
max
α∈I

⟨X,wα⟩
)
+

n

m

(
max
α∈I

⟨X,wα⟩
)

≤ 2L

m

(
max
α∈I

⟨X,wα⟩2
)

=: c,

where the third inequality comes from the fact that for centered Gram matrices X that ∥X∥ ≤
n
2 (maxα∈I⟨X,wα⟩), and as ∥vα∥ < 1 from Lemma 2.A.3. Next, notice that

∥∥E[Z2
α]
∥∥ =

∥∥∥∥∥ L

m2

∑
α

⟨X,wα⟩2v2
α − 1

m2
X2

∥∥∥∥∥ .
As both these matrices are positive semi-definite, it follows that

∥∥E[Z2
α]
∥∥ ≤ max

{∥∥∥∥∥ L

m2

∑
α

⟨X,wα⟩2v2
α

∥∥∥∥∥ ,
∥∥∥∥ 1

m2
X2

∥∥∥∥
}
.

It follows that

∥∥∥∥∥ L

m2

∑
α

⟨X,wα⟩2v2
α

∥∥∥∥∥ = max
y∈Rn,∥y∥2=1

L

m2

∑
α

⟨X,wα⟩2y⊤v2
αy

≤ L

m2

(
max
α∈I

⟨X,wα⟩2
)
y⊤

(∑
α

v2
α

)
y

=
L

m2

(
max
α∈I

⟨X,wα⟩2
)
λmax

(∑
α

v2
α

)
.

Now, from Lemma 2.A.4,
∑

α v2
α = n2−2n+2

4n J . It follows that λmax

(∑
α v2

α

)
= n2−2n+2

4n ≤ n
4

as J is an orthogonal projection. Thus,

∥∥E (Z2
α

)∥∥ ≤ nL

m2

(
max
α∈I

⟨X,wα⟩2
)

=: V0.
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Now to determine t, we note that

V

c
=

nL

m

(
max
α∈I

⟨X,wα⟩2
)

m

2L (maxα∈I⟨X,wα⟩)

=
n

2

(
max
α∈I

⟨X,wα⟩
)

≥
√

8βn3 logn

3m

(
max
α∈I

⟨X,wα⟩
)
,

for m ≥ 32
3 βn log n. It follows that

P

(
∥X0 −X∥ >

√
8βn3 log n

3m

(
max
α∈I

⟨X,wα⟩
))

≤ 2n exp (−β log(n))

= 2n1−β,

verifying the probabilistic bound. To complete the proof we use Theorem 1.A.3 and it follows

that

∥X0 −X∥F ≤
√
2r∥X0 −X∥ ≤

√
16rβn3 log(n)

3m

(
max
α∈I

⟨X,wα⟩
)

≤
√

ν2r3n log(n)

3m
∥X∥,

thus concluding the proof.

Now, we will prove a technical lemma about Algorithm 6:

Lemma 2.D.1 (Trimming Result). Let Zl = UlDlU
⊤
l be a rank-r matrix such that

∥Zl −X∥ ≤ σmin(X)

10
√
2

.

Then the matrix Ẑl returned by Algorithm 6 satisfies

∥PÛl
ei∥ ≤ 10

9

√
νr

128n
, ∥PÛl

wα∥F ≤ 10

9

√
νr

8n
, and ∥PÛl

vα∥F ≤ 10

9

√
νr

2n
,

and furthermore

∥Ẑl −X∥F ≤ 8κ∥Zl −X∥F.

Proof of Lemma 2.D.1. The proof of the first and fourth statements can be found in [WCCL20].
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To see the second and third statements, we can apply the same analysis as in Remark 2.2.1.

This analysis is reproduced here for convenience. First, notice that if ∥PÛl
eij∥2 ≤ 10

9

√
νr

128n ,

then by the triangle inequality

∥PÛl
wα∥2F ≤ 40

9
∥PUeij∥F ≤ 10

9

√
νr

8n
.

This validates the second statement. To see the third result, notice that

∥PÛl
vα∥F =

∥∥∥∥∥∥PÛl

∑
β∈I

Hαβwβ

∥∥∥∥∥∥
F

≤
∑
β∈I

∣∣∣Hαβ
∣∣∣ ∥PÛl

wβ∥F

≤ 10

9

√
νr

8n

∑
β∈I

∣∣∣Hαβ
∣∣∣ ,

and from Lemma 2.A.3, it follows that
∑

α∈I |Hαβ| ≤ 2, so the last statement follows.

2.D.2 Proof of Lemma 2.2.5

Proof. First, assume that at the l-th iteration of Algorithm 5,

∥Zl −X∥F ≤ σmax(X)

256κ2
.

This indicates that Ẑl is
100
81 -ν incoherent with respect to {wα}α∈I and that

∥Ẑl −X∥F ≤ 8κ∥Zl −X∥F.

Following a similar strategy as in the proof for Theorem 2.2.2, we can decompose the error

at the l + 1-th iteration as follows:

∥Zl+1 −X∥F ≤ 2

∥∥∥∥(PT̂l
− L

m
PT̂l

RΩl+1
PT̂l

)(Ẑl −X)

∥∥∥∥
F︸ ︷︷ ︸

I4

+ 2
∥∥∥(I − PT̂l

)(Ẑl −X)
∥∥∥
F︸ ︷︷ ︸

I5
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+ 2

∥∥∥∥ LmPT̂l
RΩl+1

(I − PT̂l
)(Ẑl −X)

∥∥∥∥
F

.︸ ︷︷ ︸
I6

Now, as Ẑl and Ωl+1 are independent, we can use Theorem 2.2.1 to bound I4 as follows:

I4 ≤ 2

∥∥∥∥ LmPT̂l
RΩl+1

PT̂l
− PT̂l

∥∥∥∥ ∥Ẑl −X∥F

≤ 2

√
8(100ν/81)2r2βn log(n)

3m̂
∥Ẑl −X∥F

≤ 16κ

√
80000ν2r2βn log(n)

19683m̂
∥Zl −X∥F

≤ 32κ

√
ν2r2βn log(n)

m̂
∥Zl −X∥F,

with probability at least 1− 2n1−β as long as m̂ ≥ 4ν2r2βn log(n).

Next, we can bound I5 as follows:

I5 ≤
2∥Ẑl −X∥2F
σmin(X)

≤
128κ2∥Zl −X∥2F

σmin(X)

≤ 1

2
∥Zl −X∥F,

where the first inequality follows from Lemma 1.8.3, the second inequality comes from Lemma 2.D.1,

and the last inequality comes from the starting assumption.

For the final result, again recall that Ẑl and Ωl+1 are independent, and Ẑl is
100
81 -ν incoherent

with respect to {wα}α∈I. From Lemma 2.B.4 and the new incoherence parameter, we have that

∥∥∥∥ LmPT̂l
RΩl+1

PT̂l
(PU − PÛl

)− PT̂l
(PU − PÛl

)

∥∥∥∥ ≤
√

40000βν2r2n log(n)

19683m̂

≤
√

2βν2r2n log(n)

m̂
,

with probability at least 1− 2n1−β given m̂ ≥ 2βν2r2n log(n). Now, as

(I − PT̂l
)(Ẑl −X) = −(I − PT̂l

)(X)
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= −X + ÛlÛ
⊤
l X +XÛlÛ

⊤
l − ÛlÛ

⊤
l XÛlÛ

⊤
l

= −UU⊤X + ÛlÛ
⊤
l X +UU⊤XÛlÛ

⊤
l − ÛlÛ

⊤
l XÛlÛ

⊤
l

= −(UU⊤ − ÛlÛ
⊤
l )X(I − ÛlÛ

⊤
l )

= (UU⊤ − ÛlÛ
⊤
l )(Ẑl −X)(I − ÛlÛ

⊤
l )

= (PU − PÛl
)(Ẑl −X)(I − PÛl

),

where the first line follows from the fact that PT̂l
Ẑl = Ẑl, the second line follows from the

definition of PT̂l
, the third line follows from the fact that UU⊤X = X, the fourth line is a

rearrangement of terms, and the fifth line follows from the fact that Ẑl(I − ÛlÛ
⊤
l ) = 0. It

follows that

I6 = 2

∥∥∥∥ LmPT̂l
RΩl+1

(PU − PÛl
)(Ẑl −X)(I − PÛl

)

∥∥∥∥
F

= 2

∥∥∥∥∥∥∥
L

m
PT̂l

RΩl+1
(PU − PÛl

)(Ẑl −X)(I − PÛl
)− PT̂l

(PU − PÛl
)(Ẑl −X)(I − PÛl

)︸ ︷︷ ︸
=0

∥∥∥∥∥∥∥
F

≤ 2

∥∥∥∥ LmPT̂l
RΩl+1

(PU − PÛl
)− PT̂l

(PU − PÛl
)

∥∥∥∥∥∥∥(Ẑl −X)(I − PÛl
)
∥∥∥
F

≤ 2

∥∥∥∥ LmPT̂l
RΩl+1

(PU − PÛl
)− PT̂l

(PU − PÛl
)

∥∥∥∥∥∥∥Ẑl −X
∥∥∥
F

≤ 16κ

√
2βν2r2n log(n)

m̂
,

where the first two lines follow from the computation above. Combining I4, I5, and I6 gives

∥Zl+1 −X∥F ≤

(
1

2
+ 64κ

√
βν2r2n log(n)

m̂

)
∥Zl −X∥F, (2.15)

with probability at least 1−4n1−β. It follows that (2.15) is less than 5
6 for m̂ ≥ (192νrκ)2βn log(n).

Now, as Z0 = Hr

(
L
m̂RΩ0(X)

)
, we can make ∥Z0 −X∥F ≤ σmin(X)

256κ2
using the one step hard

thresholding result from Lemma 2.2.3 for m̂ ≥ (2.2×104)κ6ν2r3βn log(n), and the result follows

from here. No attempts were made to optimize the constants.



Chapter 3

An Improved Non-convex

Riemannian Approach to the EDMC

Problem

In this chapter, we define a new algorithm that fills in the performance gap between Riemannian

Pseudogradient Descent and Restricted Frame Riemannian Gradient Descent for EDMC to an-

swer Question 1.3.1. This is done by defining a novel operator to the EDMC literature, and this

new algorithm requires a wholly novel set of techniques to the EDMC literature to prove local

convergence. Much of this chapter has been adapted from [SCT25]. In this chapter, we define

a new algorithm that fills in the performance gap between Riemannian Pseudogradient Descent

and Restricted Frame Riemannian Gradient Descent for EDMC to answer Question 1.3.1. This

is done by defining an operator novel to the EDMC literature, and this new algorithm requires

a set of techniques wholly novel to the EDMC literature to prove local convergence. Much of

this chapter has been adapted from [SCT25].

3.1 An Improved Operator

With the goal of translating the standard matrix completion problem to Gram matrix comple-

tion of a ground truth matrix X ∈ S, where S = {Y ∈ Rn×n|Y = Y ⊤,Y 1 = 0}, the most

direct adaptation of the work conducted in [WCCL20] would be defining an objective function

74
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by analogy to (1.14) as follows:

minimize
Y ∈S

⟨Y −X,RΩ(Y −X)⟩ subject to rank(Y ) = r.

However, a notable challenge arises: computing the Euclidean gradient of the objective function

necessitates unavailable information in the form ⟨X,vα⟩ from R∗
Ω(X) as

∇Y (⟨Y −X,RΩ(Y −X)⟩) = RΩ(Y −X) +R∗
Ω(Y −X),

where ∇Y denotes the gradient with respect to Y . This quantity is inaccessible under the given

problem statement, since each vα depends on all wα through the relation vα =
∑

α∈IH
αβwβ.

Consequently, the computation ⟨X,vα⟩ =
∑

α∈IH
αβ ⟨X,wα⟩, requires complete knowledge

of all pairwise distances. Therefore, evaluating R∗
Ω(X) necessitates access to all information.

To circumvent this difficulty, there has been exploration into self-adjoint alternatives to RΩ

[TL21, TL18, SLCT23]. The novel surrogate introduced in this work, denoted MΩ, allows for

the definition of an objective function analogous to (1.14).

We now define MΩ : S → S. This operator samples indices from I with uniform Bernoulli

probability p, and is defined as follows:

MΩ(·) =
∑

α,β∈Ω
Cαβwα⟨vα,vβ⟩⟨·,wβ⟩, (3.1)

where Cαα = p for all α, and Cαβ = 1 for all α ̸= β. Previous literature introduced an unscaled

form of this operator, i.e., Cαα = 1, which is equivalent to R∗
ΩRΩ. This operator was discussed

in Chapter 2 and was first introduced in [SLCT23]. However, R∗
ΩRΩ does not concentrate

around p2I. The concentration around p2I is a necessary condition for convergence of the

algorithm presented in [SLCT23], and to rectify this discrepancy, a different operator must be

considered. The diagonal re-scaling present in MΩ enforces that E[MΩ] = p2I, with proof

provided in Theorem 3.B.1. Additionally, MΩ is self-adjoint, allowing us to define the following

objective function for the EDMC problem using this operator:

minimize
Y ∈S

1

2
⟨Y −X,MΩ(Y −X)⟩ subject to rank(Y ) = r. (3.2)
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This object is a true quadratic form with a symmetric operator, and its Euclidean gradient is

given solely by MΩ(Y −X). As such, it can be approached identically to (1.14) following the

principles outlined in Section 1.4.2. To perform this first-order retraction method, we need to

define the tangent space at each iterate Xl ∈ Nr. Given Xl = UlΛlU
⊤
l for Ul ∈ Rn×r, we can

define Tl as in (1.15). The projection onto Tl, denoted PTl
, is defined in (1.16). The retraction

map is the hard thresholding operator Hr, as defined in (1.17). We can now define Algorithm 7,

the main object of study in this chapter:

Algorithm 7 Dual Basis Riemannian EDMC (DBRE)

1: Input: Ω, {⟨X,wα⟩}α∈Ω, rank(X) = r
2: Initialization: X0 = U0D0U

⊤
0

3: for l = 0, 1, · · · do
4: Gl = MΩ(X −Xl)

5: αl =
∥PTlGl∥2

F
⟨PTlGl,MΩPTlGl⟩

6: Wl = Xl + αlPTl
Gl

7: Xl+1 = Hr(Wl)
8: end for
9: Output: Xrec: Estimated Gram matrix.

We note that this algorithm is a standard projected gradient descent scheme on Nr; the

novelty presented in this work is in the construction of the measurement operator MΩ to build

the proper objective function, which enables the convergence analysis of Algorithm 7, presented

in Section 3.2.

In the approach seen in DBRE, the thin spectral decomposition in the gradient descent

scheme is the most expensive, especially when n is large. As described previously, the authors in

[WCCL20] found an efficient way to reduce the computational complexity of this decomposition

from O(rn2) to O(r3 + r2n), substantially reducing the cost per iteration, which we implement

as well. We note that in DBRE, the reconstruction of the ground truth Gram matrix X is

equivalent to the reconstruction of D, as there is a one-to-one correspondence between X and

D through (1.2).
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Remark 3.1.1: Operator Interpretation

We wish to provide an interpretation of the operators MΩ and R∗
ΩRΩ, and why they

are considered. Although FΩ concentrates around its expectation through a Bernstein

inequality—see Theorem 3.B.2—its expectation is not the identity operator I, and as

such FI ̸= I. In fact, the spectrum of FI is known to be equivalent to the spectrum of

H, and thus λmax(FI) = 2n [LT23]. As such, neither ∥FΩ−pI∥ nor ∥PTFΩPT−pPT∥ are

small. In particular, ∥PTFΩPT − pPT∥ = O(1), but as the operator needs to exhibit RIP

for the analysis of an algorithm like DBRE, this bound is not tight enough to guarantee

convergence. We can instead consider re-scaling the geometry of the linear space S

through some function f so that E[FΩ(f(·))] ≈ pI. First, define SΩ : Rn×n → RL

as (SΩ(X))α = ⟨X,wα⟩ for α ∈ Ω, and 0 otherwise. As such, one can show that

FΩ = S∗
ΩSΩ, where S∗

Ω : RL → Rn×n is the adjoint of SΩ. To re-scale FΩ, one can instead

consider S∗
ΩH

−1SΩ. This rescaling is done with H−1 to make it so that S∗
ΩH

−1SΩ = I

when Ω = I. One can compute out S∗
ΩH

−1SΩ and show that

S∗
ΩH

−1SΩ = R∗
ΩRΩ.

Further investigation in Theorem 3.B.1 validates the necessity of considering a diagonally

reweighted variant of R∗
ΩRΩ to ensure concentration around I, resulting in MΩ.

3.1.1 Implementation Efficiency

We use recent advances in Riemannian optimization from [WCCL20] and [SLCT23] to develop

an efficient implementation of the proposed algorithm. Computation of RΩ(X) and MΩ(X)

can be done efficiently, with a minimal complexity per iteration. For RΩ, a given iterate Xl

can be easily translated to its distance matrix Dl via (1.2), and through (1.10), RΩ(Xl) can

be computed in O(m) operations, for |Ω| = m. First, we note that MΩ(Xl) = R∗
ΩRΩ(Xl) −

∥vα∥2F(1− p)FΩ(Xl) and ∥vα∥F is constant for all α ∈ I (Theorem 2.A.3). This can be seen as
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follows:

MΩ(·) =
∑

α,β∈Ω
Cαβwα⟨vα,vβ⟩⟨·,wβ⟩

=
∑

α,β∈Ω
α=β

Cαβwα⟨vα,vβ⟩⟨·,wβ⟩+
∑

α,β∈Ω
α̸=β

Cαβwα⟨vα,vβ⟩⟨·,wβ⟩

=
∑
α∈Ω

Cααwα⟨vα,vα⟩⟨·,wα⟩+
∑

α,β∈Ω
α̸=β

Cαβwα⟨vα,vβ⟩⟨·,wβ⟩

= p∥vα∥2FFΩ(·) +
∑

α,β∈Ω
α̸=β

wα⟨vα,vβ⟩⟨·,wβ⟩

= p∥vα∥2FFΩ(·) +
∑

α,β∈Ω
wα⟨vα,vβ⟩⟨·,wβ⟩ −

∑
α∈Ω

⟨·,wα⟩⟨vα,vα⟩wα

= p∥vα∥2FFΩ(·) +R∗
ΩRΩ(·)− ∥vα∥2FFΩ(·), (3.3)

as expected. It is known that R∗
ΩRΩ(Xl) is O(m)-sparse and requires O(m) operations to

compute [SLCT23]. The argument is outlined as follows. Let T : Rn×n → Rn×n denote the

map defined by (1.2) and let T ∗ denote its adjoint. It was shown in [SLCT23] that, correcting

for a previously missing minus sign, for a Gram matrix X,

R∗
ΩRΩ(X) = −1

4
T ∗ (PΩ (JPΩ(T (X))J)) .

For any matrix Y , both PΩ(Y ) and JPΩ(Y )J are computable in O(m) operations. The acces-

sible information in the EDMC problem is of the form PΩ(T (X)). Furthermore, T ∗ (PΩ(Y ))

for any Y is computable in O(m) operations as well.

Next, FΩ(Xl) is efficiently computable in O(m) operations as each matrixwα has 4 non-zero

entries, allowing for easy computation given {⟨X,wα⟩}α∈Ω. As such, FΩ(Xl) is O(m)-sparse.

Using the fact that R∗
ΩRΩ(·) and FΩ(·) are sparse, it can be easily argued that the sum of the

three terms in (3.3) preserves a common sparsity pattern, and it can be computed in O(m)

operations. Therefore MΩ(Xl), and thus Gl in Step 4 of DBRE, is computable in O(m)

operations.

Step 5 can be computed in O(n2) operations, as PTGl is a dense matrix. Some calculation
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yields that steps 6 and 7 can be computed with n2r+O(nr2+r3) [WCCL20], giving a total cost

per iteration of n2r+O(m+nr2+r3). Note that the dominant cost is n2r, which is less expensive

than computing Step 7 using the truncated singular value decomposition directly. Although

both approaches have the same asymptotic complexity, the latter incurs a significantly higher

constant factor (e.g., a factor of 6 or 14 depending on the choice of algorithm; see, for example,

Figure 8.6.1 in [GVL13]).

3.2 Theoretical Analysis

In this section, we will provide the main results of this work, which are the local convergence

and recovery guarantees for DBRE, presented in Theorems 3.2.2 and 3.2.4. Prior to this, we

formally state our incoherence assumptions, expanding upon the assumption first described in

Section 1.6:

Assumption 3.2.1: Incoherence Assumption

Let X ∈ Rn×n be a rank-r matrix with eigenvalue decomposition X = UDU⊤. We

assume that X is ν-incoherent to the basis {wα}α∈I and ν-incoherent to its dual basis

{vα}α∈I; that is, there exists a constant ν ≥ 1 such that for all α = (i, j) ∈ I:

∥PUwα∥F ≤
√

νr

2n
, and ∥PUvα∥F ≤

√
νr

2n
. (3.4)

In addition to the above, we require that

∥PTwα∥F ≤
√

νr

2n
, and ∥PTvα∥F ≤

√
νr

2n
. (3.5)

Notice that the two definitions in (3.4) and (3.5) are equivalent up to a small constant, as

∥PTwα∥F = ∥PUwα +wαPU − PUwαPU∥F ≤ 3 ∥PUwα∥F ,

where the first inequality follows from the triangle inequality and the self-adjointness of PUwα,
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and because

∥PUwα∥F = ∥PUPTwα∥F ≤ ∥PTwα∥F,

where the equality follows from the definition of PU and PT, and the inequality follows from

Cauchy-Schwarz. As such, we pick a ν large enough such that the inequalities in (3.4) and (3.5)

hold. We note that the constant difference in the condition stated above and in Section 1.6 is

merely a matter of mathematical convenience. We also note that these incoherence conditions

are similar to those seen in matrix completion with respect to the standard basis [Rec11a], as

well as completion with respect to other bases [Gro11, TL18].

Remark 3.2.1: Incoherence Equivalence

We want to note that ν-incoherence with respect to wα in both (3.4) and (3.5) implies,

at worst, 4ν-incoherence with respect to vα. As such, we choose a ν large enough so that

both X is ν-incoherent with respect to wα and vα. See Theorem 1.A.2 for details.

We provide one further assumption for this work. As we are typically interested in large n,

assuming that n ≥ 3 produces uniform results for several numerical bounds in the appendix,

and is formally stated as an assumption.

Assumption 3.2.2: Size Assumption

For the given ground truth rank-r matrix X ∈ Rn×n, we assume that n ≥ 3.

Throughout the remainder of this work, we will assume that our ground truth matrix X ∈ S

satisfies Assumption 3.2.1 with constant factor ν. As in [WCCL20], we identify a neighborhood

in Nr around which any initial guess in this neighborhood converges linearly to the true solution

with high probability using DBRE.

3.2.1 Local Convergence Analysis

The most critical property for a sampling operator to possess in matrix completion theory is

the restricted isometry property, briefly discussed in Section 1.2.2. This property roughly states

that, when restricted to the local structure (or tangent space) around the true low-rank matrix,
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the partial observations preserve enough information to allow for faithful algorithmic recovery.

We state this more formally with the following theorem:

Theorem 3.2.1 (RIP of MΩ). Let X ∈ S be the ground truth, rank-r, ν-incoherent Gram

matrix with tangent space T in Nr. Let Ω be sampled from I via a Bernoulli sampling process

with parameter p ≥ 128
3 β logn

n for any β > 3. With probability at least 1 − C ′n3−β, where C ′ is

an absolute constant, we have that for some absolute numerical constant C > 0 independent of

n or X that

p−2∥PTMΩPT − p2PT∥ ≤ 7

√
ν2r2β log n

pn
+ C

√
βνr

log n

pn
.

Furthermore, for any ε0, if p ≥ C′′ν2r2

ε20

β logn
n for some sufficiently large numerical constant

C ′′ > 0, then

p−2∥PTMΩPT − p2PT∥ ≤ ε0.

Proof sketch. This proof works by decomposing MΩ into diagonal and off-diagonal compo-

nents. We recognize that estimating deviations from expectation in the off-diagonal terms in

∥PTMΩPT−p2PT∥ is a second-order degenerate U-statistic—see [Lee19] for details on the theory

of U-statistics—allowing the application of the decoupling inequality from [DlPG12], with the

relevant theorem reproduced in Theorem 1.7.5. Once the random variables are decoupled, we

can conditionally apply a non-commutative Bernstein inequality, reproduced in Theorem 1.7.2,

and use the law of total probability to obtain a high-probability bound for the total deviation.

The concentration of the diagonal terms in the full expression is equivalent to the concentration

of p∥PTFΩPT − pPTFIPT∥, which is more simply analyzed through Theorem 1.7.2 alone. See

Appendix 3.B.2 for details.

Remark 3.2.2: Sample Complexity

We note that this result is given in terms of the Bernoulli sampling probability, rather

than the more traditional number of samples with replacement seen in the matrix com-

pletion literature. To provide a more direct comparison, and remarking that E[|Ω|] = m



82 Chapter 3

and p = m
L , we have that for a sufficiently large constant C > 0 that

m ≥ C
ν2r2

ε20
βn log n,

gives ε0-RIP of MΩ. We again note that, due to using the weaker Assumption 3.2.1

instead of the incoherence assumption in [GTK24], this is optimal up to constant factors

and equivalent to the RIP established in [GTK24].

Now that RIP is established, we can prove local convergence of DBRE. This theorem de-

scribes a high-probability guarantee that DBRE exhibits linear convergence in an attractive

basin near the solution, provided that MΩ exhibits RIP.

Theorem 3.2.2 (Local Convergence of Algorithm 7). Let X ∈ Rn×n be the ground truth rank-

r, ν-incoherent matrix and let T be the tangent space of Nr at X. Suppose that p ≥ C β logn
n for

some sufficiently large constant C > 0 and any β > 3. Further assume that

p−2∥PTMΩPT − p2PT∥ ≤ ε0, (3.6)

∥MΩ∥ ≤ 50p3/2
√
βn log n, (3.7)

∥MΩPT∥ ≤ 25p3/2
√
νrβ logn, (3.8)

∥MΩPTl
∥ ≤ 100p3/2

√
βn logn

∥Xl −X∥F
λr(X)

+ 25p3/2
√
νrβ logn, (3.9)

∥X0 −X∥F
λr(X)

≤ ε0p
1/2

50 (βn log n)1/4
, (3.10)

where ε0 is a constant satisfying

δ =
18ε0

1− 4ε0
< 1.

Then DBRE converges linearly as the iterates satisfy

∥Xl −X∥F ≤ δl∥X0 −X∥F.

Proof Sketch. We first note that each of the above assumptions, save for (3.10), holds with high

probability for p ≥ C ν2r2

ε20

β logn
n , where C > 0 is an absolute constant. See Appendix 3.C.1 for
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details.

The proof begins first by simple linear algebra, as we have

∥Xl+1 −X∥F = ∥Xl+1 −Wl −X +Wl∥F

≤ ∥Xl+1 −Wl∥F + ∥X −Wl∥F

≤ 2∥Wl −X∥F,

where the last inequality follows from Xl+1 being the best rank-r approximation to Wl by

Eckart-Young-Mirsky [EY36]. Next, plugging in Wl = Xl + αlPTl
Gl, we see that

∥Xl+1 −X∥F ≤ 2 ∥Xl + αlPTl
Gl −X∥F

= 2∥Xl −X − αlPTl
MΩ(Xl −X)∥F

≤ 2∥(PTl
− αlPTl

MΩPTl
)(Xl −X)∥F︸ ︷︷ ︸

I1

+ 2∥(I − PTl
)(Xl −X)∥F︸ ︷︷ ︸
I2

+ 2|αl|∥PTl
MΩ(I − PTl

)(Xl −X)∥F︸ ︷︷ ︸
I3

.

The remainder of the proof is in the bounding of I1, I2, and I3. I1 is proven by showing that in a

neighborhood of the solution, defined by (3.10), a local form of RIP for MΩ holds if (3.6) is true.

This proof leverages the assumptions made in (3.8) and (3.9). I2 follows from the neighborhood

assumption of (3.10) in tandem with Theorem 1.8.3, and I3 follows from bounds on the step size

(seen in Theorem 3.C.1), the assumption in (3.8), and Theorem 1.8.3. The assumptions in (3.6),

(3.7), and (3.8) are all proven via high probability guarantees using Theorems 1.7.2 and 1.7.5.

The technical details are deferred to the appendix, see Appendix 3.C.1. See Figure 3.1 for a

diagram of the main dependencies for the convergence proof.

3.2.2 Initialization Results

In this section, we outline our initialization guarantees for DBRE. Given that the convergence

of this algorithm is only local, initialization is important to consider in the context of sample
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Theorem 3.2.1
MΩ RIP

Appendix 4.A
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Theorem 1.7.5
Decoupling of
second-order
degenerate
U-statistics

Theorem 3.B.11
Local RIP of MΩ

Theorem 3.C.1
Stepsize bound

I3 Bound

I1 Bound

I2 Bound

Theorem 1.8.3
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Theorem 3.2.3
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Theorem 3.2.2
Local Con-
vergence
of DBRE
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Non-

commutative
Bernstein
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Theorem 3.2.4
One-step hard
thresholding
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guarantees

Figure 3.1: This diagram is a schematic of the overall proof of convergence for DBRE. Arrows
indicate how results depend on one another, and how they link together to form the overall
proof of convergence. Not every exact dependency is shown in this figure for legibility purposes,
instead focusing on the key pieces of the overall flow of the argument.

complexity. The simplest initialization, a hard thresholding to Nr of the measured information,

provides a reasonable starting point and is described in Algorithm 8, where Hr is as defined

in (1.17). The following sections describe how close a one-step hard-thresholding initialization

will be to the ground truth for DBRE. Following this, and in tandem with Theorem 3.2.2, we

show recovery guarantees for DBRE.

Algorithm 8 1 Step Hard Thresholding Initialization

1: Input: Ω, {⟨X,wα⟩}α∈Ω, rank(X) = r
2: RΩ(X) =

∑
α∈Ω⟨X,wα⟩vα

3: X0 =
1
pHr(RΩ(X))

4: Output: X0: 1 Step Hard Thresholding Initialization.

Lemma 3.2.3. Under a Bernoulli sampling parameter p ≥ 128β logn
3n , then with probability at

least 1− 2n1−β we have for X0 = p−1Hr(RΩ(X)) that

∥X0 −X∥F ≤
√
2r∥X0 −X∥ ≤

√
2βnr log n

3p
max
α∈I

⟨X,wα⟩ ≤

√
βν2r3 log(n)

24pn
∥X∥.
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Proof. See Appendix 3.D.

Theorem 3.2.4 (Recovery Guarantee for Algorithm 7). For

p ≥ max

{
20κνr3/2

ε0

β3/4 log3/4(n)

n1/4
, C

ν2r2

ε20

β log n

n

}
,

where κ is the condition number of X, β > 3, and ε0 < 1
22 for some sufficiently large constant

C > 0, then with probability at least 1 − C ′n3−β, where C ′ is an absolute constant, DBRE

recovers the ground truth matrix X when initialized by Algorithm 8.

Proof. This result is a consequence of Theorem 3.2.3 and the local neighborhood assumption

in (3.15). We can see this by increasing the sample complexity p to a sufficiently large value

such that the initialization is smaller than the local neighborhood assumption. Furthermore,

for a high enough sample complexity, all of the assumptions in Theorem 3.2.2 hold with high

probability. The result then follows from the union bound.

Remark 3.2.3: Resampling Initialization

We note here that a more delicate initialization through a resampling technique, such as

the one in [WCCL20] or in Algorithm 5, could likely reduce the sample complexity from

p ≳ log3/4 n
n1/4 to p ≳ logn

n . Further investigation of initialization has been omitted from this

work due to space constraints, but is an area of interest for future research.

Remark 3.2.4: Sample Complexity

For DBRE, we use a Bernoulli sampling model with parameter p, while other matrix

completion methodologies use a uniform at random with replacement model. To provide

a more direct sample complexity comparison, let m = E[|Ω|] under a Bernoulli model.

This implies that p = m
L . Theorem 3.2.4 therefore implies that, if

m ≥ max

{
20νr3/2κβ3/4

ε0
n7/4 log3/4(n), C

ν2r2β

ε20
n logn

}
,

for some sufficiently large constant C > 0, DBRE recovers X.
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3.3 Robustness Guarantees

In many applications, the distance matrix may be corrupted, and understanding the sources of

this corruption is central to designing robust recovery algorithms [KKM09, GQZ23, BLT+06,

TD25, KTC25b, KTC25a]. Broadly, there are two main causes. First, even if distance measure-

ments are perfectly accurate, the underlying point configuration may itself be perturbed due

to physical factors. For instance, sensors placed in dynamic environments, such as the ocean,

may drift over time. In such cases, the observed distances correspond to a perturbed version of

the true point set. Second, the points themselves may be fixed, but the distance measurements

are noisy. This can arise from various sources: sensor imprecision, environmental interference,

or limited measurement resolution. In practice, both types of corruption may occur simulta-

neously. However, in this paper, we focus on the first scenario: perturbations in the point

configuration. This assumption simplifies the analysis, since the resulting distance matrix re-

mains a valid Euclidean distance matrix, and avoids challenges associated with arbitrary noise

patterns that could violate geometric consistency. We believe that this setting is relevant to

setting where environmental drift is more dominant than measurement noise. Moreover, the

developed technical analysis for this setting could potentially serve as a foundation for future

extensions to more general noise models.

In this section, we will provide robustness results for DBRE. To begin, we assume the

following: for a given point matrix P , we denote P̂ = P +N , where N ∈ Rn×r is a random

matrix. We denote X̂ = P̂ P̂⊤. To show robustness to noise, we first show that under noise

bounded almost surely by ∥N∥∞ ≤ C for some constant C that

∥X − X̂∥F ≤ CO(
√
n∥X∥) + C2nr,

in Theorem 3.E.1. This quantifies the amount that the drift noise can perturb the dataset

by. Then, we show that for small enough noise the incoherence of the perturbed matrix is

not drastically changed, and is bounded by an O(1) constant in Theorem 3.E.2. This result is

important to demonstrate that the sample complexity required for recovery is not pushed out

of a feasible range. With these results established, we can combine them together to show that



3.3. ROBUSTNESS GUARANTEES 87

for bounded noise, given a sufficiently large Bernoulli sample complexity p, X̂ is recovered with

DBRE with high probability and that the relative error between X̂ and X is small. This result

is formally stated in the following theorem: To demonstrate robustness to noise, we first show

that, under bounded noise satisfying ∥N∥∞ ≤ C for some constant C, the following holds:

∥X − X̂∥F ≤ CO
(√

n∥X∥
)
+ C2nr,

as established in Theorem 3.E.1. This quantifies the amount that the drift noise can perturb the

dataset by. Then, we show that for small enough noise, the incoherence of the perturbed matrix

is not drastically changed, and is bounded by an O(1) constant in Theorem 3.E.2. This result

is important to demonstrate that the sample complexity required for recovery is not pushed

out of a feasible range. With these results established, we can combine them together to show

that for bounded noise, given a sufficiently large Bernoulli sample complexity p, X̂ is recovered

with DBRE with high probability and that the relative error between X̂ and X is small. This

result is formally stated in the following theorem:

Theorem 3.3.1 (Robustness Guarantee for Algorithm 7). Let P ∈ Rn×r and define P̂ =

P + N , where N ∈ Rn×r is a random matrix with E[Nij ] = 0. Assume that the following

quantity, which admits a signal-to-noise ratio (SNR) interpretation ∥X∥1/2
∥N∥∞ , satisfies

∥X∥1/2

∥N∥∞
≥ 32

√
2βκn log n

3ν1/2
,

for some β > max
{
3, 3r

8 logn

}
, where κ denotes the condition number of X.

Assume that the measured distances are of the form ⟨X̂,wα⟩ and are sampled according to

a Bernoulli model with parameter p satisfying

p ≥ Cν2r2
β log n

n
,

where C > 3.92 × 104 is an absolute constant. Furthermore, suppose that DBRE is initialized

at a point X0 satisfying the conditions of Theorem 3.2.2 with ε0 <
1
22 .

Then, with probability at least 1−C ′n3−β, where C ′ is an absolute constant, DBRE recovers
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X̂, and

∥X − X̂∥ ≤
(√

ν

8n
+

9νr

2048κβ2n log2 n

)
λr(X).

Proof of Theorem 3.3.1. This result follows first from Lemmas 3.E.1 and 3.E.2. From here,

the sample complexity guarantee of Theorem 3.2.1, with sufficiently large constant C as stated

above, coupled with the high probability guarantees of Assumptions (3.6)-(3.9) in Theorem 3.2.2,

gives the desired result, provided an initialization satisfying (3.10). See Section 3.B for details

on the guarantees of Assumptions (3.6)-(3.9).

This result shows that recovery under noise depends intrinsically on the underlying geometry

of the object. In particular, highly degenerate objects with large condition numbers can tolerate

only low levels of noise, as captured by the ratio ∥X∥1/2/∥N∥∞ in Theorem 3.3.1. Moreover,

as this ratio increases, the allowable perturbation in the incoherence parameter also increases,

which in turn leads to a higher sample complexity required for recovery. While this dependence

may initially seem counterintuitive, the interplay between this noise-to-signal ratio and the

sample complexity shows that the most recoverable objects under noise are those that are both

well-conditioned and highly incoherent, as a large λr(X) facilitates stronger recovery. As a

corollary to Theorem 3.3.1, we obtain the following relative error bound:

Corollary 3.3.2. Under the assumptions of Theorem 3.3.1, the relative recovery error of DBRE

satisfies, with probability at least 1− C ′n3−β for some absolute constant C ′,

∥X − X̂∥F
∥X∥F

≤
√

ν

4n
+

9
√
2νr

2048κβ2n log2 n
.

Proof. This follows from Theorem 3.3.1 as

∥X − X̂∥F
∥X∥F

≤
√
2r∥X − X̂∥√
rλr(X)

=
√
2
∥X − X̂∥
λr(X)

.
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3.4 Numerical Results

All of the following experiments were conducted in MATLAB. The code used for the following

experiments can be found in the GitHub repository at https://github.com/chandlersmith2/

NonConvexEDMC.

3.4.1 Synthetic Data Experiment

In this section, we test the proposed algorithm on synthetic data. Various two and three

dimensional datasets were used, and are referred to in Table 3.1 with their corresponding sizes.

The goal of DBRE is to recover the full set of points P up to orthogonal transformation by

sampling the entries above the diagonal of D uniformly with replacement, with a total of pL

entries chosen for p ∈ [0, 1]. The algorithm reconstructs the Gram matrix Xrec = PP⊤, from

which P can be recovered using (1.3). The comparison referenced in Table 3.1 is the relative

error between the recovered matrix Xrec and the ground truth matrix X in Frobenius norm.

Each run was terminated at either 1000 iterations or when a relative Frobenius norm difference

between iterates of 10−5 was achieved. This experiment was initialized using the one-step-hard-

thresholding method described in Algorithm 8.

Table 3.1: Relative recovery error ∥X−Xrec∥F/∥X∥F averaged over 25 trials.

Dataset
p (%)

10 7 5 3 2 1

Sphere (n = 1002) 3.38× 10−7 4.61× 10−7 6.12× 10−7 1.48× 10−6 8.40× 10−3 6.81× 10−1

Cow (n = 2601) 4.41× 10−7 5.24× 10−7 6.04× 10−7 9.14× 10−7 2.47× 10−4 5.71× 10−3

Swiss Roll (n = 2048) 3.85× 10−7 4.70× 10−7 5.81× 10−7 9.47× 10−7 1.56× 10−6 6.40× 10−2

We note that the recovery completely fails for the sphere at 1% sampling, while recovery

is partially successful for the other two datasets. This is because the other datasets are larger

while maintaining the same rank, allowing for better scaling in the low sampling regime. In

Figure 3.2, we show an image of the reconstruction of the figures described in Table 3.1.

3.4.2 Comparison to Existing Methods

We provide additional experiments to compare the efficacy of our algorithm DBRE to another

provably convergent non-convex EDMC algorithm [GTK24], which we refer to as MatrixIRLS-

https://github.com/chandlersmith2/NonConvexEDMC
https://github.com/chandlersmith2/NonConvexEDMC
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Figure 3.2: Reconstruction of the synthetic datasets referenced in Table 3.1. From left to right,
the Bernoulli parameter is 0.03, 0.02, and 0.01.

EDMC. For the first experiment, let r ∈ [2, 10], and consider n = 100 points sampled from

Unif(Sr−1), the uniform distribution on the sphere embedded in r dimensions. As the number

of degrees of freedom in a rank-r n×n matrix is nr− r(r−1)
2 , define the oversampling ratio ρ as

ρ =
pL

nr − r(r−1)
2

,

as E[|Ω|] = pL for Bernoulli random sampling with parameter p. In Figure 3.3, we compare

the oversampling ratio versus the dimension of the sphere in a transition plot. Black indicates

complete failure, classified as a relative Gram matrix error larger than 10−3, and white indicates

success. Each of these squares was run for 100 trials using DBRE, MatrixIRLS-EDMC, and the

Augmented Lagrangian technique from [TL18]. DBRE was initialized with 10 iterations of the

Augmented Lagrangian algorithm, and MatrixIRLS-EDMC was initialized using a least-squares

methodology described in [GTK24].

As these experiments indicate, performance between the Augmented Lagrangian, MatrixIRLS

for EDMC, and DBRE is comparable, with DBRE performing slightly better overall, but most

noticeably in the higher rank regime.

Next, we compare the performance of DBRE, the Augmented Lagrangian, and the Ma-

trixIRLS methods on the synthetic datasets seen in Figure 3.2. We initialize both DBRE and
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(b) MatrixIRLS-EDMC
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(c) Augmented Lagrangian

Figure 3.3: Oversampling ratio ρ versus dimension r for 100 points on the uniform distribution
on Sr−1. Each parameter was tested 100 times.

the Augmented Lagrangian method with 20 iterations of the Augmented Lagrangian method,

and we use the default settings for the MatrixIRLS algorithm. DBRE was run for 1000 itera-

tions, or until a 10−8 relative difference between iterates was achieved.

Table 3.2: Relative recovery error ∥X −Xrec∥F / ∥X∥F between the recovered
Gram matrix and the true Gram matrix averaged over 25 trials comparing
DBRE, MatrixIRLS, and the Augmented Lagrangian approach.

Dataset
p (%)

10 7 5 3 2 1

DBRE

Sphere 6.38× 10−8 5.72× 10−8 7.27× 10−8 1.58× 10−7 5.08× 10−7 6.47× 10−1

Cow 4.92× 10−8 5.67× 10−8 6.51× 10−8 9.93× 10−8 1.55× 10−7 6.28× 10−7

Swiss Roll 4.24× 10−8 4.88× 10−8 6.45× 10−8 1.01× 10−7 1.71× 10−7 2.29× 10−6

Augmented Lagrangian

Sphere 2.33× 10−7 2.13× 10−7 3.53× 10−7 9.29× 10−7 4.44× 10−6 1.05× 10−1

Cow 1.97× 10−7 3.03× 10−7 3.86× 10−7 5.69× 10−7 7.51× 10−7 2.30× 10−7

Swiss Roll 1.22× 10−6 3.27× 10−6 2.42× 10−6 4.16× 10−6 7.35× 10−6 2.45× 10−6

MatrixIRLS

Sphere 1.30× 10−7 1.33× 10−7 1.36× 10−7 3.81× 10−6 3.76× 10−2 6.09× 10−1

Cow 4.48× 10−7 5.33× 10−7 6.12× 10−6 3.75× 10−3 3.53× 10−2 1.12× 10−1

Swiss Roll 1.10× 10−7 1.23× 10−7 1.28× 10−7 5.14× 10−7 2.78× 10−3 4.78× 10−1

We note that for an initialization at the same point, both DBRE and the Augmented

Lagrangian algorithm perform nearly identically in their recovery. MatrixIRLS is outperformed

by both of the other algorithms in this experiment, but this is likely a result of comparing the

default initialization to the Augmented Lagrangian initialization. Previous work [GTK24] shows

similar performance between the Augmented Lagrangian and MatrixIRLS. Both Table 3.2 and
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Figure 3.4: Oversampling ratio ρ versus noise level 10γ for 100 points drawn i.i.d. from Unif(S2).
Each parameter was tested 500 times.

Figure 3.3 both indicate the comparable to state-of-the-art performance of DBRE.

3.4.3 Experiments on Noisy Distance Measurements

Finally, we also ran an experiment with noise following the model in Section 3.3 using DBRE.

Let {pi}100i=1 ∼ Unif(S2) be drawn i.i.d. and where P = [p1 · · ·p100]
⊤ ∈ R100×3. We perturb

P with a bounded, centered noise matrix N ∈ R100×3 with ∥N∥∞ ≤ 10γ for γ ∈ [−2,−1].

Similar to the previous experiment, we set the oversampling ratio ρ ∈ [1, 5]. We set the success

threshold at 10−2 relative difference, a relaxed value from previous experiments due to the

addition of noise. Figure 3.4 shows the results over 500 trials.

Figure 3.4 indicates that recovery up to tolerance predominantly gets worse with added

noise, although there is some clear dependence on the size of the noise impacting the recon-

struction of the ground truth. This is most likely due to an increase in the incoherence of the

dataset, requiring higher sample complexities to reconstruct. However, the noise level is still the

dominant factor, and after a large enough noise value, reconstruction up to a certain tolerance

is no longer viable.

We also present recovery results for the spherical point configuration shown in Figure 3.2

perturbed by Gaussian noise with varying standard deviations. For this experiment, the sam-

pling rate p varies from 0.05 to 0.01, and the standard deviation of the Gaussian perturbations

σ ranges from 10−6 to 1. The relative error between the Gram matrix recovered using DBRE
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for 500 iterations, denoted X̂rec, and the unperturbed Gram matrix X is presented in Table 3.3,

averaged over 10 trials. For this experiment, DBRE was initialized with Algorithm 8.

Table 3.3: Relative recovery error
∥∥∥X − X̂rec

∥∥∥
F
/ ∥X∥F between the recovered

perturbed Gram matrix and the true Gram matrix averaged over 10 trials using
DBRE for the Sphere dataset referenced in Table 3.1 and Figure 3.2. σ is the
standard deviation of the perturbing noise, and p is the sampling rate.

p
σ

100 10−1 10−2 10−3 10−4 10−5

0.05 9.68× 10−1 2.39× 10−1 2.45× 10−3 2.46× 10−3 2.44× 10−4 2.42× 10−5

0.04 9.67× 10−1 2.40× 10−1 2.45× 10−2 2.49× 10−3 2.43× 10−4 2.46× 10−5

0.03 9.68× 10−1 2.39× 10−1 2.44× 10−2 2.53× 10−3 1.03× 10−2 2.44× 10−5

0.02 9.70× 10−1 3.02× 10−1 6.21× 10−2 1.62× 10−2 4.02× 10−2 3.83× 10−2

0.01 1.08× 100 1.35× 100 1.39× 100 1.34× 100 1.36× 100 1.38× 100

The experimental results in Table 3.3 also indicate that the magnitude of the drift noise

is the dominant factor in the reconstructability of the point cloud. While there are sample

complexity effects, which are noticeable for γ = 0.03, the dominant effect is the noise level

itself, further confirming the conclusion drawn from Figure 3.4.

3.5 Conclusion

In this chapter, we proposed a novel Riemannian gradient descent approach for solving the

EDMC problem using a matrix completion approach on the manifold of rank-r matrices with

the DBRE algorithm. In a local neighborhood, we proved that DBRE exhibits linear conver-

gence with high probability. To the authors’ knowledge, this is the first work to provide both

initialization guarantees and robustness guarantees for a non-convex approach to the EDMC

problem. The convergence analysis of DBRE was predicated on a statistical understanding

of coupled terms in a random operator, and required novel analysis to the matrix completion

literature. For our method, we provided numerical results to underline its efficacy, and DBRE

performs comparably to other state-of-the-art non-convex methods. Additionally, we provided

robustness analysis and corresponding convergence guarantees. Finally, we provided a novel in-

terpretation of incoherence in the EDMC setting, highlighting potential areas for development

of non-uniform sampling methods in this field. This is a primary avenue of future interest,
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as improving the sample complexity through geometrically-optimal sampling schemes would

represent a noteworthy development in the EDMC literature.

3.A Further Properties of the Dual Bases

As in Section 2.A, we will first provide some useful properties of the dual bases {wα}α∈I and

{vα}α∈I and associated objects.

We begin by defining the following matrix H−1
offdiag ∈ RL×L:

Definition 3.A.1: Definition of H−1
offdiag

Let H−1 ∈ RL×L be as defined previously with (H−1)αβ = Hαβ = ⟨vα,vβ⟩. We define

the following matrix H−1
offdiag as follows:

(H−1
offdiag)αβ =


Hαβ α ̸= β;

0 α = β.

(3.11)

Lemma 3.A.1. For H−1
offdiag defined as in (3.11), we have that

∥H−1
offdiag∥ ≤ 2,

and that

∥H−1
offdiag∥

2
2→∞ ≤ 2

n
,

where ∥A∥22→∞ is the maximum Euclidean row norm of the matrix A.

Proof. This statement follows directly from a Gershgorin circle argument, as

∥H−1
offdiag∥ ≤ max

α

∑
β ̸=α

|Hαβ|

≤ max
α

(
(2n− 3)

(
1

2n
+

1

n2

)
+

L

n2

)
≤ 2,
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where the values for Hαβ come from Theorem 2.A.3. The second statement follows from the

fact that ∥H−1
offdiag∥2→∞ is equal to the maximum ℓ2 norm of the rows of H−1

offdiag. As each row

has the same entries, just in a different ordering, for any α ∈ I we have that

∥H−1
offdiag∥

2
2→∞ =

∑
β ̸=α

(Hαβ)2

≤ (2n− 3)

(
1

2n
+

1

n2

)2

+

(
L

n2

)2

≤ 2

n
.

This concludes the proof.

3.B Restricted Isometry Results

As RIP and its variants are critical to the analysis of DBRE in this paper, this section is

dedicated to the proofs of RIP and similar results.

3.B.1 Supporting Concentration Results

The following results are various concentration identities used in the computation of

∥PTMΩPT − p2PT∥, ∥PTMΩ∥, and ∥MΩ∥.

Lemma 3.B.1 (Expectation of MΩ). Let MΩ be as defined in (3.1), and let R∗
ΩRΩ(·) =∑

α,β∈Ωwα⟨vα,vβ⟩⟨·,wβ⟩. Then E [R∗
ΩRΩ] ̸= p2I, and E [MΩ] = p2I.

Proof. First, notice that

R∗
ΩRΩ(·) =

∑
α,β∈Ω

wα⟨vα,vβ⟩⟨·,wβ⟩

=
∑
α∈Ω

⟨·,wα⟩⟨vα,vα⟩wα +
∑
α∈Ω

wα

∑
β∈Ω,β ̸=α

⟨vα,vβ⟩⟨·,wβ⟩.

This was decomposed suggestively into diagonal and off-diagonal elements of the matrix H−1

for the following reason. Previously, it was believed that E[R∗
ΩRΩ] = p2I, as it is true that

R∗
IRI = I2 = I[SLCT23]. Let us consider the problem of computing the expectation of R∗

ΩRΩ
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in more detail now. We will assume that each entry of I is sampled with Bernoulli probability

p, contrasted to the uniformly at random with replacement sampling strategy employed in

[SLCT23]. Now we see that

E [R∗
ΩRΩ(·)] = E

[∑
α∈Ω

wα⟨vα,vβ⟩⟨·,wβ⟩

]
+ E

∑
α∈Ω

wα

∑
β∈Ω,β ̸=α

⟨vα,vβ⟩⟨·,wβ⟩


= p

∑
α∈I

⟨·,wα⟩⟨vα,vα⟩wα + p2
∑
α∈I

wα

∑
β∈I,β ̸=α

⟨vα,vβ⟩⟨·,wβ⟩.

The reason for this difference is that the probability of each entry being selected in the diagonal

terms is given by p, as per the Bernoulli definition. However, the probability of the off-diagonal

elements requires looking at the probability of sampling two distinct entries at a time. This

probability, for each of these options, is p2. If we let p = m
L , where E|Ω| = m, p2 is the

exact scaling originally expected in [SLCT23] for the expectation of the operator to hold. This

is incorrect however, and does not recognize that the diagonal entries are more likely to be

sampled, as they only require the contributions of a single sample. As such, introducing a

rescaling to de-bias the above operator leads to the definition of

MΩ(·) =
∑

α,β∈Ω
Cαβwα⟨vα,vβ⟩⟨·,wβ⟩,

where

Cαβ =


1 α ̸= β;

p α = β.

We can decompose MΩ into diagonal and off-diagonal elements again and see that

MΩ(·) = p
∑
α∈Ω

⟨·,wα⟩⟨vα,vα⟩wα +
∑
α∈Ω

wα

∑
β∈Ω,β ̸=α

⟨vα,vβ⟩⟨·,wβ⟩.

It now follows that

E [MΩ(·)] = pE

[∑
α∈Ω

⟨·,wα⟩⟨vα,vα⟩wα

]
+ E

∑
α∈Ω

wα

∑
β∈Ω,β ̸=α

⟨vα,vβ⟩⟨·,wβ⟩


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= p2
∑
α∈I

⟨·,wα⟩⟨vα,vα⟩wα + p2
∑
α∈Ω

wα

∑
β∈Ω,β ̸=α

⟨vα,vβ⟩⟨·,wβ⟩

= p2
∑
α,β∈I

wα⟨vα,vβ⟩⟨·,wβ⟩

= p2R∗
IRI

= p2I,

as RI = I, thus concluding the proof.

Lemma 3.B.2. Let F̂Ω be either PTFΩPT or FΩ, and let F̂I be PTFIPT or FI, respectively.

Let ŵα be either PTwα or wα, respectively. Let Ĥ = [⟨ŵα, ŵβ⟩] ∈ RL×L be the corresponding

correlation matrix. For a ground truth rank r ν-incoherent matrix X with tangent space T on

Nr, we have that for any β > 1, and with probability at least 1 − 2n1−β, and for p ≥ 8β logn
3n ,

that

∥F̂Ω − pF̂I∥ ≤ p

√
8β
(
maxα ∥ŵα∥2F

)
λmax(Ĥ) log n

3p
.

Proof. This proof will follow a standard Bernstein argument. In order to make this argument,

we need to build out F̂Ω as a sum of random operators, we need to bound each, and then to

bound the variance term. First, let {ξα}α∈I be i.i.d. Bernoulli random variables that are 1 with

probability p and 0 with probability 1− p. It follows then that

F̂Ω(·) =
∑
α∈I

ξα⟨·, ŵα⟩ŵα and E[F̂Ω] = p
∑
α∈I

⟨·, ŵα⟩ŵα = pF̂I.

Now, to prove concentration of the desired sum, let

Sα = (ξα − p)⟨·, ŵα⟩ŵα,

and notice that
∑

α∈I Sα = F̂Ω − pF̂I. We can now use a Bernstein inequality to bound the

deviation of the spectral norm from 0. Now, first notice that

∥Sα∥ = ∥(ξα − p)⟨·, ŵα⟩ŵα∥

≤ ∥ŵα∥2F
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≤ max
α

∥ŵα∥2F =: c,

where the last inequality follows from Assumption 3.2.1. Next, we seek to bound the variance

term, σ2 =
∥∥∑

α∈I E
[
S2
α

]∥∥. To see this, first notice that

∥∥∥∥∥E
[∑
α∈I

S2
α

]∥∥∥∥∥ =

∥∥∥∥∥E
[∑
α∈I

(ξα − p)2 ⟨·, ŵα⟩⟨ŵα, ŵα⟩ŵα

]∥∥∥∥∥
=

∥∥∥∥∥E
[∑
α∈I

(ξα − 2ξαp+ p2)⟨·, ŵα⟩⟨ŵα, ŵα⟩ŵα

]∥∥∥∥∥
≤ p(1− p)

(
max
α

∥ŵα∥2F
)∥∥∥∥∥∑

α∈I
⟨·, ŵα⟩ŵα

∥∥∥∥∥
≤ p

(
max
α

∥ŵα∥2F
)
λmax(Ĥ),

where the final inequality follows from Theorem 1.8.2. Now, for t =
√

8
3σ

2β log n, we have that

t ≤ σ2

c = λmax(Ĥ)p if p ≥ 8β logn
3n , allowing us to use the simplified form of Theorem 1.7.2. This

yields

P

∥∥∥∥∥∑
α∈I

Sα

∥∥∥∥∥ ≥ p

√
8
(
maxα ∥ŵα∥2F

)
λmax(Ĥ)β logn

3p

 ≤ 2n exp (−β logn) = 2n1−β,

as stated previously.

Lemma 3.B.3. For a ground truth rank-r, ν-incoherent matrix X with tangent space T on Nr,

we have that for any β > 1 that if p ≥ 4
3
β logn
n , with probability at least 1− 2n1−β

∥FΩPT − pFIPT∥ ≤
√

128pνrβ logn

3
.

Proof. We will prove this result using Theorem 1.7.2. First, notice that

FΩPT(·)− pFIPT(·) =
∑
α∈I

(ξα − p) ⟨·,PTwα⟩wα,

so this is a sum of zero mean independent random variables and Bernstein’s inequality holds.
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We define Jα = (ξα − p)⟨·,PTwα⟩wα. Next, notice that

|Jα| = |(ξα − p)⟨·,PTwα⟩wα|

≤ |ξα⟨·,PTwα⟩wα|

≤ ∥PTwα∥F∥wα∥F

≤
√

2νr

n
,

where the first inequality follows from dropping the negative term, and the third inequality

follows from Assumption 3.2.1 and ∥wα∥F = 2. Next, we note that

E

[∑
α∈I

JαJ
∗
α

]
= E

[∑
α∈I

(ξα − p)2⟨·,wα⟩⟨PTwα,PTwα⟩wα

]

= E

[∑
α∈I

(ξα(1− 2p) + p2)⟨·,wα⟩⟨PTwα,PTwα⟩wα

]

=
∑
α∈I

p(1− p)⟨·,wα⟩⟨PTwα,PTwα⟩wα,

so

∥∥∥∥∥E
[∑
α∈I

JαJ
∗
α

]∥∥∥∥∥ =

∥∥∥∥∥∑
α∈I

p(1− p)⟨·,wα⟩⟨PTwα,PTwα⟩wα

∥∥∥∥∥
≤ p

νr

2n

∥∥∥∥∥∑
α∈I

⟨·,wα⟩wα

∥∥∥∥∥
≤ p

νr

2n
λmax(H)

= pνr =: σ2
1,

where the first inequality follows from Assumption 3.2.1, the second inequality comes from

Theorem 1.8.2, and the final line comes from Theorem 2.A.3. Next, notice that

E

[∑
α∈I

J∗
αJα

]
= E

[∑
α∈I

(ξα − p)2⟨·,PTwα⟩⟨wα,wα⟩PTwα

]

= E

[∑
α∈I

(ξα(1− 2p) + p2)⟨·,PTwα⟩⟨wα,wα⟩PTwα

]
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=
∑
α∈I

p(1− p)⟨·,PTwα⟩⟨wα,wα⟩PTwα,

so it follows that

∥∥∥∥∥E
[∑
α∈I

J∗
αJα

]∥∥∥∥∥ =

∥∥∥∥∥∑
α∈I

p(1− p)⟨·,PTwα⟩⟨wα,wα⟩PTwα

∥∥∥∥∥
≤ 4p

∥∥∥∥∥∑
α∈I

⟨·,PTwα⟩PTwα

∥∥∥∥∥
≤ 16pνr =: σ2

2,

where the first inequality comes from ∥wα∥2F = 4, the second inequality comes from The-

orem 1.8.2, and the final line comes from λmax(H̃) ≤ νr in Theorem 2.A.1. Taking σ2 =

max{σ2
1, σ

2
2} = 16pνr, we get that, if p ≥ 4

3
β logn
n , then for t =

√
128pνrβ logn

3 we have that

P

[
∥FΩPT − pFIPT∥ ≥

√
128pνrβ logn

3

]
≤ 2n exp

(
−3

8(16pνr)

128pνrβ logn

3

)
= 2n1−β,

following from the simplified form of Theorem 1.7.2. This concludes the proof.

Lemma 3.B.4. Let {Aα}α∈I, {Bα}α∈I ⊂ Rn×n be any two collections of L matrices. Then

∥∥∥∥∥∥
∑
α̸=β

(ξαξβ − p2)AαH
αβ⟨·,Bβ⟩

∥∥∥∥∥∥ ≤

∥∥∥∥∥∥
∑
α̸=β

(ξα − p)(ξβ − p)HαβAα⟨·,Bβ⟩

∥∥∥∥∥∥
+

∥∥∥∥∥∥
∑
α̸=β

(ξα − p)pAαH
αβ⟨·,Bβ⟩

∥∥∥∥∥∥
+

∥∥∥∥∥∥
∑
α̸=β

(ξβ − p)pAαH
αβ⟨·,Bβ⟩

∥∥∥∥∥∥.
Proof. This result follows from the fact that

ξαξβ − p2 = (ξα − p)(ξβ − p) + p(ξα − p) + p(ξβ − p).
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As such, the expression becomes

∥∥∥∥ ∑
α̸=β

(ξαξβ − p2)AαH
αβ⟨·,Bβ⟩

∥∥∥∥
=

∥∥∥∥∥∥
∑
α̸=β

((ξα − p)(ξβ − p) + p(ξα − p) + p(ξβ − p))AαH
αβ⟨·,Bβ⟩

∥∥∥∥∥∥
=

∥∥∥∥ ∑
α̸=β

(ξα − p)(ξβ − p)AαH
αβ⟨·,Bβ⟩+

∑
α̸=β

p(ξα − p)AαH
αβ⟨·,Bβ⟩

+
∑
α̸=β

p(ξβ − p)AαH
αβ⟨·,Bβ⟩

∥∥∥∥.
The result then follows from the triangle inequality.

Lemma 3.B.5. Let X be a rank-r, ν-incoherent ground truth matrix with tangent space T. Let

Vα = vec(PTwα) or vec(wα) for all α ∈ I, and let G = [V ⊤
α Vβ] ∈ RL×L be the Gram matrix

of {Vα}α∈I. Defining bα =
∑

β ̸=αHαβ(ξ′β − p)Vβ, and letting B = [b1 · · · bL], we have that

B =
∑

α(ξ
′
α−p)Vαh

⊤
α, where hα ∈ RL is the α-th column of H−1

offdiag, and that with probability

at least 1− 2n2−β that if p ≥ 16β logn
3n , for Vα = vec(PTwα),

∥B∥ ≤
√
p
32νrβ logn

3n
,

and for Vα = vec(wα),

∥B∥ ≤
√
p
128β log n

3
.

Proof. The first statement follows from the rules of matrix multiplication, and can be seen

explicitly by defining the matrix W = [(ξ′1 − p)V1 · · · (ξ′L − p)VL] ∈ Rn2×L and seeing that

B = WH−1
offdiag. The first result then follows from the symmetry of H−1

offdiag. It follows that,

as B =
∑

α(ξ
′
α − p)Vαh

⊤
α, that B is a sum of mean-zero, independent matrices. Therefore we

can develop a high probability bound on ∥B∥ using Theorem 1.7.2. Defining each summand as

Bα we first bound

∥Bα∥ = ∥(ξ′α − p)Vαh
⊤
α∥

≤ ∥Vα∥2∥hα∥2
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≤ max
β

∥Vβ∥2∥H−1
offdiag∥2→∞

≤ max
β

∥Vβ∥2

√
2

n
=: R,

where the second inequality follows from Theorem 3.A.1. Next, we bound the variance expres-

sions. First, we have that

∥∥∥∥∥∑
α

E[BαB
∗
α]

∥∥∥∥∥ =

∥∥∥∥∥∑
α

E[(ξ′α − p)2]Vαh
⊤
αhαV

⊤
α

∥∥∥∥∥
= p(1− p)

∥∥∥∥∥∑
α

∥hα∥22VαV
⊤
α

∥∥∥∥∥
≤ p

2

n

∥∥∥∥∥∑
α

VαV
⊤
α

∥∥∥∥∥
=

2p

n
λmax(G),

using Theorem 1.8.2 for the final line, followed by

∥∥∥∥∥∑
α

E[B∗
αBα]

∥∥∥∥∥ =

∥∥∥∥∥∑
α

E[(ξ′α − p)2]hαV
⊤
α Vαhα

∥∥∥∥∥
= p(1− p)

∥∥∥∥∥∑
α

∥Vα∥22hαh
⊤
α

∥∥∥∥∥
≤ pmax

β
∥Vβ∥22

∥∥∥∥∥∑
α

hαh
⊤
α

∥∥∥∥∥
= pmax

β
∥Vβ∥22

∥∥∥H−1
offdiag(H

−1
offdiag)

⊤
∥∥∥

= pmax
β

∥Vβ∥22∥H−1
offdiag∥

2

≤ 4pmax
β

∥Vβ∥22,

where the last inequality follows from Theorem 3.A.1. Now, if Vα = vec(PTwα) it follows

that taking the maximum of the variance terms, we have σ2 = p16νr
n and R =

√
νr
n2 . Now, as

σ2

R = p
√
16νr ≥

√
p128νrβ logn

3n for p ≥ 8β logn
3n , we have from (1.25) that

P

(
∥B∥ ≥

√
p
128νrβ logn

3n

)
≤ 2n2−β.
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If Vα = vec(wα), then taking the maximum of the variance terms we have σ2 = 16p and

R = 4√
n
. Now, as σ2

R = 4p
√
n ≥

√
p128β logn

3 for p ≥ 4β logn
n , it follows again from (1.25) that

P

(
∥B∥ ≥

√
p
128β log n

3

)
≤ 2n2−β.

This concludes the proof.

Lemma 3.B.6. Let X be a rank-r, ν-incoherent ground truth matrix with tangent space T. Let

Vα = vec(PTwα) or vec(wα). Let bα =
∑

β ̸=α(ξ
′
β − p)Vβ. For p ≥ 2β logn

n , with probability at

least 1− n2−β we have that for every α ∈ I, if Vα = vec(PTwα),

∥bα∥2 ≤
√

p
4βνr logn

n2
,

and if Vα = vec(wα)

∥bα∥2 =
√
p
16β log n

n
.

Proof. This result will follow from the Vector Bernstein inequality seen in Theorem 1.7.3. We

first note that bα is a sum of mean-zero independent random vectors. Defining the term

yβ = (ξ′β − p)HαβVβ, we first need to bound ∥yβ∥2 via

∥yβ∥2 = |(ξ′β − p)|Hαβ∥Vβ∥2

≤ 1

n
max
α

∥Vα∥2 =: R.

Next, to bound the variance term, we see that

∑
β ̸=α

E[∥yβ∥22] =
∑
β ̸=α

E[(ξ′β − p)2](Hαβ)2∥Vβ∥22

= p(1− p)
∑
α̸=β

(Hαβ)2

≤ pmax
γ

∥Vγ∥22
∑
α̸=β

(Hαβ)2

≤ 2p

n
max
γ

∥Vγ∥22.
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When Vβ = vec(PTwβ), we have σ2 = p νr
n2 and R =

√
νr
2n3 . It follows then that σ2

R = p
√

2νr
n ≥√

p4νrβ logn
n2 for p ≥ 2β logn

n , we have from Theorem 1.7.3 that

P

(
∥bα∥2 ≥

√
p
8νrβ logn

n2

)
≤ 2n−β.

Similarly, when Vβ = vec(wβ), we have σ2 = 4p
n and R = 2

n . As such, σ2

R = 2p ≥
√

p16β logn
3n

for p ≥ 2β logn
n , that

P

(
∥bα∥2 ≥

√
p
16β log n

n

)
≤ 2n−β.

The stated results then follow from the union bound over every α ∈ I.

Lemma 3.B.7. Let X be a rank-r, ν-incoherent ground truth matrix with tangent space T.

Then if p ≥ 16β logn
3n for any β > 3, with probability at least 1−C ′n3−β, where C ′ is an absolute

constant, we have that, for some absolute numerical constants C1, C2, and C3 independent of

n or X, the following three inequalities all hold:

∥∥∥∥∥∥∥∥
∑
α∈I
β ̸=α

(ξα − p)(ξβ − p)Hαβ⟨·,PTwβ⟩PTwα

∥∥∥∥∥∥∥∥ ≤ p
C1νr

√
β log n

n
,

∥∥∥∥∥∥∥∥
∑
α∈I
β ̸=α

(ξα − p)(ξβ − p)Hαβ⟨·,PTwβ⟩wα

∥∥∥∥∥∥∥∥ ≤ pC2

√
βνr

n
logn,

∥∥∥∥∥∥∥∥
∑
α∈I
β ̸=α

(ξα − p)(ξβ − p)Hαβ⟨·,wβ⟩wα

∥∥∥∥∥∥∥∥ ≤ pC3

√
β log n.

Proof. The goal is to develop a high probability bound for the operator norm of the previously

mentioned operator. Prior to doing this, we define some simplifying notation. Let w̄α = PTwα

or wα, and let ŵα = PTwα or wα with them not necessarily being the same. Let G =

[⟨w̄α, w̄β⟩] ∈ RL×L be the corresponding Gram matrix for {w̄α}α∈I.
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We begin the proof by considering, for some t > 0, the expression

P
[∥∥∥∥ ∑

α̸=β

(ξα − p)(ξβ − p)⟨·, ŵβ⟩Hαβw̄α

∥∥∥∥ ≥ t

]
.

For notational simplicity, we let Uα = vec(w̄α) ∈ Rn2
denote the vectorized version of w̄α.

Similarly, we let Vβ = vec(ŵβ) ∈ Rn2
As such, we can see that this probabilistic expression can

be equivalently represented as

P
[∥∥∥∥ ∑

α̸=β

(ξα − p)(ξβ − p)HαβUαV
⊤
β

∥∥∥∥ ≥ t

]
.

This term is a second order matrix chaos, and is a degenerate U-statistic—see [Lee19] for details

on the theory of U-statistics, and see [DlPG12] for a detailed investigation of the decoupling of

Banach-space-valued U-statistics. As seen in Theorem 1.7.5, we can study the distribution of

the operator norm for this operator by considering a new set of i.i.d. random Bernoulli variables

ξ′β. As such, Theorem 1.7.5 states that for some absolute constant C independent of n, Uα,

Vα, or H
−1, that

P
[∥∥∥∥ ∑

α̸=β

(ξα − p)(ξβ − p)HαβUαV
⊤
β

∥∥∥∥ ≥ t

]
≤ CP

[∥∥∥∥ ∑
α̸=β

(ξα − p)(ξ′β − p)HαβUαV
⊤
β

∥∥∥∥ ≥ t/C

]
.

We note that optimal values of the constants C have not been explicitly computed for each

chaos of order m, but that the constant itself is a function of m. For m = 2, which is the case

we consider, this constant is usually rather small[DlPG12]. Using the law of total probability,

conditioning on the random variables ξ′1, ..., ξ
′
L and defining the vector ξ′ = [ξ′1 ... ξ′L]

⊤ that

P
[∥∥∥∥ ∑

α̸=β

(ξα − p)(ξ′β − p)HαβUαV
⊤
β

∥∥∥∥ ≥ t

]

= E
[
P
(∥∥∥∥ ∑

α̸=β

(ξα − p)(ξ′β − p)HαβUαV
⊤
β

∥∥∥∥ ≥ t

∣∣∣∣ ξ′)].
We can study the conditional expression

P
(∥∥∥∥ ∑

α̸=β

(ξα − p)(ξ′β − p)HαβUαV
⊤
β

∥∥∥∥ ≥ t

∣∣∣∣ ξ′)
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using Theorem 1.7.2. Defining the expression bα =
∑

β ̸=αHαβ(ξ′β − p)Vβ, we notice that the

sum can be re-written as

P
(∥∥∥∥ ∑

α̸=β

(ξα − p)(ξ′β − p)HαβUαV
⊤
β

∥∥∥∥ ≥ t

∣∣∣∣ ξ′) = P
(∥∥∥∥∑

α

(ξα − p)Uαb
⊤
α

∥∥∥∥ ≥ t

∣∣∣∣ ξ′).
In this form, conditioned on ξ′ we see that this is a sum of mean-zero, independent random

variables. To study its concentration with Theorem 1.7.2, we define Tα = (ξα − p)Uαb
⊤
α. The

first task is bounding the operator norm

∥Tα∥ ≤ ∥Uα∥2∥bα∥2 ≤ max
β

∥Uβ∥2max
γ

∥bγ∥2 =: R.

Next, we need to estimate the variance terms ∥
∑

α E[TαT
∗
α | ξ′]∥ and ∥

∑
α E[T ∗

αTα | ξ′]∥. For

the first term, notice that

∥∥∥∥∥∑
α

E[TαT
∗
α | ξ′]

∥∥∥∥∥ =

∥∥∥∥∥∑
α

E[(ξα − p)2]Uαb
⊤
αbαU

⊤
α

∥∥∥∥∥
= p(1− p)

∥∥∥∥∥∑
α

∥bα∥22UαU
⊤
α

∥∥∥∥∥
≤ pmax

α
∥bα∥22

∥∥∥∥∥∑
α

UαU
⊤
α

∥∥∥∥∥
≤ pmax

α
∥bα∥22λmax(G).

The other variance term is given by

∥∥∥∥∥∑
α

E[T ∗
αTα | ξ′]

∥∥∥∥∥ =

∥∥∥∥∥∑
α

E[(ξα − p)2]bαU
⊤
αUαb

⊤
α

∥∥∥∥∥
≤ pmax

γ
∥Uγ∥22

∥∥∥∥∥∑
α

bαb
⊤
α

∥∥∥∥∥
= pmax

γ
∥Uγ∥22∥BB⊤∥

= pmax
γ

∥Uγ∥22∥B∥2,

where the last matrix is defined as B = [b1 · · · bL] and the spectral result follows from the

vectorization lemma.
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Defining the variance parameter σ2 = max {∥
∑

α E[TαT
∗
α | ξ′]∥ , ∥

∑
α E[T ∗

αTα | ξ′]∥}, we

have from the monotonicity of expectation that

E
[
P
(∥∥∥∥ ∑

α̸=β

(ξα − p)(ξ′β − p)HαβUαV
⊤
β

∥∥∥∥ ≥ t

∣∣∣∣ ξ′)] ≤ E
[
2n exp

(
−t2/2

Rt/3 + σ2

)]
.

It follows that if high probability estimates exist for R and σ2, referred heretofore as Rmax and

σ2
max respectively, that we can effectively uncondition R and σ2 as functions of ξ′ as follows:

E
[
2n exp

(
−t2/2

Rt/3 + σ2

)]
≤ 2P(σ2 ≤ σ2

max, R ≤ Rmax)n exp

(
−t2/2

Rmaxt/3 + σ2
max

)
+ 2nP(σ2 ≥ σ2

max, R ≥ Rmax).

Plugging in the expressions in Theorem 3.B.5 and Theorem 3.B.6 and setting

t =
√

8
3σ

2
max log n in the expressions such that the simplification in Theorem 1.7.2 is possible,

we have that, if p ≥ 16β logn
n for all three inequalities, the following inequality holds for each

operator in the Lemma statement.

E
[
2n exp

(
−t2/2

Rt/3 + σ2

)]
≤ 2P(σ2 ≤ σ2

max, R ≤ Rmax)n exp

(
−t2/2

Rmaxt/3 + σ2
max

)
+ 2nP(σ2 ≥ σ2

max or R ≥ Rmax)

≤ 2P(σ2 ≤ σ2
max, R ≤ Rmax)n exp

(
−3t2

8σ2
max

)
+ 2nP(σ2 ≥ σ2

max or R ≥ Rmax)

≤ 2(1− 4n2−β)n1−β + 8n3−β

≤ 10n3−β.

Taking the union bound over the 3 inequalities and incorporating the constant C from Theo-

rem 1.7.5 concludes the proof.

Lemma 3.B.8. Let X be a ground-truth, rank-r, ν-incoherent Gram matrix with tangent space

T. If the sampling probability p ≥ 128β logn
3n for any β > 1, then the following collection of
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inequalities hold with probability at least 1− 8n1−β

∥∥∥∥∥∥∥∥
∑
α∈I

(ξα − p)PTwα

∑
β∈I
α̸=β

Hαβ⟨·,PTwβ⟩

∥∥∥∥∥∥∥∥ ≤
√
p
64ν2r2β log n

3n
,

∥∥∥∥∥∥∥∥
∑
α∈I

(ξα − p)wα

∑
β∈I
α̸=β

Hαβ⟨·,wβ⟩

∥∥∥∥∥∥∥∥ ≤
√
p
256nβ logn

3
,

∥∥∥∥∥∥∥∥
∑
α∈I

(ξα − p)wα

∑
β∈I
α̸=β

Hαβ⟨·,PTwβ⟩

∥∥∥∥∥∥∥∥ ≤
√
p
128νrβ logn

3
,

∥∥∥∥∥∥∥∥
∑
α∈I

(ξα − p)PTwα

∑
β∈I
α̸=β

Hαβ⟨·,wβ⟩

∥∥∥∥∥∥∥∥ ≤
√

p
128νrβ logn

3
.

Proof. We first define ŵα = PTwα or wα and w̄α = PTwα or wα, where ŵα and w̄α are

not necessarily equal. We also define the corresponding Gram matrices of ŵα and w̄α as Ĥ

and H̄, respectively. Similarly define the dual basis vectors v̄α and v̂α. As such, all of these

inequalities can be represented through studying the expression

∥∥∥∥∥∥∥∥
∑
α∈I

(ξα − p) ŵα

∑
β∈I
α̸=β

Hαβ⟨·, w̄β⟩

∥∥∥∥∥∥∥∥ .

Defining the vectorized version of our summands Ûα = vec(ŵα) ∈ Rn2
and V̄α = vec(w̄α) ∈

Rn2
, we can see that the above expression is equivalent to

∥∥∥∥∥∥∥∥
∑
α∈I

(ξα − p) Ûα

∑
β∈I
α̸=β

HαβV̄ ⊤
β

∥∥∥∥∥∥∥∥ .

This expression is the operator norm bound on a sum of mean-zero, independent random

matrices. We define each summand as Gα = (ξα − p)Ûα
∑

α̸=β HαβÛ⊤
α .To proceed, we use

Theorem 1.7.2.
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First, we bound ∥Gα∥:

∥Gα∥ ≤ ∥Ûα∥2
∑
α̸=β

|Hαβ|∥V̄ ⊤
β ∥2

≤ 2max
β

∥Ûα∥2max
γ

∥V̄γ∥2,

following from Theorem 2.A.3. Next, we bound the variance terms ∥
∑

α E[GαG
∗
α]∥ and

∥
∑

α E[G∗
αGα]∥. It follows that, defining dα =

∑
α̸=β HαβVβ

∥∥∥∥∥∑
α

E[GαG
∗
α]

∥∥∥∥∥ =

∥∥∥∥∥∑
α

E[(ξα − p)2]Ûαd
⊤
αdαÛ

⊤
α

∥∥∥∥∥
≤ p

∥∥∥∥∥∑
α

Ûαd
⊤
αdαÛ

⊤
α

∥∥∥∥∥ .
Now, dα + HααV̄α = vec(v̄α) by duality and the linearity of both the vec operator and the

projection operator PT, if present in the relevant definition of v̄α. Defining Q̄α = vec(v̄α), we

see that

∥∥∥∥∥∑
α

E[GαG
∗
α]

∥∥∥∥∥ ≤ p

∥∥∥∥∥∑
α

Ûα

(
Q̄α −HααV̄α

)⊤ (
Q̄α −HααV̄α

)
Û⊤

α

∥∥∥∥∥
= p

∥∥∥∥∑
α

ÛαQ̄
⊤
αQ̄αÛ

⊤
α −Hαα

∑
α

ÛαQ̄
⊤
αV̄αÛ

⊤
α

−Hαα
∑
α

ÛαV̄
⊤
α Q̄αÛ

⊤
α + (Hαα)2

∑
α

ÛαV̄
⊤
α V̄αÛ

⊤
α

∥∥∥∥
≤ p

∥∥∥∥∥∑
α

ÛαQ̄
⊤
αQ̄αÛ

⊤
α

∥∥∥∥∥+ 2p

∥∥∥∥∥Hαα
∑
α

ÛαQ̄
⊤
αV̄αÛ

⊤
α

∥∥∥∥∥
+ p

∥∥∥∥∥(Hαα)2
∑
α

ÛαV̄
⊤
α V̄αÛ

⊤
α

∥∥∥∥∥
≤ pmax

β
∥Q̄β∥22

∥∥∥∥∥∑
α

ÛαÛ
⊤
α

∥∥∥∥∥+ 2p

∥∥∥∥∥Hαα
∑
α

|Q̄⊤
αV̄α|ÛαÛ

⊤
α

∥∥∥∥∥
+ pmax

β
∥V̄β∥22

∥∥∥∥∥(Hαα)2
∑
α

ÛαÛ
⊤
α

∥∥∥∥∥
≤ p

(
max
β

∥Q̄β∥22 +max
β

∥V̄β∥22 + 2max
β

∥Q̄β∥2max
γ

∥V̄γ∥2
)∥∥∥∥∥∑

α

ÛαÛ
⊤
α

∥∥∥∥∥
≤ p

(
max
β

∥Q̄β∥22 +max
β

∥V̄β∥22 + 2max
β

∥Q̄β∥2max
γ

∥V̄γ∥2
)
λmax(Ĥ).
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Where the first inequality follows from the triangle inequality, the second inequality follows from

Cauchy-Schwarz, the third inequality follows from the fact that |Hαα| < 1 for every α ∈ I, and

the last inequality follows from Theorem 1.8.2 and Theorem 2.A.3.

To analyze the other variance term, we begin by defining the matrixE = [d1 · · ·dL] ∈ Rn2×L.

We now see that

∥∥∥∥∥∑
α

E[G∗
αGα]

∥∥∥∥∥ =

∥∥∥∥∥∑
α

E[(ξα − p)2]dαÛ
⊤
α Ûαd

⊤
α

∥∥∥∥∥
≤ pmax

β
∥Ûα∥22

∥∥∥∥∥∑
α

dαd
⊤
α

∥∥∥∥∥
= pmax

β
∥Ûα∥22∥EE⊤∥.

Similarly to Theorem 3.B.5, we can see that E = WH−1
offdiag. As such, notice that

∥EE⊤∥ = max
∥y∥2=1

y⊤EE⊤y

= max
∥y∥2=1

y⊤WH−1
offdiagH

−1
offdiagW

⊤y

= max
∥y∥2=1

∥H−1
offdiagW

⊤y∥22

≤ ∥H−1
offdiag∥

2 max
∥y∥2=1

∥W⊤y∥22

≤ 4 max
∥y∥2=1

y⊤WW⊤y

= 4∥WW⊤∥

= 4∥W⊤W ∥

= 4λmax(H̄),

where the first inequality follows from Cauchy-Schwarz, and the second inequality follows from

Theorem 3.A.1. This yields a variance bound as follows:

σ2 = max

{∥∥∥∥∥∑
α

E[G∗
αGα]

∥∥∥∥∥ ,
∥∥∥∥∥∑

α

E[GαG
∗
α]

∥∥∥∥∥
}

≤ pmax

{
4max

β
∥Ûα∥22λmax(H̄),
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(
max
β

∥Q̄β∥22 +max
β

∥V̄β∥22 + 2max
β

∥Q̄β∥2max
γ

∥V̄γ∥2
)
λmax(Ĥ)

}
.

This leads to the following variance bounds and norm bounds for the corresponding combina-

tions of w̄α and ŵα:

w̄α = PTwα, ŵα = PTwα ⇒ σ2 = 8p
ν2r2

n
, R =

νr

n
,

w̄α = PTwα, ŵα = wα ⇒ σ2 = 64pνr, R =

√
8νr

n
,

w̄α = wα, ŵα = PTwα ⇒ σ2 = 16pνr, R =

√
8νr

n
,

w̄α = wα, ŵα = wα ⇒ σ2 = 32pn, R = 4.

Setting t =
√

8
3σ

2β log n for each expression, which uniformly satisfies t ≤ σ2

R for each

bound as long as p ≥ 128β logn
3n , yields each of the desired inequalities with failure probabilities

of 1− 2n1−β for each expression using Theorem 1.7.2. This concludes the proof.

3.B.2 Proof of Theorem 3.2.1

We are now ready to prove Theorem 3.2.1.

Proof. First, notice that since MΩ = M∗
Ω,

∥PTMΩPT − p2PT∥ =

∥∥∥∥∥∥
∑

α,β∈Ω
ξαξβCαβPTwα⟨vα,vβ⟩⟨·,PTwβ⟩ − p2PT

∥∥∥∥∥∥
=

∥∥∥∥∥∥
∑

α,β∈Ω
ξαξβCαβPTwα⟨vα,vβ⟩⟨·,PTwβ⟩ − p2

∑
α,β∈I

PTwα⟨vα,vβ⟩⟨·,PTwβ⟩

∥∥∥∥∥∥
=

∥∥∥∥p∑
α∈Ω

ξα⟨·,PTwα⟩PTwα⟨vα,vα⟩+
∑

α,β∈Ω
α̸=β

ξαξβPTwα⟨vα,vβ⟩⟨·,PTwβ⟩

− p2
∑
α,β∈I

PTwα⟨vα,vβ⟩⟨·,PTwβ⟩
∥∥∥∥

=

∥∥∥∥∥∥p∥vα∥2F
∑
α∈I

(ξα − p)⟨Y ,PTwα⟩PTwα +
∑
α̸=β

(ξαξβ − p2)PTwαH
αβ⟨·,PTwβ⟩

∥∥∥∥∥∥
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≤

∥∥∥∥∥p∥vα∥2F∑
α∈I

(ξα − p)⟨Y ,PTwα⟩PTwα

∥∥∥∥∥+
∥∥∥∥∥∥
∑
α̸=β

(ξαξβ − p2)PTwαH
αβ⟨·,PTwβ⟩

∥∥∥∥∥∥
= p∥vα∥2F ∥PTFΩPT − pPTFIPT∥+

∥∥∥∥∥∥
∑
α̸=β

(ξαξβ − p2)PTwαH
αβ⟨·,PTwβ⟩

∥∥∥∥∥∥
≤ p∥vα∥2F ∥PTFΩPT − pPTFIPT∥︸ ︷︷ ︸

B1

+

∥∥∥∥∥∥
∑
α̸=β

(ξα − p)(ξβ − p)PTwαH
αβ⟨·,PTwβ⟩

∥∥∥∥∥∥︸ ︷︷ ︸
B2

+ 2p

∥∥∥∥∥∥∥∥
∑
α∈I

(ξα − p)PTwα

∑
β∈I
α̸=β

Hαβ⟨·,PTwβ⟩

∥∥∥∥∥∥∥∥︸ ︷︷ ︸
B3

,

where the first inequality follows from the triangle inequality and the final inequality follows

from Theorem 3.B.4. We note that term B1 is bounded by Theorem 3.B.2, and by the fact that

∥vα∥F is constant for all α ∈ I and that ∥vα∥2F ≤ 1
2 from Theorem 2.A.3. We bound B2 using

Theorem 3.B.7 and we bound B3 using Theorem 3.B.8. This concludes the proof.

Lemma 3.B.9. Let Ω ⊂ I be sampled with uniform Bernoulli probability p. If p ≥ 128
3
β logn
n for

any β > 3, then with probability at least 1−C ′n3−β, where C ′ is an absolute constant, we have

that

∥MΩ∥ ≤ p2

(
1 + 20

√
βn log n

3p

)
+ Cpβ1/2 log n,

for some absolute constant C > 0. Furthermore, for p ≥ C′′β logn
n for some sufficiently large

C ′′ > 0, this simplifies to

∥MΩ∥ ≤ 50p3/2
√
βn log n.

Proof. This proof follows directly from Lemmas 3.B.2 and 3.B.4. First, notice that

∥MΩ∥ = ∥MΩ − p2I + p2I∥ ≤ p2 + ∥MΩ − p2I∥.

This second term can be analyzed in the same way as in the proof of Theorem 3.2.1, seen in
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Section 3.B.2:

∥MΩ − p2I∥ ≤ p∥vα∥2F∥FΩ − pFI∥+

∥∥∥∥∥∥
∑
α̸=β

(ξαξβ − p2)wαH
αβ⟨·,wβ⟩

∥∥∥∥∥∥ .
Applying the results of Theorem 3.B.2, Theorem 3.B.4 , Theorem 3.B.7, and Theorem 3.B.8

gives the desired result. For the simplification, we notice that

p2 ≤ 5p3/2
√

βn log n ⇔ p ≤ 25βn logn,

and that

25p3/2
√

βn log n ≥ Cpβ1/2 log n ⇔ p ≥ C2

625

logn

n
,

so for some sufficiently large C ′ > 0 the stated simplification holds.

Lemma 3.B.10. Let Ω ⊂ I be sampled with uniform Bernoulli probability p, and let T be the

tangent space on Nr for a rank-r, ν-incoherent ground truth matrix X. If p ≥ 128
3
β logn
n for any

β > 3, then with probability at least 1−C ′n3−β, where C ′ is an absolute constant, we have that,

for some absolute constant C > 0,

∥MΩPT∥ ≤ p2 + Cp

√
νrβ

n
log n+ 20p3/2

√
νrβ logn.

If p ≥ C′′ logn
n for some sufficiently large constant C ′′ > 0 independent of n, ν and r, this

simplifies to

∥MΩPT∥ ≤ 50p3/2
√
νrβ logn.

Furthermore, we have that

∥MΩPTl
∥ ≤ 2∥MΩ∥

∥Xl −X∥F
λr(X)

+ ∥MΩPT∥,

and with probability at least 1−14n3−β, for some sufficiently large constant C ′′′ > 0 independent
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of n, ν and r, if p ≥ C′′′ logn
n , then

∥MΩPTl
∥ ≤ 100p3/2

√
βn log n

∥Xl −X∥F
λr(X)

+ 50p3/2
√

β log n.

Proof. We first notice that

∥MΩPT∥ ≤ ∥MΩPT − E[MΩPT]∥+ ∥E[MΩPT]∥

= ∥MΩPT − E[MΩPT]∥+ p2.

Similarly to the proofs of Theorem 3.2.1 and Theorem 3.B.9, we can decompose the difference

between MΩPT and E[MΩPT] as concentration of FΩPT −E[FΩ]PT and the off-diagonal term.

As such, we can see that

∥MΩPT∥ ≤ p2 + p∥vα∥2F ∥FΩPT − pFIPT∥+

∥∥∥∥∥∥∥∥
∑
α,β∈I
α̸=β

(ξαξβ − p2)wα⟨vα,vβ⟩⟨·,PTwβ⟩

∥∥∥∥∥∥∥∥ .
From Theorem 3.B.3, Theorem 3.B.7, and Theorem 3.B.8, the first result follows. The simpli-

fication follows a similar strategy as in Theorem 3.B.9. For the last result, notice that

∥MΩPTl
∥ = ∥MΩPTl

−MΩPT +MΩPT∥

≤ ∥MΩ(PTl
− PT)∥+ ∥MΩPT∥

≤ ∥MΩ∥
2∥Xl −X∥F

λr(X)
+ ∥MΩPT∥.

For the final result, the result follows from using the simplified expressions for both ∥MΩPT∥

and ∥MΩ∥, picking a sufficiently large constant such that both simplifications hold.

Lemma 3.B.11 (Local RIP of MΩ). Assume that

p−2∥PTMΩPT − p2PT∥ ≤ ε0, (3.12)

∥MΩPT∥ ≤ 50p3/2
√
βνr logn, (3.13)

∥MΩPTl
∥ ≤ 100p3/2

√
βn log n

∥Xl −X∥F
λr(X)

+ 50p3/2
√
βνr logn, (3.14)
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∥Xl −X∥F
λr(X)

≤ ε0p
1/2

100 (βn log n)1/4
. (3.15)

Then

p−2∥PTl
MΩPTl

− p2PTl
∥ ≤ 4ε0.

Proof.

∥PTl
−p−2PTl

MΩPTl
∥ = ∥PTl

− p−2PTl
MΩPTl

+ PT − PT + p−2PTl
MΩPT − p−2PTl

MΩPT + p−2PTMΩPT − p−2PTMΩPT∥

≤ ∥PTl
− PT∥+ p−2∥PTl

MΩPTl
− PTl

MΩPT∥+ p−2∥PTl
MΩPT − PTMΩPT∥

+
∥∥PT − p−2PTMΩPT

∥∥
≤ ∥PTl

− PT∥+ p−2∥PTl
MΩ∥∥PTl

− PT∥

+ p−2∥MΩPT∥∥PTl
− PT∥+

∥∥PT − p−2PTMΩPT
∥∥

≤ 2∥Xl −X∥F
λr(X)

(
1 + p−2∥PTl

MΩ∥+ p−2∥MΩPT∥
)
+
∥∥PT − p−2PTMΩPT

∥∥
≤ 2ε0 + p−2 2∥Xl −X∥F

λr(X)

(
100p3/2

√
βn log n

∥Xl −X∥F
λr(X)

+ 100p3/2
√

βνr logn

)
= 2ε0 + 200p−1/2

√
βn log n

(
∥Xl −X∥F

λr(X)

)2

+ 100p−1/2
√

βνr logn
∥Xl −X∥F

λr(X)

≤ 4ε0,

where the first inequality is the triangle inequality, the second inequality is Cauchy-Schwarz,

the third inequality is due to Theorem 1.8.3 and (3.12), the fourth inequality is a result of (3.13)

and (3.14), and the final inequality is due to (3.15).

3.C Local Convergence Results

We begin with the following technical lemmas used in the proof of local convergence.

Lemma 3.C.1 (Algorithm 7 Stepsize Bounds). Assume that ∥PTl
−p−2PTl

MΩPTl
∥ ≤ 4ε0 < 1.

Then the stepsize αl in DBRE can be bounded by

p−2

1 + 4ε0
≤ αl =

∥PTGl∥2F
⟨PTl

Gl,MΩPTl
Gl⟩

≤ p−2

1− 4ε0
.
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Proof. We will prove this by leveraging the local RIP assumption. Notice the following:

⟨PTl
Gl,MΩPTl

Gl⟩ = ⟨PTl
Gl,PTl

MΩPTl
Gl⟩

=
〈
PTl

Gl,PTl
MΩPTl

Gl − p2PTl
Gl

〉
+ p2⟨PTGl,PTGl⟩.

We can now leverage the variational characterization of the spectral norm and local RIP, proven

in Theorem 3.B.11, to bound the following:

−p2(4ε0)∥PTGl∥2F ≤
〈
PTl

Gl,PTl
MΩPTl

Gl − p2PTl
Gl

〉
≤ p2(4ε0)∥PTGl∥2F.

As such, we can now bound the denominator as

p2(1− 4ε0)∥PTGl∥2F ≤ ⟨PTl
Gl,MΩPTl

Gl⟩ ≤ p2(1 + 4ε0)∥PTGl∥2F.

Rearrangement of this last expression yields the upper and lower bounds on the step size

derived above.

Lemma 3.C.2 (I1 Bound). Assume
∥∥PTl

− p−2PTl
MΩPTl

∥∥ ≤ 4ε0 and αl can be bounded as

in Theorem 3.C.1. Then the spectral norm of PTl
− αlPTl

MΩPTl
can be bounded as

∥PTl
− αlPTl

MΩPTl
∥ ≤ 8ε0

1− 4ε0
. (3.16)

Proof. From direct calculation, it follows that

∥PTl
− αlPTl

MΩPTl
∥ ≤

∥∥PTl
− p−2PTl

MΩPTl

∥∥+ ∣∣αl − p−2
∣∣ ∥PTl

MΩPTl
∥

≤ 4ε0 +
∣∣αl − p−2

∣∣ (∥∥PTl
MΩPTl

− p2PTl

∥∥+ p2∥PTl
∥
)

≤ 4ε0 +

(
p−2

1− 4ε0
− p−2(1− 4ε0)

1− 4ε0

)(∥∥PTl
MΩPTl

− p2PTl

∥∥+ p2∥PTl
∥
)

≤ 4ε0 +

(
p−2

1− 4ε0
− p−2(1− 4ε0)

1− 4ε0

)(
4ε0p

2 + p2
)

= 4ε0 +
4ε0

1− 4ε0
(1 + 4ε0)

=
8ε0

1− 4ε0
,
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where the first inequality comes from the triangle inequality, the second inequality comes from

Local RIP in Theorem 3.B.11, the third inequality comes from the stepsize bound in Theo-

rem 3.C.1, the fourth inequality again comes from Theorem 3.B.11, and the remainder comes

from algebraic simplification of terms. This finishes the proof.

3.C.1 Proof of Theorem 3.2.2

We can now prove Theorem 3.2.2.

Proof. First, it follows that

∥Xl+1 −X∥F ≤ ∥Xl+1 −Wl∥F + ∥Wl −X∥F ≤ 2∥Wl −X∥F,

as Xl+1 is the best rank-r approximation of Wl. Plugging in Wl = Xl + αlPTl
Gl, we see that

∥Xl+1 −X∥F ≤ 2 ∥Xl + αlPTl
Gl −X∥F

= 2∥Xl −X − αlPTl
MΩ(Xl −X)∥F

≤ 2∥(PTl
− αlPTl

MΩPTl
)(Xl −X)∥F︸ ︷︷ ︸

I1

+ 2∥(I − PTl
)(Xl −X)∥F︸ ︷︷ ︸
I2

+ 2|αl|∥PTl
MΩ(I − PTl

)(Xl −X)∥F︸ ︷︷ ︸
I3

.

It remains to bound each term individually. Using Theorem 3.C.2, we see that

I1 ≤
16ε0

1− 4ε0
∥Xl −X∥F.

Next, notice that from Theorem 1.8.3 and the fact that PTl
Xl = Xl,

I2 = 2∥(I − PTl
)Xl − (I − PTl

)X∥F

= 2∥(I − PTl
)X∥F

≤
2∥Xl −X∥2F

λr(X)
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≤ ε0p
1/2

32 (βn log n)1/4
∥Xl −X∥F

≤ ε0∥Xl −X∥F

≤ ε0
1− 4ε0

∥Xl −X∥F,

using Theorem 1.8.3 and our initial local neighborhood assumption. Finally, we see that,

following a similar argument as in the bound of I2,

I3 ≤ 2|αl|∥PTl
MΩ∥∥(I − PTl

)X∥F

≤ 2p−2

1− 4ε0

[
100p3/2

√
βn log n

∥Xl −X∥F
λr(X)

+ 25p3/2
√
βνr logn

](
∥Xl −X∥F

λr(X)

)
∥Xl −X∥F

≤ 2

1− 4ε0

[
100p−1/2

√
βn log n

(
ε0p

1/2

100 (βn log n)1/4

)2

+ 50p−1/2
√

βνr logn
ε0p

1/2

100 (βn log n)1/4

]
∥Xl −X∥F

≤ ε0
1− 4ε0

∥Xl −X∥F,

where the second to last inequality follows from the same analysis conducted in Theorem 3.B.11,

just divided by 2. Collecting these results, we get

∥Xl+1 −X∥F ≤ 18ε0
1− 4ε0

∥Xl −X∥F.

By the assumption of the theorem, which holds for l = 0, and as we have a contractive sequence,

it inductively follows that the assumption holds for l ≥ 0. This concludes the proof.

3.D Initialization Results (Proof of Lemma 3.2.3)

Proof. First, notice that for W0 = p−1RΩ(X), we get

∥X0 −X∥ ≤ ∥W0 −X∥+ ∥W0 −X0∥

≤ 2 ∥W0 −X∥ ,
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where the first inequality follows from the triangle inequality and the second inequality follows

from the fact that W0 is the best rank-r approximation of X0 by Eckart-Young-Mirsky[EY36].

We now need a bound for this last term. Notice that W0−X =
∑

α∈I(p
−1ξα−1)⟨X,wα⟩vα is

a sum of zero-mean i.i.d. random matrices, opening up use of Bernstein’s inequality. In order to

use this, define Zα = (p−1ξα−1)⟨X,wα⟩vα. We need a bound on ∥Zα∥ and
∥∥∥E [∑α∈IZα

]2∥∥∥.
First, notice that

∥Zα∥ =
∥∥(p−1ξα − 1)⟨X,wα⟩vα

∥∥
≤ (p−1 + 1)|⟨X,wα⟩| ∥vα∥

≤ 2p−1

(
max
α∈I

|⟨X,wα⟩ |
)

=: c,

where the second inequality comes from the fact that p ≤ 1 and ∥vα∥ < 1 from Theorem 2.A.3.

Next, notice that

∥∥∥∥∥E
[∑
α∈I

Z2
α

]∥∥∥∥∥ =

∥∥∥∥∥∑
α∈I

E
[
p−2ξα − 2ξαp

−1 + 1
]
⟨X,wα⟩2v2

α

∥∥∥∥∥
=

∥∥∥∥∥∑
α∈I

(
p−1 − 1

)
⟨X,wα⟩2v2

α

∥∥∥∥∥
≤ p−1

(
max
α∈I

|⟨X,wα⟩ |
)2

λmax

(∑
α

v2
α

)
.

Now, as Theorem 2.A.4,
∑

α v2
α = n2−2n+2

4n J . It follows that λmax

(∑
α v2

α

)
= n2−2n+2

4n ≤ n
4 as

J is an orthogonal projection matrix. Thus,

∥∥∥∥∥E
[∑
α∈I

Z2
α

]∥∥∥∥∥ ≤ np−1

4

(
max
α∈I

|⟨X,wα⟩ |
)

=: σ2.

Now to determine t, we note that

σ2

c
=

np−1 (maxα∈I |⟨X,wα⟩ |)2

8p−1 (maxα∈I |⟨X,wα⟩ |)

=
n

8

(
max
α∈I

|⟨X,wα⟩ |
)

≥

√
2βn logn

3p

(
max
α∈I

|⟨X,wα⟩ |
)
,
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for p ≥ 128β logn
3n . It follows that

P

(
∥X0 −X∥ >

√
2βn logn

3p

(
max
α∈I

|⟨X,wα⟩ |
))

≤ 2n exp (−β log(n))

= 2n1−β,

verifying the probabilistic bound. To complete the proof, we use Theorem 1.A.3, from which it

follows that

∥X0 −X∥F ≤
√
2r∥X0 −X∥ ≤

√
2βnr log n

3p

(
max
α∈I

|⟨X,wα⟩ |
)

≤

√
βν2r3 log(n)

24pn
∥X∥.

This concludes the proof.

3.E Robustness Guarantees

In this section, we will prove Theorem 3.3.1. We first control the perturbation induced by

additive noise.

Lemma 3.E.1. Let P̂ = P + N where N ∈ Rn×r is a matrix with independent mean-zero

entries, and X̂ = P̂ P̂⊤. Let λ1 ≥ · · · ≥ λr > 0 be the non-zero eigenvalues of X with

corresponding eigenvectors ui. Assume that ∥N∥∞ ≤ C for C > 0. Additionally, let Σ =

E[nini⊤] be the covariance matrix of the columns of N . Then

∥X − X̂∥ ≤ C

(
16

3
n1/2βλ

1/2
1 log n

)
+ nrC2,

with probability at least 1− 2n1−β.

Proof. First, notice that

P̂ P̂⊤ = PP⊤ +NP⊤ + PN⊤ +NN⊤,

so

∥X − X̂∥ = ∥NP⊤ + PN⊤ +NN⊤∥ ≤ 2∥NP⊤∥+ ∥NN⊤∥.



3.E. ROBUSTNESS GUARANTEES 121

We will first bound the term ∥NN⊤∥ ≤ ∥NN⊤∥F. Notice that

∥NN⊤∥2F =
n∑

i,j=1

(
r∑

k=1

NikNjk

)2

≤
n∑

i,j=1

(
r∑

k=1

C2

)2

= n2r2C4,

where the inequality follows from the bound on ∥N∥∞. We now bound ∥NP⊤∥. Since P =

UΛ1/2, where U has orthonormal columns and Λ = diag(λ1, . . . , λr), we have ∥p(k)∥22 = λk.

We write NP⊤ as follows:

NP⊤ =
r∑

k=1

n(k)p(k)⊤ =
r∑

k=1

Zk.

The matrices Zk are independent, mean-zero, and rank one. Moreover,

∥Zk∥ = ∥n(k)∥2 ∥p(k)∥2 ≤ C
√

nλ1 =: L.

We next compute the Bernstein variance parameter. Let Σk = E
[
n(k)n(k)⊤]. As the entries of

N are independent, Σ =
∑

kΣk is diagonal, and as we have a bound on ∥N∥∞ it follows that

∥Σ∥ ≤ C2.

and Trace(Σ) = nC2. Therefore,

∥∥∥∥∥
r∑

k=1

E
[
ZkZ

⊤
k

]∥∥∥∥∥ =

∥∥∥∥∥
r∑

k=1

λkΣk

∥∥∥∥∥ ≤ C2
r∑

k=1

λk ≤ rC2λ1,

while

∥∥∥∥∥
r∑

k=1

E
[
Z⊤
k Zk

]∥∥∥∥∥ =

∥∥∥∥∥
r∑

k=1

p(k)p(k)⊤E∥n(k)∥22

∥∥∥∥∥ ≤ nC2

∥∥∥∥∥
r∑

k=1

p(k)p(k)⊤

∥∥∥∥∥ = nC2λ1.

Since n ≥ r, we set σ2 = nC2λ1. As

σ2

c
=

nC2λ1

n1/2Cλ
1/2
1

= n1/2Cλ
1/2
1 ,
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it follows that for t = 8
3n

1/2Cβλ
1/2
1 log n we have that

P
[∥∥∥NP⊤

∥∥∥ ≥ t
]
≤ 2n exp

(
−3t

8c

)
= 2n exp

(
n1/2Cβλ

1/2
1 log n

n1/2Cλ
1/2
1

)

= 2n exp (−βlogn) .

This finishes the proof.

Next we will prove the following Lemma showing that bounded noise on the points does not

change the incoherence of a Gram matrix substantially.

Lemma 3.E.2. For P̂ = P +N , where N is a mean-zero random matrix. Let X = PP⊤ and

X̂ = P̂ P̂⊤, and let λ1 ≥ · · · ≥ λr > 0 be the eigenvalues of X. If ∥N∥∞ ≤ C for some C > 0,

where κ is the condition number of X, then

∥∥PÛwα

∥∥
F
≤
√

νr

2n
+

32

3
C

n1/2

λ
1/2
r (X)

κ1/2 log n+
2nr

λr(X)
C2,

with probability at least 1− 2n1−β. Furthermore, if C ≤ 3
32

√
2
ν1/2

n
λr(X)1/2

βκ1/2 logn
, then

∥∥PÛwα

∥∥
F
≤ 9νr

2n
.

Proof. This result will follow from the classic Davis-Kahan sinΘ Theorem, seen in Theo-

rem 1.8.1. Let U, Û be the subspace spanned by the columns of U , Û respectively. First,

as
∥∥PU − PÛ

∥∥
F
= ∥ sinΘ(U, Û)∥F from [Bha13], we can see that

∥∥PU − PÛ
∥∥
F
= ∥ sinΘ(U, Û)∥F ≤ ∥X − X̂∥F

λr
.

Next, notice that

∥∥PÛwα

∥∥
F
≤
∥∥(PÛ − PU

)∥∥ ∥wα∥F + ∥PUwα∥F

≤ 2∥X − X̂∥
λr(X)

+

√
νr

2n
.
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The Lemma statement therefore comes from the bound in Theorem 3.E.1. The second expression

comes as follows:

√
νr

2n
+

32

3
C

n1/2

λ
1/2
r (X)

κ1/2β log n+
2nr

λr(X)
C2 ≤ 2

√
νr

2n
+

νr

n

9

211β2κ log2 n

≤ 2

√
νr

2n
+

νr

n

= 2

√
νr

2n
+ ν1/2

ν1/2r

n

≤ 2

√
νr

2n
+

n1/2

r1/2
ν1/2r

n

= 3

√
νr

2n
,

where the first inequality comes from substituting in the stated bound on C, the second in-

equality follows from the fact that β2κ log2 n ≥ 1, and the third inequality follows from the fact

that ν ≤ n
r , thus concluding the proof.



Chapter 4

Non-Uniform Sampling Approaches

to EDMC

This chapter is dedicated to loosening the uniform sampling assumption of Question 1.3.1. In

Chapter 2 and Chapter 3, the theoretical guarantees for recovery are highly sensitive to the

coherence of the underlying point cloud. In this chapter, we will consider a new Bernoulli

sampling scheme that will allow for the recovery of arbitrarily coherent datasets, and show that

recovery is algorithmically possible under this sampling scheme. Much of this chapter is taken

from a current work in progress, and will be available in full as a pre-print in the coming months.

4.1 A Leverage-Score based approach to LRMC

A natural observation one might have when investigating the EDMC problem in an LRMC

framework is that the uniform sampling assumption, while theoretically nice and a decent

starting place, is quite poor as a general mechanism for guaranteeing successful recovery. We

have already seen that, presented in Section 1.6, the incoherence constant ν in the EDMC

problem has a simple geometric interpretation as

max
α∈I

(pi − pj)
⊤ (P⊤P )−1 (pi − pj) ≤

2νr

n
.

If we consider the following datasets in Section 4.1, we note that the image on the left is

124
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Figure 4.1: Incoherent and Coherent Datasets

highly incoherent, and the image on the right is highly coherent due to the outlier points in a

low-variance direction. We note that, outside of the outlier points, the rest of the dataset is

identical to the incoherent point cloud on the left.

This begs the following question:

Question 4.1.1: Leverage Score Motivating Question

If we prioritize sampling the distances that contribute the most to the incoherence con-

stant ν, can we improve the sample complexity required to recover P ?

Although the incoherence constant is a maximum over all pairwise distances, for a coherent

dataset there might be many distances that are close to the maximum value. In previous work

such as [SCT25, GTK24, TL18], recovery guarantees for the EDMC problem are of the form

|Ω| ≥ Cnν2r2 log n. This works well for data that has low incoherence numbers, and in [SCT25]

it was shown that subgaussian distributions satisfy ν ≤ O(κ+ K2 logn
r1/2

), where κ is the condition

number of the covariance matrix of the distribution and K is the subgaussian norm. However,

this bound indicates that recovery of data drawn from either heavy-tailed distributions or ill-

conditioned distributions, regardless of tail behavior, is an algorithmically challenging task. It is

also difficult to recover datasets with outliers such as Section 4.1. The work done in this Chapter

is dedicated to answer Question 4.1.1 in the affirmative: yes, sampling the “bad” distances more

frequently will enable recovery with fewer pairwise distances needed.
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4.2 Motivating Work in LRMC

In [CBSW14], the authors propose a sampling scheme that more heavily weights the sampling

probabilities of entries that contribute more to a higher incoherence of the matrix. For simplicity,

let M ∈ Rn×n be a rank-r matrix with reduced SVD M = UΣV ⊤, and recall that the standard

incoherence µ0 is defined as the constant such that the following inequalities hold:

max
i

∥U⊤ei∥22 ≤
µ0r

n
, max

j
∥V ⊤ej∥22 ≤

µ0r

n
.

In the same vein as Question 4.1.1, we notice that certain matrices might have quite poor

global incoherence constants, but only concentrated in a small handful of entries. To address

this, the authors in [CBSW14] associate to each entry Mij a leverage score µij defined as

µij = ∥U⊤ei∥22 + ∥V ⊤ej∥22.

We note that this notation is slightly different than what is provided in [CBSW14], but this is

in order to highlight the parallels between our methodology and theirs. Specifically, framing the

leverage score as a direct sum of the row and column subspace projection magnitudes clarifies

how both frameworks independently isolate and quantify localized structural information to

define the underlying sampling distribution. This then allowed the authors to consider a convex

recovery approach with respect to this leverage-score based sampling strategy, which provided

the following recovery guarantees: if

pij ≥ min
{
c
µij
n

log2 n, 1
}
, pij ≥

1

n10
,

then with probability at least 1− Cn−10, the nuclear norm minimization

min
Y ∈Rn×n

∥Y ∥∗ subject toPΩ(Y ) = PΩ(M).

recovers M . This paper captures the idea that if one can enforce a higher likelihood of sampling

the “bad” entries, which are characterized by highly localized mass in the singular vectors,

then the sample complexity required can be made substantially smaller than with uniform
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sampling alone. Crucially, whereas standard uniform sampling approaches require a sample

size bounded by the maximum global coherence parameter µ0, which severely penalizes highly

coherent matrices, this leverage-score strategy achieves exact recovery with an overall sample

complexity on the order of O(rn log2 n), effectively decoupling the theoretical guarantees from

the strict incoherence assumption.

4.3 Geometric Leverage Scores and Sampling Scheme

Motivated by [CBSW14] and the geometric interpretation of incoherence outlined in Section 1.6,

we can define geometric leverage scores, denoted να for each multi-index α, as follows:

να = max

{
15

16
∥PUwα∥2F +

1

4
∥PUvα∥2F,

4r

n

}
. (4.1)

This definition captures the geometric information encoded in ∥PUwα∥2F and ∥PUvα∥2F but

still encourages sampling of points close together due to the maximum with 4r
n preventing

degeneracy in the definition of να. This allows for arbitrarily close points to still have their

pairwise distances sampled and recovered, which will be important for the technical analysis.

As such, we can define the following Bernoulli sampling scheme:

pα = min
{mνα
2nr

, 1
}
, (4.2)

where m is a surrogate for the total number of distances sampled to allow for more direct

comparison to previous works in EDMC.

Now, as the number of samples |Ω| =
∑

α∈I ξα, it follows that E [|Ω|] =
∑

α∈I pα. Most of

the probabilities will be less than 1, but for very poor geometries it follows that some points are

guaranteed to be sampled in this scheme. As such, we partition the index set into the disjoint

union I = Ip ⊔ Id, where Ip = {α | pα < 1} and Id = {α | pα = 1}. We first prove that the size

of Id does not exceed m.

Lemma 4.3.1. Let Id = {α | pα = 1}. Then

|Id| ≤ m.
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Proof. We first notice that from the proof of Theorem 1.6.1,
∑

α∈I ∥PUwα∥2F = 2nr. Further-

more, from the computation of ∥PUvα∥2F seen in Theorem 4.3.3, we have that

∥PUvα∥2F =
1

4

(
∥ui∥22 + ∥uj∥22

)
− 1

4n
∥ui + uj∥22.

As such, we can compute that

∑
α∈I

(
15

16
∥PUwα∥2F +

1

4
∥PUvα∥2F

)
≤ 2nr.

Now, by definition α ∈ Id if and only if pα = 1. From the definition of pα, this implies:

mνα
2nr

≥ 1 =⇒ να ≥ 2nr

m
.

Given that m ≤ L = n(n−1)
2 , we have that for all α ∈ Id, the geometric leverage score να equals

the sum of the projection norms:

να =
15

16
∥PUwα∥2F +

1

4
∥PUvα∥2F.

Summing να strictly over the subset Id yields the lower bound:

|Id|
nr

m
≤
∑
α∈Id

να =
∑
α∈Id

(
15

16
∥PUwα∥2F +

1

4
∥PUvα∥2F

)
.

Because Id ⊆ I, the sum over Id is upper-bounded by the sum over the entire index set I:

|Id|
2nr

m
≤
∑
α∈I

(
15

16
∥PUwα∥2F +

1

4
∥PUvα∥2F

)
.

Applying the fact that the sum over I is bounded by 2nr, the inequality becomes:

|Id|
2nr

m
≤ 2nr.
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Isolating |Id| yields the required bound:

|Id| ≤ m.

The next thing we must understand is how the cardinality of the probabilistic sampling

set Ip concentrates around its expectation. We investigate this and state our result on the

cardinality of |Ω| in the following Lemma.

Lemma 4.3.2. Let Ip = {α | pα < 1}. Then with probability at least 1 − 2n−β, the following

pair of inequalities holds if m ≥ 16
3 β log n:

|Ip| ≤ 3m,

|Ω| ≤ 4m.

Proof. This is a straightforward application of Bernstein’s inequality. As before, |Ip| =
∑

α∈Ip ξα

and E [|Ip|] =
∑

α∈Ip pα. Notice that

∑
α∈Ip

m

2nr
max

{
15

16
∥PUwα∥2F +

1

4
∥PUvα∥2F,

4r

n

}

≤ m

2nr

∑
α∈Ip

(
15

16
∥PUwα∥2F +

1

4
∥PUvα∥2F

)
+

m

2nr

∑
α∈Ip

4r

n

≤ m+
2m

n2
L

≤ 2m.

Next, notice that |ξα − pα| < 1 for all α ∈ Ip, and that

E

∑
α∈Ip

(ξα − pα)
2

 =
∑
α∈Ip

pα(1− pα)

≤
∑
α∈Ip

pα

= 2m.
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The result follows from an application of Theorem 1.7.1 and the triangle inequality.

As noted previously, the m in the definition of the sampling scheme is a surrogate for

the total number of observed distances, as they differ by a small constant. To address this

discrepancy, we report our sample complexity results in both m and in |Ω|.

At this point, the astute reader might question the novelty and necessity of this methodology,

especially when compared to the work done in [CBSW14]. We note that standard incoherence

applied directly to the EDM alone does contain geometric information, outlined in Section 4.3.2,

with this section also detailing that the global incoherence constants are tied to one another.

As we will see in Section 4.6, the direct completion on D does work but this methodology still

outperforms this method in this specific problem.

By defining a set of weighted probabilities, we can define a sequence of independent Bernoulli

random variables as {ξα}α∈I where

ξα =


1 pα;

0 1− pα.

This allows us to define a new sampling operator Mp,Ω : Rn×n → Rn×n as

Mp,Ω(·) =
∑
α∈I

ξα
pα

⟨·,wα⟩∥vα∥2Fwα +
∑
α̸=β

ξαξβ
pαpβ

wαH
αβ⟨·,wβ⟩. (4.3)

We note that if pα = p for all α, this operator is identical to p−2MΩ.

4.3.1 Geometric Interpretation of Dual-Basis Geometric Leverage Scores

In Section 1.6, we provided a geometric interpretation for ∥PUwα∥2F that guided the discussion

and interpretation of this technique. In this section, we will now do the same for ∥PUvα∥2F.

Lemma 4.3.3. Let X = UΛU⊤ be the reduced eigenvalue decomposition of a Gram matrix

X, and let α = (i, j). Then

∥PUvα∥2F =
1

4

(
∥ui∥22 + ∥uj∥22

)
− 1

4n
∥ui + uj∥22.
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Proof. Consider the pair α = (i, j) and define the vectors a, b ∈ Rn as:

a = ei −
1

n
1,

b = ej −
1

n
1,

where 1 is the all-ones vector. Let the symmetric matrix vα be defined as:

vα = −1

2
(ab⊤ + ba⊤).

We wish to compute the squared Frobenius norm of the projected matrix PUvα:

∥PUvα∥2F = Trace((PUvα)⊤(PUvα)) = Trace(vαPUvα),

where we used the symmetry of vα and the idempotence of PU . First, we determine the action

of PU on a and b. Since U⊤1 = 0, we have:

PUa = UU⊤
(
ei −

1

n
1

)
= Uui,

PUb = UU⊤
(
ej −

1

n
1

)
= Uuj .

This yields the following quadratic forms, as U⊤U = I:

a⊤PUa = u⊤
i U

⊤Uui = ∥ui∥2,

b⊤PUb = u⊤
j U

⊤Uuj = ∥uj∥2,

a⊤PUb = u⊤
i U

⊤Uuj = u⊤
i uj .

Next, we compute the standard scalar products of a and b (assuming i ̸= j):

a⊤a =

(
ei −

1

n
1

)⊤(
ei −

1

n
1

)
= 1− 1

n
,

b⊤b = 1− 1

n
,

a⊤b =

(
ei −

1

n
1

)⊤(
ej −

1

n
1

)
= − 1

n
.
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Substituting vα into the trace expression gives:

tr(vαPUvα) =
1

4
tr
(
(ab⊤ + ba⊤)PU (ab⊤ + ba⊤)

)
=

1

4

[
(a⊤Pa)(b⊤b) + (b⊤Pb)(a⊤a) + 2(a⊤Pb)(a⊤b)

]
.

Substituting the geometric and scalar terms derived above:

∥PUvα∥2F =
1

4

[
∥ui∥2

(
1− 1

n

)
+ ∥uj∥2

(
1− 1

n

)
+ 2(u⊤

i uj)

(
− 1

n

)]
=

1

4

[(
∥ui∥2 + ∥uj∥2

)
− 1

n

(
∥ui∥2 + ∥uj∥2 + 2u⊤

i uj

)]
.

Recognizing the perfect square ∥ui + uj∥2 = ∥ui∥2 + ∥uj∥2 + 2u⊤
i uj , we arrive at the final

simplified result:

∥PUvα∥2F =
1

4

(
∥ui∥2 + ∥uj∥2

)
− 1

4n
∥ui + uj∥2.

4.3.2 Geometric Interpretation of Standard Leverage Scores

If we were to directly apply the method of [CBSW14] to the EDMC problem directly on the

pairwise distance matrix D, it would be beneficial to understand the geometric information

encoded in the leverage scores. We do so in the following Lemma.

Lemma 4.3.4. Let P ∈ Rn×r be the coordinate matrix of n points spanning Rr, centered at

the origin such that 1⊤P = 0. Let D ∈ Rn×n be the corresponding Euclidean Distance Matrix,

and let D = V ΣV ⊤ be its compact eigendecomposition. The statistical leverage score of the

i-th row of D, defined as ℓi = ∥V ⊤ei∥22, admits the exact decomposition:

ℓi =
1

n
+ p⊤

i (P
⊤P )−1pi +

(v⊥i )
2

∥v⊥∥22
.

where p⊤
i is the i-th row of P , v ∈ Rn is the vector of squared Euclidean norms with vi = ∥pi∥22,

and v⊥ is the projection of v onto the orthogonal complement of the subspace spanned by 1 and

the columns of P .
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Proof. The Euclidean Distance Matrix D can be factored algebraically into the sum of three

rank-1 or rank-r matrices, first seen in (1.1):

D = v1⊤ + 1v⊤ − 2PP⊤.

It follows immediately that the column space of D, denoted R(D), is a subspace of the span

of the vectors generating these terms:

R(D) ⊆ span{1,P ,v}.

Assuming the points do not lie on a hypersphere centered at the origin (which would cause v

to be linearly dependent on 1), D has rank r + 2, and R(D) = span{1,P ,v}.

The matrix V V ⊤ is the orthogonal projection operator onto R(D). The leverage score of

the i-th row is the i-th diagonal element of this projection matrix:

ℓi = e⊤i V V ⊤ei.

To compute this diagonal element explicitly, we construct an orthogonal basis for R(D) by

orthogonalizing the spanning set {1,P ,v}:

1. The translation-invariant component: The normalized all-ones vector provides the

projection matrix 1
n11

⊤.

2. The spatial component: By hypothesis, the point configuration is centered, meaning

P⊤1 = 0. Therefore, the column space of P is already strictly orthogonal to 1. The

orthogonal projection matrix onto R(P ) is given by P (P⊤P )−1P⊤. We note that this is

equivalent to the projection operator onto the column space of X.

3. The radial component: We extract the component of v that resides in the orthogonal

complement of the subspace spanned by 1 and P . Using the orthogonal projectors derived

above, we define this residual vector v⊥:

v⊥ =

(
I − 1

n
11⊤ − P (P⊤P )−1P⊤

)
v.
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The orthogonal projection matrix onto the one-dimensional subspace spanned by v⊥ is

v⊥(v⊥)⊤

∥v⊥∥22
.

Because the subspaces spanned by 1, P , and v⊥ are mutually orthogonal and their di-

rect sum equals R(D), the total projection operator V V ⊤ is the strict sum of the individual

orthogonal projectors:

V V ⊤ =
1

n
11⊤ + P (P⊤P )−1P⊤ +

v⊥(v⊥)⊤

∥v⊥∥22
.

Evaluating the quadratic form e⊤i (V V ⊤)ei extracts the i-th diagonal element:

ℓi =
1

n
e⊤i 11

⊤ei + e⊤i P (P⊤P )−1P⊤ei +
e⊤i v

⊥(v⊥)⊤ei
∥v⊥∥22

.

Substituting the scalar identities 1⊤ei = 1, e⊤i P = p⊤
i , and e⊤i v

⊥ = v⊥i yields the final identity:

ℓi =
1

n
+ p⊤

i (P
⊤P )−1pi +

(v⊥i )
2

∥v⊥∥22
.

This completes the proof.

We offer a geometric interpretation for each constituent term of the leverage score. The

constant term, 1
n , represents the uniform baseline influence intrinsic to any point within the

configuration. The second term provides information on the displacement of the point pi relative

to the variance of the original point cloud P , in terms of the principal components. This is the

Mahalanobis distance, first discussed in Section 1.6, and it captures the spatial displacement

relative to the empirical covariance structure of the point cloud P .

The radial component evaluates the structural deviation of the squared Euclidean norms.

Notice that if all points pi reside on an origin-centered hypersphere in Rr, the vector of squared

norms is uniform, such that v = c1 for some c > 0. The Euclidean distance matrix then

simplifies to D = 2c11⊤ − 2PP⊤. This linear dependence restricts the matrix to rank(D) =

r+1, causing the orthogonal projection of the radial variance to vanish identically. Consequently,

the radial component of ℓi measures the magnitude by which the squared norm of pi deviates

from the idealized geometry of a concentric spherical configuration.
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Lemma 4.3.5. Let P ∈ Rn×r be a centered coordinate matrix such that 1⊤P = 0, and let

M2
ij = (pi − pj)

⊤(P⊤P )−1(pi − pj) denote the squared pairwise Mahalanobis distance. The

distance M2
ij is linked to the Euclidean Distance Matrix leverage scores ℓi and ℓj via the exact

decomposition:

M2
ij = ℓi + ℓj −

2

n
− (Ri +Rj)− 2Qij ,

where Ri ≥ 0 is the radial variance penalty and Qij = p⊤
i (P

⊤P )−1pj is the spatial correlation

between the points.

Proof. Let M2
ij denote the squared pairwise Mahalanobis distance between points pi and pj ,

which from Section 1.6 is equivalent to 1
2∥PUwα∥2F for α = (i, j). Expanding the quadratic

form yields:

M2
ij = (pi − pj)

⊤(P⊤P )−1(pi − pj),

M2
ij = p⊤

i (P
⊤P )−1pi + p⊤

j (P
⊤P )−1pj − 2p⊤

i (P
⊤P )−1pj .

Recognizing the constituent terms as the elements of the projection matrixQ = P (P⊤P )−1P⊤,

we substitute Qii, Qjj , and Qij :

M2
ij = Qii +Qjj − 2Qij .

By Theorem 4.3.4, the leverage score for the i-th row is ℓi =
1
n +Qii+Ri. Isolating the spatial

projection term provides Qii = ℓi − 1
n − Ri. Substituting this identity for both Qii and Qjj

gives:

M2
ij =

(
ℓi −

1

n
−Ri

)
+

(
ℓj −

1

n
−Rj

)
− 2Qij .

Simplifying the expression produces the exact algebraic link:

M2
ij = ℓi + ℓj −

2

n
− (Ri +Rj)− 2Qij .

Now that we have established a link between standard leverage scores on an EDM, and the

geometric leverage scores outlined in this Chapter, we can notice the following relationships



136 Chapter 4

between standard leverage scores and geometric leverage scores.

Lemma 4.3.6. The relationship between the pairwise Mahalanobis distance M2
ij and the leverage

scores ℓi, ℓj enforces the following strict asymmetric constraints:

1. Necessity of large leverage scores for large distances: By the Cauchy-Schwarz

inequality, |Qij | ≤
√
QiiQjj. Substituting this into the distance decomposition yields the

strict upper bound:

M2
ij ≤

(√
ℓi −

1

n
+

√
ℓj −

1

n

)2

.

A large pairwise Mahalanobis distance mathematically requires at least one of the partici-

pating points to possess a large leverage score.

2. Insufficiency of large leverage scores for large distances: The converse is false.

It is possible to construct configurations where M2
ij = 0 while ℓi, ℓj ≥ 0.5, indicating

non-equivalence between the geometric leverage scores presented in this work and standard

incoherence applied to an EDM. This arises when pi = pj and both points represent severe

outliers that dominate the principal axis variance of the empirical covariance structure.

3. Global suppression: A globally small maximum pairwise distance restricts the maximum

leverage score. Because the mean squared distance from pi is Qii +
k
n , a small maxi,j M

2
ij

forces Qii → 0 for all i. This universally bounds the individual squared Euclidean norms

∥pi∥22, prohibiting radial outliers and forcing Ri → 0, thereby globally suppressing all ℓi.

Proof. Part 1: Necessity. The term Qij = p⊤
i (P

⊤P )−1pj defines a valid inner product.

Applying the Cauchy-Schwarz inequality yields the lower bound Qij ≥ −
√

QiiQjj . Substituting

this into the expanded distance M2
ij = Qii +Qjj − 2Qij provides the upper bound:

M2
ij ≤ Qii +Qjj + 2

√
QiiQjj =

(√
Qii +

√
Qjj

)2
.

Since the radial variance penalty is non-negative (Ri ≥ 0), we have Qii ≤ ℓi − 1
n . Substituting

this inequality yields the final bound:

M2
ij ≤

(√
ℓi −

1

n
+

√
ℓj −

1

n

)2

.
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Part 2: Insufficiency. We construct a counterexample to demonstrate that M2
ij = 0 does not

imply small leverage scores ℓi, ℓj . Let the number of points be n ≥ 3, and let the dimension

r = 1. Let P ∈ Rn×1 be a mean-centered configuration matrix (1⊤P = 0). Assume two points

are identical, setting p1 = p2 = K for some non-zero constant K. To maintain the centering

constraint
∑n

k=1 pk = 0, the remaining n − 2 points must sum to −2K. We distribute this

remaining sum equally among the n− 2 points to minimize the variance, defining:

pk = − 2K

n− 2
for k = 3, . . . , n.

Because p1 = p2, their vector difference is exactly zero. Substituting this into the Mahalanobis

distance yields:

M2
12 = (p1 − p2)

⊤(P⊤P )−1(p1 − p2) = 0.

Next, we compute the empirical variance P⊤P as follows:

P⊤P = p2
1 + p2

2 +
n∑
k=3

p2
k

= 2K2 +
n∑
k=3

(
− 2K

n− 2

)2

= 2K2 + (n− 2)
4K2

(n− 2)2

= 2K2 +
4K2

n− 2

= 2K2

(
1 +

2

n− 2

)
= 2K2

(
n

n− 2

)
.

The spatial projection term Q11 for the first point evaluates to:

Q11 = p⊤
1 (P

⊤P )−1p1 =
K2

2K2
(

n
n−2

) =
n− 2

2n
=

1

2
− 1

n
.

By definition, the full leverage score for the i-th row is ℓi =
1
n +Qii+Ri. Substituting the exact
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value of Q11 we can see that

ℓ1 =
1

n
+

(
1

2
− 1

n

)
+R1 =

1

2
+R1,

and as R1 ≥ 0, it follows that:

ℓ1 ≥
1

2
.

By symmetry, ℓ2 ≥ 1
2 , indicating that large Mahalanobis distances corresponding to geometric

leverage scores do not necessarily imply large standard leverage scores.

Part 3: Global suppression. Let M2
max = maxi,j M

2
ij . We fix i and compute the mean

squared pairwise distance to all n points:

1

n

n∑
j=1

M2
ij =

1

n

n∑
j=1

(Qii +Qjj − 2Qij)

= Qii +
1

n
Tr(Q)− 2

n
p⊤
i (P

⊤P )−1P⊤1.

Because the configuration is centered, P⊤1 = 0. As Q is an orthogonal projector onto a r-

dimensional subspace, Tr(Q) = r. Thus, the mean distance is strictly Qii +
r
n . The maximum

must upper bound the mean:

M2
max ≥ Qii +

r

n
=⇒ Qii ≤ M2

max −
r

n
.

Let P = UPΣPV
⊤
P . The squared Euclidean norm of pi is bounded by the principal singular

value σ1:

∥pi∥22 ≤ σ2
1∥U⊤

P ei∥22 = σ2
1Qii.

If M2
max → r

n , then Qii → 0 for all i. Consequently, ∥pi∥22 → 0 globally. Lacking any variance

in the squared norms, the orthogonal radial vector v⊥ vanishes, forcing Ri → 0. Therefore,

ℓi → 1
n globally.
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4.4 Algorithm

As in [SCT25], we consider a first-order retraction method on the manifold of rank-r matrices,

denoted Nr. In that work, the relevant objective function was defined as

minimize
Y ∈S

1

2
⟨Y −X,MΩ(Y −X)⟩ subject to rank(Y ) = r. (4.4)

As MΩ is self-adjoint with respect to the trace inner product, we can see that the Euclidean

gradient of (4.4) is MΩ(X−Y ), and the Riemannian gradient at a point Xl ∈ Nr with tangent

space Tl is PTl
MΩ(X−Y ), where PTl

is the projection operator onto Tl. We can translate this

to the non-uniform setting by defining the new objective function with the sampling operator

from (4.3) as

minimize
Y ∈S

1

2
⟨X − Y ,Mp,Ω(X − Y )⟩ subject to rank(Y ) = r. (4.5)

Here, our Euclidean gradient isMp,Ω(X−Y ), with a Riemannian gradient given by PTl
Mp,Ω(X−

Y ). This structural similarity to [SCT25] allows for a similar algorithmic definition. The re-

traction map is the hard thresholding operator as before, denoted Hr : Tl → Nr, and re-defined

as follows:

Hr(Y ) =

r∑
i=1

λi(Y )UiU
⊤
i ,

where Ui is the i-th eigenvector of Y corresponding to the eigenvalue with the i-th largest

magnitude λi(Y ). We note that for matrices Y with rank(Y ) ≥ r, rank (Hr(Y )) = r. We can

now define Algorithm 9, the main object of study in this Chapter:

Algorithm 9 Weighted Dual Basis Riemannian EDMC (W-DBRE)

1: Input: Ω, {⟨X,wα⟩}α∈Ω, rank(X) = r, {pα}α∈I
2: Initialization: X0 = U0D0U

⊤
0

3: for l = 0, 1, · · · do
4: Gl = Mp,Ω(X −Xl)

5: αl =
∥PTlGl∥2

F
⟨PTlGl,Mp,ΩPTlGl⟩

6: Wl = Xl + αlPTl
Gl

7: Xl+1 = Hr(Wl)
8: end for
9: Output: Xrec: Estimated Gram matrix.
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This algorithm is a standard first-order retraction scheme on Nr, and obeys many of the

standard convergence guarantees presented for these algorithms. The novelty introduced in

this paper is the leverage score sampling scheme and in the construction of the corresponding

operator Mp,Ω. We note that this sampling scheme would provide algorithmic convergence

in both the convex and non-convex frameworks presented in [TL18, GTK24, SCT24, LS24] as

well. The convergence analysis of these frameworks all rely on the preservation of restricted

isometry of a corresponding sampling operator, which we prove in the following section for

Mp,Ω. Concentration of any other EDMC operator will behave similarly.

4.5 Theoretical Guarantees

4.5.1 Restricted Isometry Property

One of the key properties required for the convergence of W-DBRE is the restricted isometry

property for Mp,Ω. It is known that MΩ exhibits RIP with high probability if p ≳ ν2r2 logn
n .

We now present one of the key contributions of this work, which is the proof of RIP for Mp,Ω:

Theorem 4.5.1. Let X ∈ S be the ground truth, rank-r, ν-incoherent Gram matrix with tangent

space T in Nr. Let Ω be sampled from I via a Bernoulli sampling process defined in (4.2), and

let m ≥ 1152
3 βn logn for any β > 3 and for some sufficiently large constant C. With probability

at least 1−C ′n3−β, where C ′ is an absolute constant, we have that for some absolute numerical

constant C ′′ > 0 independent of n or X that

∥PTMp,ΩPT − PT∥ ≤ min

{√
144νr2n logn

m
,
40n3/2r log n

m

}
+

C ′′nrβ1/2 log n

m
.

Proof Sketch. This proof will work by decomposing Mp,Ω into Fp,Ω and an off-diagonal expres-

sion. The off-diagonal expression will be convertible into an degenerate, second order matrix

chaos, allowing us to use the decoupling inequalities of de la Peña and Giné. Fp,Ω exhibits

standard concentration properties using Theorem 1.7.2.

We note that our result for RIP is better than the current state-of-the-art for uniform

sampling in the EDMC literature. Given the definition of ν as previously written, the current
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state of the art is a dependence on ν2 as the definition in [GTK24] is stronger than our current

definition. So, even in the low-ν regime the above result indicates that this geometry-aware

sampling method provides better concentration properties. On the other hand, we note that

even arbitrarily poor geometries are recoverable, something that was not viable in the uniform

sampling framework investigated in the prior EDMC literature. This is because the upper

bound of n3/2 log n, while suboptimal, is still sharper than ν2r2n logn for ν = O(n).

Now that RIP has been established, we state the local convergence result for W-DBRE.

Theorem 4.5.2 (Local Convergence of Algorithm 9). Let X ∈ Rn×n be the ground truth

rank-r, ν-incoherent matrix and let T be the tangent space of Nr at X. Suppose that m ≥

max{nβνr logn, n3/2rβ log n} for some sufficiently large constant C > 0 and any β > 3. Further

assume that

∥X0 −X∥F ≤ ε0
Cn3

,

∥PTMp,ΩPT − PT∥ ≤ ε0,

where ε0 is a constant satisfying

δ =
18ε0

1− 4ε0
< 1.

Then W-DBRE converges linearly as the iterates satisfy

∥Xl −X∥F ≤ δl∥X0 −X∥F.

Again, we note that the convergence of this operator is to be expected once the isometry of

Mp,Ω (or the concentration of Fp,Ω, or the isometry of Rp,Ω) is established. The algorithmic

approach is straightforward once the theoretical backbone provided by the sampling scheme

and the operator is established. Additionally, there is substantial room for this result to be

sharpened, particularly by the addition of an initialization guarantee along with increasing a

rather small radius of convergence around X. The main source of looseness is in the determin-

istic bounds on ∥Mp,Ω∥ and ∥PTMp,Ω∥, seen in Theorem 4.B.7. This could be tightened by

using a similar strategy to Theorem 3.B.9 and Theorem 3.B.10.
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Remark 4.5.1: Sample Complexity

We note that Theorem 4.5.1 and Theorem 4.5.2, coupled with Theorem 4.3.2, provide

a recovery guarantee that can be interpreted in terms of the total number of observed

distances as follows:

With probability at least 1 − C ′n3−β for some β > 3 and some sufficiently large C ′, we

have that if

|Ω| ≥ cmin
{
n3/2rβ log n, nνr2 log n

}
,

for some sufficiently large constant c > 0, W-DBRE recovers the ground truth matrix X

provided a good initialization.

4.6 Numerical Results

All of the following experiments were run on a 2021 MacBook Pro with 16 GB integrated

memory and an M1 processor in MATLAB. All of the convex programs run in this section were

done using the SDPT3 solver for CVX in MATLAB [CR12, GB08].

In this section, we present on the efficacy of the recovery using W-DBRE. We compare

this algorithm to DBRE under a uniform sampling regime with the same expected number of

measurements, as well as the scheme outlined in [CBSW14]. We also compare this to uniform

sampling for completion on the distance matrix alone using the methodology of [Rec11a], de-

scribed in Section 1.2.2. The experimental setup is n = 125 uniformly distributed points on the

sphere for the ellipse, and n = 123 points distributed on the sphere with 2 outlier points that

lie a far distance away from the sphere; see Section 4.1. The relative Gram matrix error was

measured following each trial per algorithm, and the averaged results are presented in Table 4.1.

We define the sampling rate throughout this section as p = |Ω|
L , but we note that this is not a

uniform sampling probability unless explicitly used for uniform methodologies, such as DBRE.

From the results in Table 4.1, we see that the methodology outlined in [CBSW14] is relatively

competitive with W-DBRE for both incoherent and coherent datasets across sample complexity

regimes. Thus, we see that the leveraged methods like W-DBRE and [CBSW14] significantly

outperform the unleveraged methods, such as DBRE and the convex method in [Rec11a].
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Table 4.1: Comparative mean over 10 trials for relative Gram matrix error re-
sults by algorithm, dataset, and percentage of samples. The incoherence con-
stant for the ellipse with outliers is ν ≈ 38 ≈ n

3 , and the incoherence constant
for the standard ellipse is ν ≈ 2.

Dataset 25% 20% 15% 10% 5%

W-DBRE

Ellipse with Outliers 1.72× 10−7 2.68× 10−7 3.76× 10−7 9.83× 10−2 4.26× 10−1

Ellipse 3.79× 10−8 5.87× 10−8 1.71× 10−7 9.60× 10−3 1.37× 100

DBRE

Ellipse with Outliers 2.13× 10−1 1.13× 10−1 3.62× 10−1 7.12× 10−1 1.35× 100

Ellipse 1.04× 10−7 1.44× 10−7 4.64× 10−7 3.37× 10−1 4.70× 100

[Rec11a]

Ellipse with Outliers 2.46× 100 2.29× 100 2.24× 100 1.99× 100 1.54× 100

Ellipse 3.84× 10−9 1.11× 10−3 9.61× 10−2 4.43× 10−1 9.16× 10−1

[CBSW14]

Ellipse with Outliers 1.18× 10−7 1.05× 10−6 9.85× 10−7 1.02× 10−2 1.12× 100

Ellipse 1.31× 10−9 6.07× 10−9 2.33× 10−8 1.49× 10−1 7.21× 10−1

The primary advantage of W-DBRE for the EDMC problem comes from its relative recovery

speed as compared to convex nuclear norm minimization, We provide a timing comparison table

in Table 4.2. We note that the substantial gap in the timing is a critical motivator for the

investigation of these non-convex algorithmic approaches for matrix completion.

Table 4.2: Mean computational time across sampling rates for W-DBRE and
[CBSW14] using the SDPT3 solver, sorted by sampling rate.

Method 25% 20% 15% 10% 5%

W-DBRE (s) 0.23 0.34 0.30 3.2 5.7
[CBSW14] (s) 53 51 47 90 48

4.6.1 Approximate Leverage Scores

We note that full access to all geometric leverage scores in practice is unrealistic. Instead, it is

better to take a small uniform sample and to estimate the leverage scores from this technique. To

do this, we sample uniformly with parameter p = 0.05, estimating X0 =
1
p2
MΩ(X). Using X0,

we can compute estimated leverage scores {ν̂α}α∈I to approximate the sampling probabilities

{pα}α∈I, with the approximations denoted as {p̂α}α∈I.
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Figure 4.2: Phase Transition plot on the ellipse with outlier datapoints as a function of the size
of the dataset and the total percentage of revealed samples. All-white indicates 100% success
rate (classified as a relative error < 10−3, and all-black indicates 0% success. Each square was
averaged over 25 trials.

We present the following results on a coherent dataset using a full set of uniform samples,

the estimated leverage score sampling techniques, and the true sampling in Table 4.3. This

experiment was again run on the ellipse with 2 outlier points, and the total size of the dataset

was n = 50. The relative Gram matrix error was averaged over 10 trials.

Table 4.3: Mean relative Gram matrix recovery error using W-DBRE with varying
leverage scores. For this experiment, ν ≈ 15 ≈ n

3 .

Method 50% 40% 30% 20% 10%

Approximate Scores 2.26× 10−7 4.83× 10−7 6.20× 10−7 7.14× 10−2 5.33× 10−1

Exact Scores 5.16× 10−8 7.50× 10−8 1.45× 10−7 3.03× 10−2 1.09
Uniform Sampling 3.83× 10−3 1.20× 10−1 1.15× 10−1 4.89× 10−1 7.56× 10−1

To study the performance of the approximate leverage scores in greater detail, we study the

same ellipse of varying sizes (from n = 100 to n = 500) with the sampling rate seen on the

x-axis. This image can be seen in Figure 4.2.

As we can see in Figure 4.2, the exact leverage scores give better numerical performance.

This is to be expected, as these leverage scores should contain the requisite geometric infor-

mation to reconstruct coherent geometries. However, it is clear from Figure 4.2 that there is
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a rather large regime where merely approximating the leverage scores is sufficient for a high

likelihood of recovery, indicating the practical utility of sampling a small subset of the overall

distances first to develop an estimate for the leverage scores. Further work will be done to

investigate what sorts of theoretical guarantees we may be able to build out of this technique.

4.6.2 Approximating W-DBRE and Other Leverage Scores

As noted in Table 4.1, for small datasets [CBSW14] outperforms W-DBRE given exact leverage

scores for highly coherent data. In this section, we show that approximating the leverage scores

following the method of the previous section and using W-DBRE outperforms the leverage score

approximation in [CBSW14], and the provable leverage scores of [EWW18] for nuclear norm

minimization in the matrix completion problem as well. We provide the following experiment

indicating this result on the outlier ellipse figure with n = 35, averaged over 25 trials.

Table 4.4: Mean relative Gram matrix error across varying sampling rates via
approximate leverage scores. The incoherence constant is ν ≈ 11 ≈ n

3 .

Method 50% 40% 30% 20% 10%

W-DBRE 0.030 0.0010 0.031 0.33 0.73
[CBSW14] 0.30 0.17 0.15 0.37 1.13
[EWW18] 0.30 0.18 0.15 0.36 0.32

Table 4.4 indicates that the leverage scores used for W-DBRE are in some sense more easily

estimated than the leverage scores in either [CBSW14] or [EWW18]. This is an important

direction to explore more thoroughly both theoretically and with other datasets.

4.7 Conclusion

In this section, we introduced the novel operator Mp,Ω and the corresponding W-DBRE al-

gorithm, alongside a novel incoherence-based sampling scheme. This algorithm was shown to

exhibit state-of-the-art numerical performance among non-convex methodologies, and also illus-

trated stronger numerical performance when the geometric leverage scores were approximated,

as compared to convex methods. In addition, local convergence guarantees were provided and

the restricted isometry property was proven for Mp,Ω. Future work will seek to provide provable
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guarantees on the approximated leverage scores, as well as investigate the complex relationship

between incoherence of a point cloud, its condition number, and the recoverability of said point

cloud.

4.A Useful Lemmas

In this section, we will provide two Lemmas that will prove essential to the remainder of the

theory developed in the Appendix.

Lemma 4.A.1 (Bounds on pα). Let pα be as defined in (4.2), with να defined as in (4.1).

Then the following bounds for pα hold for α ∈ Ip:

1

pα
≤ 3nr

m

1

∥PUwα∥2F
1

pα
≤ 8nr

m

1

∥PUvα∥2F
1

pα
≤ n2

8m
.

Proof. We note that this follows directly from the definitions in (4.2) and in (4.1). For the first,

as we are considering all α such that α ∈ Ip

1

pα
= max

{
2nr

m

1

να
, 1

}
≤ 2nr

m

1

να
.

The three bounds in the theorem statement then follow from (4.1) and from the fact that

∥PTwα∥F ≤ 3∥PUwα∥F.

Lemma 4.A.2. Let H̃p ∈ R|Ip|×|Ip| be a matrix defined entrywise by, for α,β ∈ Ip as
(
H̃p

)
αβ

=

1

p
1/2
α p

1/2
β

⟨PUwα,PUwβ⟩. Then

λmax

(
H̃p

)
≤ 3n2r

m
.

Proof. We will use a Gershgorin argument to prove this upper bound. First, notice that if
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α ∩ β = ∅,

⟨PUwα,PUwβ⟩ = Trace(wαPUwβ)

= Trace(wβwαPU )

= 0,

following from the definition of wα and wβ. As such, we can bound the maximum eigenvalue

of H̃p as

λmax

(
H̃p

)
≤ max

β∈Ip

∑
α∈Ip

α∩β ̸=∅

1

p
1/2
α p

1/2
β

|⟨PUwα,PUwβ⟩|

≤ max
β∈Ip

∑
α∈Ip

α∩β ̸=∅

∥PUwα∥F
p
1/2
α

∥PUwβ∥F
p
1/2
β

≤ max
β∈Ip

∑
α∈Ip

α∩β ̸=∅

3nr

m

≤ 3n2r

m
,

thus concluding the proof.

4.B Restricted Isometry Results

As RIP and its variants are critical to the analysis of W-DBRE in this paper, this section is

dedicated to the proofs of RIP and similar results.

4.B.1 Supporting Concentration Results

The following results are various concentration identities used in the computation of ∥PTMp,ΩPT−

PT∥.

Lemma 4.B.1. For a ground truth rank r ν-incoherent matrix X with tangent space T on Nr,
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we have that for any β > 1, and with probability at least 1− 2n1−β, and for m ≥ 72
3 n logn, that

∥PTFp,ΩPT − PTFIPT∥ ≤ min

{√
72n3r2β log n

3m2
,

√
24nνrβ logn

3m

}
.

Proof. This argument will follow a standard Matrix Bernstein argument, seen in Theorem 1.7.2.

As

F̂p,Ω −FI =
∑
α∈Ip

(
ξα
pα

− 1

)
⟨·,PTwα⟩PTwα,

we can decompose this expression as a sum of independent random variables. Let Tα =(
ξα
pα

− 1
)
⟨·,PTwα⟩PTwα. First, we have that

∥Tα∥ ≤ max
α∈Ip

∥PTwα∥2F
pα

=: R.

Next, to bound the variance we have that, as for α ∈ Ip it follows that ∥PUwα∥2F ≤ 3nr
m ,

∥∥∥∥∥∑
α∈I

E
[
T 2
α

]∥∥∥∥∥ =

∥∥∥∥∥∑
α∈I

(
1

pα
− 1

)
∥PTwα∥2F ⟨·,PTwα⟩PTwα

∥∥∥∥∥
≤ 3nr

m

∥∥∥∥∥∥
∑
α∈Ip

1

pα
⟨·,PTwα⟩PTwα

∥∥∥∥∥∥
≤ 12nr

m
λmax

(
H̃p

)
.

From Theorem 4.A.2, we note that our variance bound is now σ2 = min
{

36n3r2

m2 , 12νr
2n

m

}
. Now,

for t ≤ σ2

R = min
{
ν, n1/2

}
, our result follows from Theorem 1.7.2 as long as m ≥ nβ log n.

Lemma 4.B.2. Let {Aα}α∈I, {Bα}α∈I ⊂ Rn×n be any two collections of L matrices. Then

∥∥∥∥∥∥
∑
α̸=β

(
ξαξβ
pαpβ

− 1

)
AαH

αβ⟨·,Bβ⟩

∥∥∥∥∥∥ ≤

∥∥∥∥∥∥
∑
α̸=β

(
ξα
pα

− 1

)(
ξβ
pβ

− 1

)
HαβAα⟨·,Bβ⟩

∥∥∥∥∥∥
+

∥∥∥∥∥∥
∑
α̸=β

(
ξα
pα

− 1

)
AαH

αβ⟨·,Bβ⟩

∥∥∥∥∥∥
+

∥∥∥∥∥∥
∑
α̸=β

(
ξβ
pβ

− 1

)
AαH

αβ⟨·,Bβ⟩

∥∥∥∥∥∥.
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Proof. This result follows from the fact that

ξαξβ
pαpβ

− 1 =

(
ξα
pα

− 1

)(
ξβ
pβ

− 1

)
+

(
ξα
pα

− 1

)
+

(
ξβ
pβ

− 1

)
.

As such, the expression becomes

∥∥∥∥ ∑
α̸=β

(
ξαξβ
pαpβ

− 1

)
AαH

αβ⟨·,Bβ⟩
∥∥∥∥

=

∥∥∥∥∥∥
∑
α̸=β

[(
ξα
pα

− 1

)(
ξβ
pβ

− 1

)
+

(
ξα
pα

− 1

)
+

(
ξβ
pβ

− 1

)]
AαH

αβ⟨·,Bβ⟩

∥∥∥∥∥∥
=

∥∥∥∥ ∑
α̸=β

(
ξα
pα

− 1

)(
ξβ
pβ

− 1

)
AαH

αβ⟨·,Bβ⟩+
∑
α̸=β

(
ξα
pα

− 1

)
AαH

αβ⟨·,Bβ⟩

+
∑
α̸=β

(
ξβ
pβ

− 1

)
AαH

αβ⟨·,Bβ⟩
∥∥∥∥.

The result then follows from the triangle inequality.

Lemma 4.B.3. Let X be a rank-r, ν-incoherent ground truth matrix with tangent space T.

Let Vα = vec(PTwα) for all α ∈ I, and let G =

[
V ⊤
α Vβ

p
1/2
α p

1/2
β

]
∈ R|Ip|×|Ip| be a diagonally re-scaled

Gram matrix of {Vα}α∈Ip. Defining bα =
∑

β ̸=αHαβ
(
ξ′β
pβ

− 1
)
Vβ, and letting B = [b1 · · · bL],

we have that B =
∑

α

(
ξ′α
pα

− 1
)
Vαh

⊤
α, where hα ∈ RL is the α-th column of H−1

offdiag, and that

with probability at least 1− 2n2−β that if m ≥ 96
3 βn log n,

∥B∥ ≤
√

36
nrβ log n

m
.

Proof. The first statement follows from the rules of matrix multiplication, and can be seen

explicitly by defining the matrix W =
[(

ξ′1
pα

− 1
)
V1 · · ·

(
ξ′L
pα

− 1
)
VL

]
∈ Rn2×L and seeing that

B = WH−1
offdiag. The first result then follows from the symmetry of H−1

offdiag. It follows that, as

B =
∑

α

(
ξ′α
pα

− 1
)
Vαh

⊤
α, that B is a sum of mean-zero, independent matrices. Therefore we

can develop a high probability bound on ∥B∥ using Theorem 1.7.2. Defining each summand as

Bα we first bound

∥Bα∥ =

∥∥∥∥( ξ′α
pα

− 1

)
Vαh

⊤
α

∥∥∥∥
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≤ ∥Vα∥2
pα

∥hα∥2

≤

max
β∈Ip

∥Vβ∥2
p
1/2
β

max
α∈Ip

1

p
1/2
α

∥H−1
offdiag∥2→∞

≤

max
β∈Ip

∥Vβ∥2
p
1/2
β

max
α∈Ip

1

p
1/2
α

√
2

n

≤

max
β∈Ip

∥Vβ∥2
p
1/2
β

 n1/2

m1/2

≤ 2nr1/2

m
=: R,

where the second inequality follows from Theorem 3.A.1 and the last inequality follows from

Theorem 4.A.1. Next, we bound the variance expressions. First, we have that

∥∥∥∥∥∑
α

E[BαB
∗
α]

∥∥∥∥∥ =

∥∥∥∥∥∑
α

E

[(
ξ′α
pα

− 1

)2
]
Vαh

⊤
αhαV

⊤
α

∥∥∥∥∥
=

∥∥∥∥∥∥
∑
α∈Ip

(
1

pα
− 1

)
∥hα∥22VαV

⊤
α

∥∥∥∥∥∥
≤ 2

n

∥∥∥∥∥∥
∑
α∈Ip

1

pα
VαV

⊤
α

∥∥∥∥∥∥
=

2

n
λmax(G)

≤ 6nr

m
,

using Theorem 1.8.2 for the final line, followed by Theorem 4.A.2. The other variance expression

is then

∥∥∥∥∥∑
α

E[B∗
αBα]

∥∥∥∥∥ =

∥∥∥∥∥∑
α

E

[(
ξ′α
pα

− 1

)2
]
hαV

⊤
α Vαhα

∥∥∥∥∥
≤

∥∥∥∥∥∑
α

∥Vα∥22
pα

hαh
⊤
α

∥∥∥∥∥
≤
(
max
β∈Ip

∥Vβ∥22
pβ

)∥∥∥∥∥∑
α

hαh
⊤
α

∥∥∥∥∥
=

(
max
β∈Ip

∥Vβ∥22
pβ

)∥∥∥H−1
offdiag(H

−1
offdiag)

⊤
∥∥∥
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=

(
max
β∈Ip

∥Vβ∥22
pβ

)
∥H−1

offdiag∥
2

≤ 4

(
max
β∈Ip

∥Vβ∥22
pβ

)
,

where the last inequality follows from Theorem 3.A.1. Now, as Vα = vec(PTwα) it follows

that taking the maximum of the variance terms, we have σ2 = 12nrm and R = 2nr
1/2

m . Now, as

σ2

R = 6r1/2 ≥
√
36nrβ logn

m for m ≥ 96
3 βn log n, we have from (1.25) that

P

(
∥B∥ ≥

√
36

nrβ log n

m

)
≤ 2n2−β.

This concludes the proof.

Lemma 4.B.4. Let X be a rank-r, ν-incoherent ground truth matrix with tangent space T. Let

Vα = vec(PTwα). Let bα =
∑

β ̸=α

(
ξβ
pβ

− 1
)
Vβ. For m ≥ 48

3 nβ log n, with probability at least

1− n2−β we have that for every α ∈ I,

∥bα∥2 ≤
√

9 logn

m
,

Proof. This result will follow from the Vector Bernstein inequality seen in Theorem 1.7.3. We

first note that bα is a sum of mean-zero independent random vectors. Defining the term

yβ =
(
ξ′β
pβ

− 1
)
HαβVβ, we first need to bound ∥yβ∥2 via

∥yβ∥2 =

∣∣∣∣∣
(
ξ′β
pβ

− 1

)∣∣∣∣∣Hαβ∥Vβ∥2

≤ 1

n
max
α

∥Vα∥2
pα

≤ 2n1/2r1/2

m
=: R.

Next, to bound the variance term, we see that

∑
β ̸=α

E[∥yβ∥22] =
∑
β ̸=α

E

( ξ′β
pα

− 1

)2
 (Hαβ)2∥Vβ∥22
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=
∑
α̸=β

(
ξ′β
pβ

− 1

)
(Hαβ)2∥Vβ∥22

≤ max
γ

(
∥Vγ∥22
pγ

)∑
α̸=β

(Hαβ)2

≤ 2

n

3nr

m

=
6r

m
=: σ2.

It follows then that σ2

R = 3
n1/2 ≥

√
9 logn

m for m ≥ 48
3 βn log n, we have from Theorem 1.7.3 that

P

(
∥bα∥2 ≥

√
9 logn

m

)
≤ 2n−β.

Lemma 4.B.5. Let X be a rank-r, ν-incoherent ground truth matrix with tangent space T.

Then if m ≥ 1152βn logn
3n for any β > 3, with probability at least 1 − C ′n3−β, where C ′ is an

absolute constant, we have that, for some absolute numerical constants C1 independent of n or

X, the following inequality holds:

∥∥∥∥∥∥∥∥
∑
α∈I
β ̸=α

(
ξα
pα

− 1

)(
ξβ
pβ

− 1

)
Hαβ⟨·,PTwβ⟩PTwα

∥∥∥∥∥∥∥∥ ≤ C1nrβ
1/2 log n

m
,

Proof. The goal is to develop a high probability bound for the operator norm of the previously

mentioned operator. We begin the proof by considering, for some t > 0, the expression

P
[∥∥∥∥ ∑

α̸=β

(
ξα
pα

− 1

)(
ξβ
pβ

− 1

)
⟨·,PTwβ⟩HαβPTwα

∥∥∥∥ ≥ t

]
.

For notational simplicity, we let Uα = vec(PTwα) ∈ Rn2
denote the vectorized version of PTwα.

As such, we can see that this probabilistic expression can be equivalently represented as

P
[∥∥∥∥ ∑

α̸=β

(
ξα
pα

− 1

)(
ξβ
pβ

− 1

)
HαβUαU

⊤
β

∥∥∥∥ ≥ t

]
.
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This term is a second order matrix chaos, and is a degenerate U-statistic—see [Lee19] for details

on the theory of U-statistics, and see [DlPG12] for a detailed investigation of the decoupling of

Banach-space-valued U-statistics. As seen in Theorem 1.7.5, we can study the distribution of

the operator norm for this operator by considering a new set of i.i.d. random Bernoulli variables

ξ′β. As such, Theorem 1.7.5 states that for some absolute constant C independent of n, Uα, or

H−1, that

P
[∥∥∥∥ ∑

α̸=β

(
ξα
pα

− 1

)(
ξβ
pβ

− 1

)
HαβUαU

⊤
β

∥∥∥∥ ≥ t

]

≤ CP
[∥∥∥∥ ∑

α̸=β

(
ξα
pα

− 1

)(
ξ′β
pβ

− 1

)
HαβUαU

⊤
β

∥∥∥∥ ≥ t/C

]
.

We note that optimal values of the constants C have not been explicitly computed for each

chaos of order p, but that the constant itself is a function of p. For p = 2, which is the case we

consider, this constant is usually rather small, with the expression in [DlPG12] using a constant

of 6 for the second-order chaos. Using the law of total probability, conditioning on the random

variables ξ′1, ..., ξ
′
L and defining the vector ξ′ = [ξ′1 ... ξ′L]

⊤, we have that

P
[∥∥∥∥ ∑

α̸=β

(
ξα
pα

− 1

)(
ξβ
pβ

− 1

)
HαβUαU

⊤
β

∥∥∥∥ ≥ t

]

= E
[
P
(∥∥∥∥ ∑

α̸=β

(
ξα
pα

− 1

)(
ξ′β
pβ

− 1

)
HαβUαU

⊤
β

∥∥∥∥ ≥ t

∣∣∣∣ ξ′)].
We can study the conditional expression

P
(∥∥∥∥ ∑

α̸=β

(
ξα
pα

− 1

)(
ξ′β
pβ

− 1

)
HαβUαU

⊤
β

∥∥∥∥ ≥ t

∣∣∣∣ ξ′)

using Theorem 1.7.2. Defining the expression bα =
∑

β ̸=αHαβ
(
ξ′β
pβ

− 1
)
Uβ, we notice that

the sum can be re-written as

P
(∥∥∥∥ ∑

α̸=β

(
ξα
pα

− 1

)(
ξ′β
pβ

− 1

)
HαβUαU

⊤
β

∥∥∥∥ ≥ t

∣∣∣∣ ξ′) = P
(∥∥∥∥∑

α

(ξα − p)Uαb
⊤
α

∥∥∥∥ ≥ t

∣∣∣∣ ξ′).
In this form, conditioned on ξ′ we see that this is a sum of mean-zero, independent random
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variables. To study its concentration with Theorem 1.7.2, we define Tα =
(
ξα
pα

− 1
)
Uαb

⊤
α. The

first task is bounding the operator norm

∥Tα∥ ≤ ∥Uα∥2
p
1/2
α

1

p
1/2
α

∥bα∥2 ≤
n3/2r

m
∥bα∥2.

Next, we need to estimate the variance terms ∥
∑

α E[TαT
∗
α | ξ′]∥ and ∥

∑
α E[T ∗

αTα | ξ′]∥. For

the first term, notice that

∥∥∥∥∥∑
α

E[TαT
∗
α | ξ′]

∥∥∥∥∥ =

∥∥∥∥∥∑
α

E

[(
ξα
pα

− 1

)2
]
Uαb

⊤
αbαU

⊤
α

∥∥∥∥∥
≤

∥∥∥∥∥∑
α

∥bα∥22
1

pα
UαU

⊤
α

∥∥∥∥∥
≤ max

α
∥bα∥22

∥∥∥∥∥ 1

pα

∑
α

UαU
⊤
α

∥∥∥∥∥
≤ max

α
∥bα∥22λmax(H̃p)

≤ 12n2r2

m
max
α

∥bα∥22.

The other variance term is given by

∥∥∥∥∥∑
α

E[T ∗
αTα | ξ′]

∥∥∥∥∥ =

∥∥∥∥∥∑
α

E

[(
ξα
pα

− 1

)2
]
bαU

⊤
αUαb

⊤
α

∥∥∥∥∥
≤ max

γ∈Ip

∥Uγ∥22
pγ

∥∥∥∥∥∑
α

bαb
⊤
α

∥∥∥∥∥
≤ 12nr

m
∥BB⊤∥

=
12nr

m
∥B∥2,

where the last matrix is defined as B = [b1 · · · bL] and the spectral result follows from the

vectorization lemma. Defining the variance parameter

σ2 = max {∥
∑

α E[TαT
∗
α | ξ′]∥ , ∥

∑
α E[T ∗

αTα | ξ′]∥}, we have from the monotonicity of expec-

tation that

E
[
P
(∥∥∥∥ ∑

α̸=β

(ξα − p)(ξ′β − p)HαβUαU
⊤
β

∥∥∥∥ ≥ t

∣∣∣∣ ξ′)] ≤ E
[
2n exp

(
−t2/2

Rt/3 + σ2

)]
,
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where σ2 and R are functions of ξ′. It follows that if high probability estimates exist for R and

σ2, referred to hereafter as Rmax and σ2
max respectively, we can effectively uncondition R and

σ2 as follows:

E
[
2n exp

(
−t2/2

Rt/3 + σ2

)]
≤ 2P(σ2 ≤ σ2

max, R ≤ Rmax)n exp

(
−t2/2

Rmaxt/3 + σ2
max

)
+ 2nP(σ2 ≥ σ2

max or R ≥ Rmax).

Plugging in the expressions in Theorem 4.B.3 and Theorem 4.B.4 and setting

t =

√
8

3
σ2
maxβ log n =

1152nrβ1/2 logn

m
,

using the simplification in Theorem 1.7.2 we have that, if m ≥ 1152
3 βn log n for all three in-

equalities, the following inequality holds for each operator in the Lemma statement.

E
[
2n exp

(
−t2/2

Rt/3 + σ2

)]
≤ 2P(σ2 ≤ σ2

max, R ≤ Rmax)n exp

(
−t2/2

Rmaxt/3 + σ2
max

)
+ 2nP(σ2 ≥ σ2

max or R ≥ Rmax)

≤ 2P(σ2 ≤ σ2
max, R ≤ Rmax)n exp

(
−3t2

8σ2
max

)
+ 2nP(σ2 ≥ σ2

max or R ≥ Rmax)

≤ 2(1− 4n2−β)n1−β + 8n3−β

≤ 10n3−β.

Incorporating the constant C from Theorem 1.7.5 concludes the proof.

Lemma 4.B.6. Let X be a ground-truth, rank-r, ν-incoherent Gram matrix with tangent space

T. If the sampling probability p ≥ 128β logn
3n for any β > 1, then the following collection of

inequalities hold with probability at least 1− 8n1−β

∥∥∥∥∥∥∥∥
∑
α∈I

(
ξα
pα

− 1

)
PTwα

∑
β∈I
α̸=β

Hαβ⟨·,PTwβ⟩

∥∥∥∥∥∥∥∥ ≤ min

{
20n3/2rβ1/2 log n

m
,

√
96nνr2β log n

3m

}
.

Proof. We first notice that, for a fixed α, the sum
∑

β ̸=αHαβPTwβ = PTvα−HααPTwα from
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the definition of vα in (1.9). As such, the above expression can be bounded as

∥∥∥∥∑
α∈I

(
ξα
pα

− 1

)
PTwα

∑
β∈I
α̸=β

Hαβ⟨·,PTwβ⟩
∥∥∥∥

=

∥∥∥∥∥∑
α∈I

(
ξα
pα

− 1

)
PTwα (⟨·,PTvα⟩ −Hαα⟨·,PTwα⟩)

∥∥∥∥∥
≤

∥∥∥∥∥∑
α∈I

(
ξα
pα

− 1

)
PTwα⟨·,PTvα⟩

∥∥∥∥∥
+

∥∥∥∥∥∑
α∈I

(
ξα
pα

− 1

)
PTwαH

αα⟨·,PTwα⟩

∥∥∥∥∥
= ∥PTR∗

p,ΩPT − PT∥+ ∥PTFp,ΩPT − PTFIPT∥.

We note that the latter expression has already been bounded in Theorem 4.B.1. We now

seek to prove a concentration result for the first expression.

We note that this is the sum of independent random variables Tα =
(
ξα
pα

− 1
)
⟨·,PTvα⟩PTwα.

We can first see that

∥Tα∥ ≤ ∥PTwα∥F
p
1/2
α

∥PTvα∥F
p
1/2
α

≤ 6nr

m
.

Next, we notice that

∥∥∥∥∥∑
α∈I

E [TαT ∗
α ]

∥∥∥∥∥ ≤

∥∥∥∥∥∥
∑
α∈Ip

1

pα
⟨·,PTwα⟩⟨PTvα,PTvα⟩PTwα

∥∥∥∥∥∥
≤ 48nr

m

∥∥∥∥∥∥
∑
α∈Ip

⟨·,PTwα⟩PTwα

∥∥∥∥∥∥
≤ 48nr

m
λmax

(
H̃p

)
≤ max

{
144n3r2

m2
,
12nνr2

m

}
.

The other variance term can be analyzed as

∥∥∥∥∥∑
α∈I

E [T ∗
α Tα]

∥∥∥∥∥ ≤

∥∥∥∥∥∥
∑
α∈Ip

1

pα
⟨·,PTvα⟩⟨PTwα,PTwα⟩PTvα

∥∥∥∥∥∥
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≤ 12nr

m

∥∥∥∥∥∥
∑
α∈Ip

⟨·,PTvα⟩PTvα

∥∥∥∥∥∥
≤ 12nr

m
λmax(H

−1)

≤ 6nr

m
.

We have now from Theorem 1.7.2 that

P

(
∥PTRp,ΩPT − PT∥ ≥ max

{√
96nνr2β log n

3m
,
20n3/2rβ1/2 log n

m

})
≤ 2n1−β,

following the simplification seen in Theorem 1.7.2, thus yielding the stated result when combined

with Theorem 4.B.1.

4.B.2 Proof of Theorem 4.5.1

We are now ready to prove Theorem 4.5.1.

Proof. First, notice that since Mp,Ω = M∗
p,Ω,

∥PTMp,ΩPT − p2PT∥ =

∥∥∥∥∥∥
∑

α,β∈Ω

ξαξβ
pαpβ

CαβPTwα⟨vα,vβ⟩⟨·,PTwβ⟩ − PT

∥∥∥∥∥∥
=

∥∥∥∥∥∥
∑

α,β∈Ω

ξαξβ
pαpβ

CαβPTwα⟨vα,vβ⟩⟨·,PTwβ⟩ −
∑
α,β∈I

PTwα⟨vα,vβ⟩⟨·,PTwβ⟩

∥∥∥∥∥∥
=

∥∥∥∥∑
α∈Ω

ξα
pα

⟨·,PTwα⟩PTwα⟨vα,vα⟩+
∑

α,β∈Ω
α̸=β

ξαξβ
pαpβ

PTwα⟨vα,vβ⟩⟨·,PTwβ⟩

∑
α,β∈I

PTwα⟨vα,vβ⟩⟨·,PTwβ⟩
∥∥∥∥

=

∥∥∥∥∥∥∥vα∥2F
∑
α∈I

(
ξα
pα

− 1

)
⟨Y ,PTwα⟩PTwα +

∑
α̸=β

(
ξαξβ
pαpβ

− 1

)
PTwαH

αβ⟨·,PTwβ⟩

∥∥∥∥∥∥
≤

∥∥∥∥∥∥vα∥2F∑
α∈I

(
ξα
pα

− 1

)
⟨Y ,PTwα⟩PTwα

∥∥∥∥∥+
∥∥∥∥∥∥
∑
α̸=β

(
ξαξβ
pαpβ

− 1

)
PTwαH

αβ⟨·,PTwβ⟩

∥∥∥∥∥∥
= ∥vα∥2F ∥PTFp,ΩPT − PTFIPT∥+

∥∥∥∥∥∥
∑
α̸=β

(
ξαξβ
pαpβ

− 1

)
PTwαH

αβ⟨·,PTwβ⟩

∥∥∥∥∥∥
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≤ ∥vα∥2F ∥PTFp,ΩPT − PTFIPT∥︸ ︷︷ ︸
B1

+

∥∥∥∥∥∥
∑
α̸=β

(
ξα
pα

− 1

)(
ξβ
pβ

− 1

)
PTwαH

αβ⟨·,PTwβ⟩

∥∥∥∥∥∥︸ ︷︷ ︸
B2

+ 2

∥∥∥∥∥∥∥∥
∑
α∈I

(
ξα
pα

− 1

)
PTwα

∑
β∈I
α̸=β

Hαβ⟨·,PTwβ⟩

∥∥∥∥∥∥∥∥︸ ︷︷ ︸
B3

,

where the first inequality follows from the triangle inequality and the final inequality follows

from Theorem 4.B.2. We note that term B1 is bounded by Theorem 4.B.1, and by the fact that

∥vα∥F is constant for all α ∈ I and that ∥vα∥2F ≤ 1
2 from Theorem 2.A.3. We bound B2 using

Theorem 4.B.5 and we bound B3 using Theorem 4.B.6. This concludes the proof.

Lemma 4.B.7. Let Mp,Ω defined as above. Then for m ≥
√
5n logn we have that

∥Mp,Ω∥ ≤ n3.

Proof. We notice that

∥Mp,Ω∥ =

∥∥∥∥∥∥∥∥
∑
α∈I

(
ξα
pα

− 1

)
⟨·,wα⟩∥vα∥2Fwα +

∑
α,β∈I
α̸=β

(
ξαξβ
pαpβ

− 1

)
⟨·,wβ⟩Hαβwα

∥∥∥∥∥∥∥∥
≤

∥∥∥∥∥∑
α∈I

(
ξα
pα

− 1

)
⟨·,wα⟩∥vα∥2Fwα

∥∥∥∥∥+
∥∥∥∥∥∥∥∥
∑
α,β∈I
α̸=β

(
ξαξβ
pαpβ

− 1

)
⟨·,wβ⟩Hαβwα

∥∥∥∥∥∥∥∥
≤

∥∥∥∥∥∑
α∈I

ξα
pα

⟨·,wα⟩∥vα∥2Fwα

∥∥∥∥∥+
∥∥∥∥∥∑
α∈I

⟨·,wα⟩∥vα∥2Fwα

∥∥∥∥∥
+

∥∥∥∥∥∥∥∥
∑
α,β∈I
α̸=β

ξαξβ
pαpβ

⟨·,wβ⟩Hαβwα

∥∥∥∥∥∥∥∥+
∥∥∥∥∥∥∥∥
∑
α,β∈I
α̸=β

⟨·,wβ⟩Hαβwα

∥∥∥∥∥∥∥∥
≤
(
n2

m
+ 1

)∥∥∥∥∥∑
α∈I

⟨·,wα⟩∥vα∥2Fwα

∥∥∥∥∥+
(
n4

m2
+ 1

)∥∥∥∥∥∥∥∥
∑
α,β∈I
α̸=β

⟨·,wβ⟩Hαβwα

∥∥∥∥∥∥∥∥
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≤
(
n2

m
+ 1

)
λmax(H) +

(
n4

m2
+ 1

)∥∥∥∥∥∥
∑
α,β∈I

⟨·,wβ⟩Hαβwα −
∑
α∈I

⟨·,wα⟩Hααwα

∥∥∥∥∥∥
≤ 2n

(
n2

m
+ 1

)
+

(
n4

m2
+ 1

)(∥∥∥∥∥∑
α∈I

⟨·,wα⟩vα

∥∥∥∥∥+Hαα

∥∥∥∥∥∑
α∈I

⟨·,wα⟩wα

∥∥∥∥∥
)

≤ 2n

(
n2

m
+ 1

)
+

(
n4

m2
+ 1

)
(1 + 2n)

≤ 5n5

m2

≤ n3

log n

≤ n3,

where the first two inequalities follow from the triangle inequality, the third inequality follows

from Theorem 4.A.1, the fourth inequality follows from the definition of vα, the sixth inequality

follows from the duality of wα and vα, along with the triangle inequality, and the second to

last inequality follows from the stipulation that m ≥
√
5n logn.

Lemma 4.B.8 (Local RIP of Mp,Ω). Assume that

∥PTMp,ΩPT − PT∥ ≤ ε0, (4.6)

∥Xl −X∥F
λr(X)

≤ ε0
2n3

. (4.7)

Then

∥PTl
Mp,ΩPTl

− PTl
∥ ≤ 4ε0.

Proof. Notice that

∥PTl
− PTl

Mp,ΩPTl
∥ = ∥PTl

− PTl
Mp,ΩPTl

+ PT − PT + PTl
Mp,ΩPT − PTl

Mp,ΩPT + PTMp,ΩPT − PTMp,ΩPT∥

≤ ∥PTl
− PT∥+ ∥PTl

Mp,ΩPTl
− PTl

Mp,ΩPT∥

+ ∥PTl
Mp,ΩPT − PTMp,ΩPT∥+ ∥PT − PTMp,ΩPT∥

≤ ∥PTl
− PT∥+ ∥PTl

Mp,Ω∥∥PTl
− PT∥

+ ∥Mp,ΩPT∥∥PTl
− PT∥+ ∥PT − PTMp,ΩPT∥
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≤ 2∥Xl −X∥F
λr(X)

(1 + ∥PTl
Mp,Ω∥+ ∥Mp,ΩPT∥) + ∥PT − PTMp,ΩPT∥

≤ 2∥Xl −X∥F
λr(X)

(1 + 2∥Mp,Ω∥) + ∥PT − PTMp,ΩPT∥

≤ 2ε0 +
2∥Xl −X∥F

λr(X)

(
2n3
)

= 2ε0 + 2
ε0
2n3

2n3

≤ 4ε0,

where the first inequality is the triangle inequality, the second inequality is Cauchy-Schwarz,

the third inequality is due to Theorem 1.8.3 and (4.6), the fourth inequality is a result of

Theorem 4.B.7, and the final inequality is due to (4.7).

4.C Local Convergence Results

We begin with the following technical lemmas used in the proof of local convergence.

Lemma 4.C.1 (Algorithm 9 Stepsize Bounds). Assume that ∥PTl
− PTl

Mp,ΩPTl
∥ ≤ 4ε0 < 1.

Then the stepsize αl in W-DBRE can be bounded by

1

1 + 4ε0
≤ αl =

∥PTGl∥2F
⟨PTl

Gl,Mp,ΩPTl
Gl⟩

≤ 1

1− 4ε0
.

Proof. We will prove this by leveraging the local RIP assumption. Notice the following:

⟨PTl
Gl,Mp,ΩPTl

Gl⟩ = ⟨PTl
Gl,PTl

Mp,ΩPTl
Gl⟩

= ⟨PTl
Gl,PTl

Mp,ΩPTl
Gl − PTl

Gl⟩+ ⟨PTGl,PTGl⟩.

We can now leverage the variational characterization of the spectral norm and local RIP, proven

in Theorem 4.B.8, to bound the following:

−(4ε0)∥PTGl∥2F ≤ ⟨PTl
Gl,PTl

Mp,ΩPTl
Gl − PTl

Gl⟩ ≤ (4ε0)∥PTGl∥2F.
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As such, we can now bound the denominator as

(1− 4ε0)∥PTGl∥2F ≤ ⟨PTl
Gl,Mp,ΩPTl

Gl⟩ ≤ (1 + 4ε0)∥PTGl∥2F.

Rearrangement of this last expression yields the upper and lower bounds on the step size

derived above.

Lemma 4.C.2 (I1 Bound). Assume ∥PTl
− PTl

Mp,ΩPTl
∥ ≤ 4ε0 and αl can be bounded as in

Theorem 4.C.1. Then the spectral norm of PTl
− αlPTl

Mp,ΩPTl
can be bounded as

∥PTl
− αlPTl

Mp,ΩPTl
∥ ≤ 8ε0

1− 4ε0
. (4.8)

Proof. From direct calculation, it follows that

∥PTl
− αlPTl

Mp,ΩPTl
∥ ≤ ∥PTl

− PTl
Mp,ΩPTl

∥+ |αl − 1| ∥PTl
Mp,ΩPTl

∥

≤ 4ε0 + |αl − 1| (∥PTl
Mp,ΩPTl

− PTl
∥+ ∥PTl

∥)

≤ 4ε0 +

(
1

1− 4ε0
− (1− 4ε0)

1− 4ε0

)
(∥PTl

Mp,ΩPTl
− PTl

∥+ ∥PTl
∥)

≤ 4ε0 +

(
1

1− 4ε0
− (1− 4ε0)

1− 4ε0

)
(4ε0 + 1)

= 4ε0 +
4ε0

1− 4ε0
(1 + 4ε0)

=
8ε0

1− 4ε0
,

where the first inequality comes from the triangle inequality, the second inequality comes from

Local RIP in Theorem 4.B.8, the third inequality comes from the stepsize bound in Theo-

rem 4.C.1, the fourth inequality again comes from Theorem 4.B.8, and the remainder comes

from algebraic simplification of terms. This finishes the proof.

4.C.1 Proof of Theorem 4.5.2

We can now prove Theorem 4.5.2.
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Proof. First, it follows that

∥Xl+1 −X∥F ≤ ∥Xl+1 −Wl∥F + ∥Wl −X∥F ≤ 2∥Wl −X∥F,

as Xl+1 is the best rank-r approximation of Wl. Plugging in Wl = Xl + αlPTl
Gl, we see that

∥Xl+1 −X∥F ≤ 2 ∥Xl + αlPTl
Gl −X∥F

= 2∥Xl −X − αlPTl
Mp,Ω(Xl −X)∥F

≤ 2∥(PTl
− αlPTl

Mp,ΩPTl
)(Xl −X)∥F︸ ︷︷ ︸

I1

+ 2∥(I − PTl
)(Xl −X)∥F︸ ︷︷ ︸
I2

+ 2|αl|∥PTl
Mp,Ω(I − PTl

)(Xl −X)∥F︸ ︷︷ ︸
I3

.

It remains to bound each term individually. Using Theorem 4.C.2, we see that

I1 ≤
16ε0

1− 4ε0
∥Xl −X∥F.

Next, notice that from Theorem 1.8.3 and the fact that PTl
Xl = Xl,

I2 = 2∥(I − PTl
)Xl − (I − PTl

)X)∥F

= 2∥(I − PTl
)X∥F

≤
2∥Xl −X∥2F

λr(X)

≤ ε0
Cn3

∥Xl −X∥F

≤ ε0∥Xl −X∥F

≤ ε0
1− 4ε0

∥Xl −X∥F,

using Theorem 1.8.3 and our initial local neighborhood assumption. Finally, we see that,
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following a similar argument as in the bound of I2,

I3 ≤ 2|αl|∥PTl
Mp,Ω∥∥(I − PTl

)X∥F

≤ 2

1− 4ε0
∥Mp,Ω∥

(
∥Xl −X∥F

λr(X)

)
∥Xl −X∥F

≤ 2

1− 4ε0
2n3 ε0

2n3
∥Xl −X∥F

≤ ε0
1− 4ε0

∥Xl −X∥F,

where the second to last inequality follows from the same analysis conducted in Theorem 4.B.8,

scaled by a factor of 1
2 . Collecting these results, we get

∥Xl+1 −X∥F ≤ 18ε0
1− 4ε0

∥Xl −X∥F.

By the assumption of the theorem, which holds for l = 0, and as we have a contractive sequence,

it inductively follows that the assumption holds for l ≥ 0. This concludes the proof.
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Conclusion and Future Outlook

5.1 Summary of Results

Throughout the course of this thesis, we have investigated various first-order Riemannian tech-

niques to solve the Euclidean Distance Matrix Completion (EDMC) problem. By reformulating

the completion task from the distance matrix directly onto the manifold of low-rank Gram

matrices using a dual-basis approach, we developed and analyzed several novel algorithms.

In Chapter 2, we introduced a Riemannian pseudo-gradient descent method based on the

asymmetric sampling operator RΩ in Algorithm 4 (Riemannian Pseudogradient Descent). We

established the Restricted Isometry Property (RIP) for this operator under uniform sampling

and provided rigorous local linear convergence and initialization guarantees. We also introduced

FΩ and the corresponding Algorithm 3 (RF-RGD), but we do not provide a proof of convergence

in this Chapter. We noted that, although Riemannian Pseudogradient Descent is provably

convergent, it is numerically outperformed by Algorithm 3 and the non-convex algorithm in

[TL18].

In Chapter 3, we improved upon this foundation by constructing MΩ, a symmetric and

diagonally re-weighted operator that allows for true Riemannian gradient descent (DBRE),

seen in Algorithm 7. Through the application of advanced decoupling inequalities and non-

commutative concentration bounds, we proved RIP, local convergence, and critically, robustness

guarantees against geometric perturbations. This algorithm bridged the theoretical gap between

Riemannian Pseudogradient Descent and RF-RGD, exhibiting provable guarantees and state-

164
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of-the-art numerical performance.

Chapter 4 marked a significant departure from standard non-convex EDMC literature by

dropping the uniform sampling assumption. To recover highly coherent or pathological point

configurations, we designed a non-uniform sampling scheme based on geometric leverage scores.

We proposed the weighted operator Mp,Ω and corresponding algorithm in Algorithm 9 (W-

DBRE), and successfully established its theoretical convergence. This approach bridged the

gap for the recoverability of coherent datapoints, and even for approximated geometric leverage

scores Algorithm 9 exhibited state-of-the-art recovery. This concluded the main body of the

thesis.

For the curious reader, we finish the story by providing a sketch of the convergence analysis of

RF-RGD in Section A.1. Although FΩ lacks standard RIP concentration around the identity,

the provided proof sketch that demonstrates that local convergence can still be achieved by

leveraging a second-order approximation of the retraction map, offering a non-RIP analytical

avenue for algorithmic recovery. This convergence result is weaker than those presented in

Chapters 2-4 due to the technique used, as the second-order approximation of the retraction

map requires a very small local neighborhood to control perturbations in the approximation,

and a more rigorous proof is a possible future direction to investigate.

5.2 Future Work

We will now outline some immediate future directions of inquiry in this domain.

5.2.1 Sampling Models

The most interesting line of inquiry in the EDMC problem, by my estimation, is the extension

of rigorous convergence analysis to various sampling models. There are a handful of sampling

models that are well-studied: examples include

• Uniform sampling—discussed in this thesis as well as, non-exhaustively, in [LL17, TL18,

GTK24, LS25].

• Leverage score sampling—see Chapter 4.
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• Uniform random geometric graphs—see [JM12]. This paper specifically shows that for

random geometric graphs uniformly distributed in [−0.5, 0.5]d that recoverability is pos-

sible for an edge connection radius r ≳ (log(n)/n)1/d. See Definition 5.2.1 for a definition

of random geometric graphs.

• Anchor-based strategies using trilateration [LLM08, LLMM14].

This is a rich body of theory in the EDG/EDMC problem, but this omits a wide class of

interesting models to sample. Of particular interest are the following models:

• Random d-regular graphs—One direction of study we have attempted during the

course of my thesis work is sampling using random d-regular graphs. For clarity, this

could be thought of as where each point pi has d observed distances connected to it;

mathematically, for each fixed i, |{j : ∥pi − pj∥22 is known}| = d. This is inspired from

a line of work in the matrix completion literature, where reconstruction guarantees were

derived for the standard matrix completion problem in [BJ14, BV20, XLL24]. The cited

approaches use deterministic, linear-algebraic properties of a certain class of d-regular

graphs that heavily leverage structural sparsity of the operator PΩ, along with a nuclear

norm minimization algorithm styled after [Rec11a]. It remains to be seen if this is pos-

sible for any of the studied operators, such as RΩ, FΩ, or MΩ, although the dual-basis

structure would likely make direct computation infeasible. Existing techniques in this

paper, leveraging tools like Theorem 1.7.2, are inapplicable due to the highly dependent

structure of the graph—each edge is dependent on the total number of edges connected

to a given node, which eliminates the ability to decompose any measurement operator as

the sum of independent random operators.

• Other Random Geometric Graphs—Although we stated that there is a paper that

discusses the recoverability under a random geometric graph model in [JM12], to my

knowledge there is still more that can be done in this area. For clarity, we define a

random geometric graph as follows.
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Definition 5.2.1: Random Geometric Graph

Let (X , d) be a metric space, and let V = {X1, X2, . . . , Xn} be a set of n random

variables representing points distributed independently and identically over X ac-

cording to a specified probability measure (typically the uniform distribution). For

a given threshold radius r > 0, the random geometric graph, denoted G(n, r), is

defined as the undirected graph with vertex set V , where an edge eij exists between

distinct vertices Xi and Xj if and only if:

d(Xi, Xj) ≤ r.

In [JM12], an SDP solver was shown to recover random geometric graphs that generated

from a uniform distribution on [−0.5, 0.5]d. It remains to be seen if non-convex method-

ologies can exhibit provable recovery in this setting. Additionally, it would be interesting

to see if other random geometric graphs on [−0.5, 0.5]d that are not uniformly distributed

would be recoverable.

5.2.2 Other Algorithms

Semidefinite Approximation

Much of the work in this paper was dedicated to the convergence of Algorithm 3, Riemannian

Pseudogradient Descent, and Algorithm 7 under the uniform sampling assumption, and sub-

sequent convergence guarantees were provided in each of Chapters 2, 3, and 5. However, it

is possible that other, faster non-convex algorithms exist with similar convergence guarantees.

Take for example the Augmented Lagrangian algorithm outlined in [TL18]. This non-convex

algorithm does not currently have any known theoretical convergence guarantees. However, in

Table 2.1 and Figure 3.3, [TL18] performs either comparably-to our outperforms the non-convex

algorithms studied in this work and in [GTK24]. To add onto this, the algorithm in [TL18] is

simpler than the construction for Algorithm 7, and is computationally faster as well.

Before discussing a possible approach to the convergence theory of [TL18], we briefly intro-

duce the Burer-Monteiro factorization of a semidefinite program (SDP). The Burer-Monteiro

factorization is a non-convex formulation used to efficiently solve large-scale SDPs by replacing
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the PSD matrix variable with a low-rank factorization. The standard SDP, for some linear

operator A : Rn×n → Rm, can be expressed as follows:

min
X⪰0

⟨C,X⟩ subject to A(X) = b. (5.1)

The Burer-Monteiro approach factorizes the matrix variable X ∈ Rn×n as X = Y Y ⊤, where

Y ∈ Rn×p and the rank p is chosen such that p ≪ n. The problem is thus reformulated as:

min
Y ∈Rn×p

⟨C,Y Y ⊤⟩ subject to A(Y Y ⊤) = b.

This approximation is non-convex, but is computationally more tractable for large-scale opti-

mization tasks [BM03, BVB16]. In fact, the approximation in [TL18] came about from the

difficulties of performing trace minimization directly on Gram matrices in the EDMC problem.

Recently in [DLY25], the authors proved the local convergence of the sub-problems of an

Augmented Lagrangian under a Burer-Monteiro approach to SDPs. This convergence analysis

represents an important step forward in understanding non-convex approximations to SDPs,

and when convergence theory can be rigorously established. The convergence analysis relies

on a handful of “well-posedness” properties of the underlying SDP. As the EDMC theory in

[TL18] is itself a special case of an SDP (setting C = I in (5.1)), it is possible that convergence

analysis for the non-convex algorithm can be completed. This would be a meaningful addition

to the EDMC literature, as much of the investigation into the complicated surrogates in this

work is a result of a lack of existing convergence analysis of [TL18].

A Better Convergence Proof for Algorithm 3

In Section A.1, we provide a proof sketch of convergence of RF-RGD in a very small radius

around a ground truth solution matrix X. In order to make this proof rigorous, a tighter

understanding of the second-order approximation of the retraction map on Nr is needed. An-

other approach, however, could prove more beneficial. If the eigenmatrices of FI were better

characterized, and the majority of a given residual Xl −X lies in a better-conditioned part of

the spectrum of FI, we could adapt the proof in Section A.1 to use the concentration result to
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Figure 5.1: Comparison between a rigid and non-rigid graph

bound
∥∥PTFΩPT − m

LPTFIPT
∥∥ and then use spectral information on FI to build a contractive

sequence. It remains to be seen if such a characterization is feasible, but this approach would

allow for more careful convergence theory that does not rely on the complicated second-order

approximation of Nr.

5.2.3 Connections to Rigidity Theory

One final direction of future interest is the connection between rigidity theory and the optimization-

based approaches studied in this thesis. Rigidity theory investigates the uniqueness of graph

realizations embedded in Rd, with edge lengths constrained by the graph weights. For example,

in Figure 5.1, the left-most figure depicts a non-rigid graph, meaning its realization remains

valid even if Node 1 rotates around Node 2; the physical embedding is not a rigid body in

R2. Contrast this with the right-most figure, where any continuous motion of the vertices must

either result in a trivial isometry (translation or rotation) or require a deformation that changes

a given edge length; this figure is a rigid body in R2. It is known that a globally rigid graph

corresponds to a unique point configuration up to isometry [LLMM14]. In particular, it is also

known that Erdös-Rényi graphs G(n, p) are globally rigid with high probability if p ≳ logn
n , for

a generic set of edge lengths [LNPR23]. Compare this with the theory in Chapter 3, where algo-

rithmic recovery is only possible for p ≳ logn
n for ν-incoherent, low-rank matrices with ν = O(1).

A current open question centers around the connection between the global rigidity of a graph

and the incoherence of the corresponding point cloud; specifically, are highly coherent structures

less likely to be globally rigid when connected via random edges? A connection between these

two disparate areas appears natural, but as of yet remains unstudied in the literature.
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5.3 Conclusion

We now return to Question 1.1.2 and Question 1.1.3 at the end of this thesis. In many cases, we

can answer both Question 1.1.2 and Question 1.1.3 in the affirmative; yes, oftentimes you can

reconstruct points in space from partial observations alone. It is not always easy, however, and

the simplicity of the questions belies the mathematical richness and beauty of Question 1.1.3.

There are likely endless variations on the theme of Question 1.1.3, with two seen in Ques-

tion 1.3.1 and Question 4.1.1, and this problem will hopefully inspire mathematicians for years

to come. Thank you for reading.
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Appendix

A.1 A Proof Sketch for the Convergence of Algorithm 3 (RF-

RGD)

In this section of the appendix, we provide a heuristic sketch of a convergence proof of Algo-

rithm 3 (RF-RGD), the Restricted Frame Riemannian Gradient Descent for EDMC algorithm

presented in Chapter 2. This proof does not use an RIP mechanism. This chapter has not been

published previously, and is more of a formal proof of convergence rather than a rigorous one.

In particular, the characterization of the retraction map on Nr is treated in a loose way. Future

work could be done to make this proof of convergence rigorous, and could also improve local

neighborhood assumptions for this idea, which are currently quite stringent.

A.1.1 Theoretical Analysis

We first reproduce an important result from [Van12] on a Taylor series expansion of the retrac-

tion map.

Lemma A.1.1 (Second-Order Retraction on Nr). Let Nr be the Riemannian manifold of ma-

trices of fixed rank r embedded in Rm×n. For any X = UΣV ⊤ ∈ Nr and any tangent vector

ξ ∈ TXNr parameterized by the orthogonal decomposition ξ = UMV ⊤ + UpV
⊤ + UV ⊤

p , the
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mapping R
(2)
X : TXNr → Nr defined by:

R
(2)
X (ξ) = ZUZ

⊤
V ,

where the factors are explicitly constructed as

ZU := U

(
Σ+

1

2
M − 1

8
MΣ−1M

)
+Up

(
Ir −

1

2
Σ−1M

)
,

ZV := V

(
Ir +

1

2
M⊤Σ−1 − 1

8
M⊤Σ−1M⊤Σ−1

)
+ Vp

(
Σ−1 − 1

2
Σ−1M⊤Σ−1

)
,

is a second-order approximation of the exponential map on (gX ,Nr). Furthermore, the expansion

of this mapping satisfies:

R
(2)
X (ξ) = X + ξ +UpΣ

−1V ⊤
p +O(∥ξ∥3F ) as ∥ξ∥F → 0.

Additionally, the deviation from the exact metric projection RX(ξ) = PNr(X + ξ) satisfies:

R
(2)
X (ξ)−RX(ξ) = O(∥ξ∥3F ) as ∥ξ∥F → 0.

We will use this technique purely as a theoretical tool. First, we note that in RF-RGD

Hr(Xl + α⋆lPTl
FΩ(Xl − X)) = RXl

(−α⋆lPTl
FΩ(Xl − X)). We will use the deviations of the

map RXl
and RX to prove convergence.

Again, we remark that this result is more formal than rigorous. In order to prove convergence

of RF-RGD, one would need to more carefully characterize RX beyond just an asymptotic

expansion. This next theorem is more to illustrate how a convergence mechanism might work

due to the second-order approximation around Nr, rather than to be a convergence proof on

the level with the preceding arguments seen in this document.

Theorem A.1.2. Let X ∈ Nr be a symmetric, ν-incoherent, rank-r ground truth Gram matrix

accessed through partial Bernoulli random sampling of {⟨X,wα⟩}α∈I. Assume that the following
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initialization holds for some sufficiently small constant c:

∥X0 −X∥F
λr(X)

≤ min

{√
νr

n
,

1

3(36νr + 2)
,

m

12nL(36νr + 2)
, (A.1)

c
m3/2(36νr + 2)

λr(X)
√
172n3/2L3/2

,
m2

48nL2(36νr + 2)

}
. (A.2)

If m ≥ 3072ν2r2n logn, then RF-RGD recovers X with probability at least 1 − 2n1−β with a

per-iterate contraction factor ρl bounded by

ρl < 1− 1

3(36νr + 2)
.

Proof. We first begin this theorem by noticing that, for Xl+1 = Hr(Wl) and Wl = Xl −

αlPTl
FΩ(Xl −X) = Xl +Gl and for some sufficiently large c > 0

∥Xl+1 −X∥F = ∥Hr(Wl)−X∥F

= ∥RXl
(Gl)−X∥F

≤ ∥R(2)
Xl

(Gl)∥+ ∥RXl
(Gl)−RXl

(Gl)∥

= ∥Xl −X +Gl +UpΣ
−1U⊤

p ∥F + c∥Gl∥3F

≤ ∥Xl −X + αlPTl
FΩ(X −Xl)∥F +

1

λmin(Xl)
∥Up∥2F + c∥Gl∥3F

≤ ∥(I − αlPTl
FΩ)(Xl −X)∥F +

1

λmin(Xl)
∥Gl∥2F + c∥Gl∥3F︸ ︷︷ ︸

Approximation Terms

,

where the first inequality follows from Theorem A.1.1 and the triangle inequality, the second

inequality follows from Cauchy-Schwarz, and the last inequality follows from the orthogonal

decomposition of the tangent space elements described in Theorem A.1.1. Examining the first

term in the final inequality in a way analogous to previous proofs of convergence, such as in

Theorem 2.2.2 or in Theorem 3.2.2, we can see that

∥(I − αlPTl
FΩ)(Xl −X)∥F ≤ ∥(PTl

− αlPTl
FΩPTl

)(Xl −X)∥F

+ ∥(I − PTl
)(Xl −X)∥F︸ ︷︷ ︸
I1
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+ ∥αlPTl
FΩ(I − PTl

)(Xl −X)∥F︸ ︷︷ ︸
I2

≤ I1 + I2 + αl

∥∥∥(PTl
FΩPTl

− m

L
PTl

FIPTl
)(Xl −X)

∥∥∥
F︸ ︷︷ ︸

I3

+
∥∥∥(PTl

− αl
m

L
PTl

FIPTl
)(Xl −X)

∥∥∥
F︸ ︷︷ ︸

I4

.

The bounds for I1, I2, and I3 follow a similar approach as in Chapters 2-4. The novel piece

is now the analysis of I4. We will now derive an optimal per-iteration step size and show that

this algorithm is locally a contraction.

In order to do this, we first must bound λmax(PTl
FIPTl

) and λmin(PTFIPT). For the upper

bound, notice that this is equivalent to the bounds in Theorem 3.B.2. As such, we have that

λmax(PTl
FIPTl

) ≤ 4νlr, (A.3)

where νl is the incoherence of the l-th iterate Xl. From Theorem A.1.3, we know that νl ≤ 36ν

if ∥Xl−X∥F
λmin(X) ≤

√
νr
n .

We now need to consider the lower bound λmin(PTl
FIPTl

) when restricted to the subspace

Tl. It follows that

λmin(PTl
FIPTl

) = min
Y ∈Tl,∥Y ∥F=1

∑
α∈I

⟨Y ,PTl
wα⟩2

= min
Y ∈Tl,∥Y ∥F=1

∑
α∈I

⟨Y ,wα⟩2

≥ min
∥Y ∥F=1

∑
α∈I

⟨Y ,wα⟩2

≥ 2,

as λmin(H) = 2 from [LT23].

So now we can bound the expression I4. Notice that for ∥PTl
−αl

m
LPTl

FIPTl
∥ < 1, we need
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the following pair of equations to hold:

−1 < 1− αl
36mνr

L
< 1

−1 < 1− αl
2m

L
< 1.

Rearranging these two equations, we can see that

0 < αl <
L

18mνr

0 < αl <
L

m
.

As νr ≥ 1, we have that contraction occurs if αl ∈
(
0, L

18mνr

)
. The optimal contraction rate

occurs when, for optimal step size α⋆l ,

∣∣∣∣1− α⋆l
36mνr

L

∣∣∣∣ = ∣∣∣∣1− α⋆l
2m

L

∣∣∣∣ .
Rearranging this expression, we see that the optimal step size α⋆l is

α⋆l =
2L/m

36νr + 2
.

Plugging this into the contraction expression above, we see that the optimal theoretical

contraction rate is ∥∥∥PT − α⋆l
m

L
PTFIPT

∥∥∥ = ρ⋆ =
36νr − 2

36νr + 2
< 1.

As such, I4 < 36νr−2
36νr+2∥Xl − X∥F. To prove convergence of RF-RGD, we need to show

that I1 + I2 + I3 +
1

λmin(Xl)
∥Gl∥2F + c∥Gl∥3F < 2

36νr+2 . To do this, we will leverage the local

neighborhood assumption made in (A.1).

We now bound each of these expressions individually. We will first bound I1. Notice that

∥(I − PTl
)(Xl −X)∥F ≤ ∥Xl −X∥F

λmin(X)
∥Xl −X∥F

≤ 1

3(36νr + 2)
∥Xl −X∥F,
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by assumption. Next, we notice that

I2 = ∥α⋆lPTl
FΩ(I − PTl

)(Xl −X)∥F

≤ 2L/m

36νr + 2
∥FΩ∥

∥Xl −X∥F
λmin(X)

∥Xl −X∥F

≤ 2L/m

36νr + 2
∥FI∥

∥Xl −X∥F
λmin(X)

∥Xl −X∥F

=
4nL/m

36νr + 2

∥Xl −X∥F
λmin(X)

∥Xl −X∥F

≤ 1

3(36νr + 2)
∥Xl −X∥F,

where the first inequality follows from the sub-multiplicativity of the operator norm, the second

inequality follows from the fact that FΩ is a positive semi-definite sum of rank-one outer prod-

ucts, and the final inequality follows from (A.1). Now, we can bound I3 using Theorem 3.B.2

and the assumption on m ≥ 3072ν2r2n logn, noticing that

I3 =
2L/m

36νr + 2

∥∥∥PTl
FΩPTl

− m

L
PTl

FIPTl

∥∥∥
≤ 2

36νr + 2

1

6

=
1

3(36νr + 2)
,

where the inequality holds with probability at least 1− 2n1−β from Theorem 3.B.2 and Theo-

rem A.1.4. Next, we must bound the quadratic and cubic terms in ∥Gl∥F. First, we consider

the curvature bound 1
λmin(Xl)

∥Gl∥2F. One thing that needs to be taken into consideration for

this expression is the factor of 1
λmin(Xl)

, as this expression can become unbounded if the iterates

approach lower-rank values, i.e. rank(Xl) → r − 1. In a local neighborhood, however, we can

use Weyl’s inequality [Bha13] to show that

|λr(Xl)− λr(X)| ≤ ∥Xl −X∥ ≤ ∥Xl −X∥F.

Assuming that ∥Xl −X∥ ≤ 1
2λmin(X), which holds from the assumptions stated in (A.1), we
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have that 1
λmin(Xl)

≤ 2
λmin(X) . We can now bound this as

1

λmin(Xl)
∥Gl∥2F ≤ 2

λmin(X)
∥α⋆lPTl

FΩ(Xl −X)∥2F

≤ 2∥Xl −X∥F
λmin(X)

∥α⋆lPTl
FΩ∥2∥Xl −X∥F

≤ 4n

(
2L/m

36νr + 2

)2 ∥Xl −X∥F
λmin(X)

∥Xl −X∥F

≤ 1

3(36νr + 2)
,

using the definitions of α⋆l , (A.1), and the fact that ∥FΩ∥ ≤ 2n. Lastly, we have that

c∥Gl∥3F = c∥αlPTl
FΩ(Xl −X)∥3F

= c

(
2L/m

36νr + 2

)3

8n3∥Xl −X∥3F

≤ 64cn3L3

m3(36νr + 2)3
∥Xl −X∥2F∥Xl −X∥F

≤ 1

3(36νr + 2)
∥Xl −X∥F.

Collecting these results, we have now that

∥Xl+1 −X∥F <

(
36νr − 2

36νr + 2
+

5

3(36νr + 2)

)
∥Xl −X∥F

=

(
1− 1

3(36νr + 2)

)
∥Xl −X∥F.

Since the assumptions of (A.1) are satisfied for l = 0 and ∥X0 − X∥F, the assumptions are

satisfied for any l ≥ 0. As such, we have defined a contractive sequence, and the algorithm

linearly converges with the specified contraction rate. This concludes the proof.

We note that this analysis is far from optimal. First, one could follow a similar approach

as in Theorem 2.B.1 and Theorem 2.B.2 to bound the expressions ∥PTl
FΩ∥ and ∥PTFΩ∥. The

tighter bound in this concentration framework would be ≈
√
nνr log n, which would tighten all

of the local neighborhood assumptions.
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Another way to approach the analysis of this algorithm is to let the stepsize αl ≪ L
m . As we

get contraction for any α ∈
(
0, 2L/m

36νr+2

)
, we could choose a very small αl to attenuate the worst

of the local neighborhood assumptions in (A.1), as the tightest neighborhood restrictions come

from the quadratic and cubic terms from the approximation of RXl
with R

(2)
Xl

. This would

decrease the size of the contraction factor from I4, but the linear growth in that expression

would be counteracted by the quadratic/cubic growth from the approximation terms.

A.1.2 Supplementary Results

Lemma A.1.3. Let X ∈ Rn×n be a ν-incoherent rank-r Gram matrix. Let Xl ∈ Rn×n be a

matrix such that

∥Xl −X∥F
λmin(X)

≤
√

νr

n
.

Then the matrix Xl is at most 36ν-incoherent.

Proof. This theorem follows directly from Theorem 1.8.1. Let Xl = UlΛlU
⊤
l . First, notice that

max
α∈I

∥PUl
wα∥F = max

α∈I
∥(PUl

− PU )wα + PUwα∥F

≤ max
α∈I

∥PUwα∥F + ∥(PUl
− PU )wα∥F

≤
√

νr

n
+

∥Xl −X∥F
λmin(X)

≤
√

4νr

n
,

where the second inequality follows from Theorem 1.8.1 and the final inequality follows from

the assumption in the Lemma statement. The final statement of the theorem comes from the

fact that

∥PTwα∥F ≤ 3∥PUwα∥F.

Lemma A.1.4 (Local Concentration of FΩ). Let

L

m

∥∥∥PTFΩPT − m

L
PTFΩPT

∥∥∥ ≤ ε0.
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Then for ∥Xl−X∥F
λmin(X) ≤ C, we have that

L

m

∥∥∥PTl
FΩPTl

− m

L
PTl

FIPTl

∥∥∥ ≤ 4ε0.

Proof. This proof will follow a near-identical strategy to Theorem 3.B.11, Theorem 2.B.3 and

Theorem 4.B.8. Since we recognize that

∥PTl
FΩ∥ ≤ ∥FΩ∥ ≤ ∥FI∥ = 2n

and

∥PTFΩ∥ ≤ ∥FΩ∥ ≤ ∥FI∥ = 2n,

the result will follow under the same analysis given the local neighborhood assumption provided

above.

A.2 Dual Bases

In a finite dimensional vector space of matrices V, where dim(V) = n, any basis admits a dual,

or bi-orthogonal, basis denoted B∗ = {Yi}ni=1 that also spans V. Importantly, this dual basis

B∗ and admits a bi-orthogonality relationship

⟨Xi,Yj⟩ = δij .

Additionally, B uniquely determines B∗ and vice versa. The bi-orthogonality relationship allows

for the decomposition of any matrix Z ∈ V as follows:

Z =
n∑
i=1

⟨Z,Yi⟩Xi =
n∑
i=1

⟨Z,Xi⟩Yi.

We define the Gram, or correlation matrix, H ∈ Rn×n, for B as Hij = ⟨Xi,Xj⟩, and let

H ij = (H−1)ij . It is straightforward to show that Yi =
∑n

j=1H
ijXj generates B∗, and

similarly that Xi =
∑n

j=1HijYj [Bha13].
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A.3 Geometry of Low-Rank Matrices

One of the primary motivations for constructing geometric algorithms on manifolds is the fact

that many natural sets of matrices form Riemannian manifolds. The set of fixed-rank matrices

are one of these sets, and will naturally appear in our discussion of matrix completion. The

following lemma showing that matrices with a fixed rank form a smooth manifold uses the

regular level set theorem from [Tu10]. A statement has been reproduced below:

Theorem A.3.1. Let N and Q be two manifolds with dimN = n and dimQ = m, and let

F : N → Q be a C∞ map between these manifolds. Then for any regular c ∈ Q, the preimage

F−1(c) is a regular submanifold of N with dimension n−m.

We note that we have not defined regularity in this context. Essentially, regularity just

requires that the differential of F is surjective at a point c. More details can be found in [Tu10].

Lemma A.3.2. The set Nr = {A ∈ Rm×n | rank(A) = r} is a smooth manifold with dimension

r(m+ n− r)

Proof. We will prove that Nr is a smooth submanifold of Rm×n of dimension r(m + n − r)

utilizing Theorem A.3.1. Let A0 ∈ Nr. Since rank(A0) = r, there exists a non-zero r×r minor.

By applying permutation matrices P and Q to permute the rows and columns, we can assume

without loss of generality that the leading principal r × r submatrix of A0 is invertible. That

is, we can partition the matrix as

PA0Q =

X0 Y0

Z0 W0

 , (A.4)

where X0 ∈ GL(r,R).

Let U ⊂ Rm×n be the open neighborhood of A0 consisting of all matrices A that are

identically partitioned as

A =

X Y

Z W

 ,

such that X ∈ GL(r,R). The set U is open because the general linear group is an open subset

of the space of square matrices.
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For any A ∈ U , we can perform block Gaussian elimination by left-multiplying A with a

non-singular block lower-triangular matrix:

 Ir 0

−ZX−1 Im−r


X Y

Z W

 =

X Y

0 W −ZX−1Y

 .

As multiplication by an invertible matrix preserves rank, it follows that rank(A) = r if and

only if:

rank


X Y

0 W −ZX−1Y


 = r.

Because X is an r× r invertible matrix, the first r rows of this resulting matrix are linearly

independent. For the total rank of the matrix to be exactly r, the remaining m− r rows must

be identically zero. This yields the necessary and sufficient condition:

W −ZX−1Y = 0.

We define a map Φ : U → R(m−r)×(n−r) by:

Φ(A) = W −ZX−1Y ,

where A has the same block structure as in (A.4). This map is smooth because it is composed

of matrix multiplication, addition, and inversion, all of which are smooth operations on the

domain where X is invertible.

We now show that 0 is a regular value of Φ. We compute the differential of Φ at an arbitrary

point A ∈ U . The partial derivative of Φ with respect to the block W is the identity map on

R(m−r)×(n−r):

DWΦ(A)[H] = H,

for any H ∈ R(m−r)×(n−r).

Since the differential with respect to a subset of the coordinates is surjective, the total

differential dΦA is surjective for all A ∈ U . As such, Φ is a smooth submersion.
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By Theorem A.3.1, the preimage Φ−1(0) = Nr ∩ U is a smooth submanifold of U , and

consequently a smooth submanifold of Rm×n. The codimension of this submanifold in Rm×n is

equal to the dimension of the codomain of the submersion Φ, which is (m−r)(n−r). Therefore,

the dimension of the manifold Nr is:

mn− (m− r)(n− r) = r(m+ n− r).

Because A0 was chosen as an arbitrary element of Nr, this local coordinate construction

holds in an open neighborhood around every point in the set. Thus, Nr is a smooth manifold

of dimension r(m+ n− r).

We note that there has been a tremendous amount of work conducted into the geometry of

matrix manifolds. See [AMS08] for more details.
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